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CHAPTER I 

REAL NUMBERS 


1 0. Introduction. The most important event in the history 
of Mathematics was the creation of the infinitesimal calculus in 
the seventeenth century by Newton in England and Leibnitz in 
Germany. It was realised then that to study the relationship 
between two quantities whose values were inter-dependent, it was 
necessary to study the infinitesimal or small changes produced in the 
values of one by infinitesimal changes in those of the other, or, in 
other words, to study the rate of growth of one quantity relative 
to the other. The calculus of infinitesimals thus developed is today 
the most important tool of Mathematics and finds its application in 
all branches of Science. 

Consider, for example, the relation 
. !/=** 

between the length x of the side of a square and its area y. If x is 
measured in centimetres, then y is given by this relation in square 
centimetres. If wc imagine the length x of the side to increase then 
the area y also increases and we may be interested in knowing the 
rate at which the area increases as the side increases. Again, let 
the relationship between the time t elapsed since a train left a 
station and the distance travelled by the train in this time be given 
by 


We may desire to know the rate at which the distance is being 
described at any time t, that is, we may want to know the speed of 
the train at any instant. 

These are som’c of the typical problems with which the infini¬ 
tesimal calculus is concerned. It is divided into two parts, the 

Differential Calculus and the Integral Calculus. 


The Differential Calculus is concerned with the study of the 
rate of growth of one quantity relative to another at some particular 
point, whereas the integral Calculus studies the changes in one 
quantity relative to changes in another over intervals. The two 
branches are very intimately connected. 

1*1. The Real Number System. Its Evolution. Since in the 
Calculus we work with the measures of quantities expressed in rum¬ 
bers, it is necessary to study in detail the structure of the real number 
*y*tem in order to build up the Calculus properly. However this 
detailed study is better left to later and more advanced course- on 
* I subject and, in this first course, we shall be content with re¬ 
calling some important facts concerning the real number system, 
t is not intended to give any rigorous definitions or proof* in this 
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brief account. Some arguments are given here and there in order 
to make the subject matter clearer. 

The system of real numbers has evolved as a result of successive 
extension with the positive integers or natural numbers or whole 
numbers, as these are ofien called, as the base. The natural 
numbers were evolved when man first learnt counting. Extensions 
of the system of natuial numbers became necessary when man learnt 
the ar thme'ical operations of addition, subtraction, etc It is always 
possible to add one positive integer to another and the result is a 
positive integer. However, it is not always possible to subtract one 
positive integer from another il positive integers are the only type of 
numbers .available. For example, it is not possible to subtract 5 from 
-3 if we have only the positive integers. In order to make subtraction 
always possible, it b.came necessaiy to introduce a new type of 
numbers called the negative integers, and these and the signless 
integer zero were added to the natural numbers to form the extern* 
ded system of integers. It may be observed that it is only com* 
paratively lecenily in the history of mankind that the negative 
numberj haC'e been introduerd Similarly, to make it always possible • 
to divide one number by another, division by zero being excepted, the 
fractions, both positive and negative, were added to the integers to 
form the system of rational numbers that is, thi system of all 
numbers of the form p/q where p and q are integers with q?L 0. 
Experience convinced Mathematicians long ago that permitting division 
by zero would lead to all sorts of absurd results and so division by 
zero is ruled out. 

The result of adding or multiplying together two rationals. 
subtracting one rational 1 om another or dividing one by another 
not equal to zero, is always a rational number. Hence, the four 
fundamental operations of Arithmetic, viz , addition, subtraction, 
multiplication and division performed on the rationals, however 
°/^ cn ’ f?i vc rise to rationals only. Therefore, if Mathematics were 
limited to these four operations only, there would be no need to 
extend the system of rational numbeis But the process of root 
extraction necessitates a further extension of the number system. 
For example, consider the application of the ordinary method of 
extraction of square roots to the integer 2. To, however, many places 
of decimals the process is carried, it never comes to an end. We get 
the succession of numbers 

1, 1 -4, 141, l 414, 1-4142, 1-41421,. 

in which the square of any number is closer to 2 than that of the 
one preceding. Each of these decimals can be converted into a 
fraction of the form p/q t and is thus a rational number. Since, 
all these rational numbers are different and none of them lias Hi 
square exactly equal to 2, we soon begin to be convinced that there 
is no rational number whose square is equal to 2. This can, in fact, 
be Proved quite easily by proper mathematical argument. For, if 
possible let there be a rational number p/ ? whose square is 2. We 
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assume that any common factor that the integers p and q have has 

been removed already and that p and q have no common factor 
Then 


(Plq) t = 2 or p 2 =2q t . (1) 

p* is even and hence p must be even because the square of 
every odd integer is odd and that of every even integer is even. Let 
p=2m, where m is an integer. Substituting in (1), we get 

4m 2 =2<7 2 or q*=2m i . 

Hence q 2 is even and, therefore, q also is even. Thus p and q 
are both even and therefore have 2 as a common factor contrary to 
the hypothesis that p and q have no common factor. Hence our 
supposition that there is a rational number whose square is 2 leads to 

a contradiction. Therefore there is no rational number whose square 
is 2. 1 

On the other hand, the above succession of numbers suggests 
that there should exist a number lying between I and 2, 14 and 15, 

1 41 and 1 '42, 1*414 and l 4 1 5,..thus successively narrowing 

the interval inside which it must lie, whose square is exactly equal 
to 2. We then say that there does exist such a number and denote 
it by -\/2 just as we would denote the square root of a number like 
4 or 9 by using the symbol *y *• Since this number is not rational 
it is called irrational. Numbeis of this kind which cannot be 
expressed as rationals plq but for which a systematic approximation 
to any desired degree can always be obtained in the rational system 
are called irrational. Surds are not the only kind of irrational 
number*. These are in fact a very special kind of irrational number* 
which can be obtained as roots of polynomial equations. There are 
many more irrational numbers. The number rc, the ratio of the 
circumference of a circle to its diameter, is an irrational number. 
Another important irrational number is e which is the sum* of the 
infinite series 


• 1+ n +2! + T| + ?T + . 

This number is the base of natural logarithms and will occur very 
often in this course. 


i Thc nCCtI f ° r thc cxtension of thc national number system is 
felt also when we considrr the decimal representation of numbers 

We know that when any vulgar fraction pig, any rational number! 
is converted into a d<cimal fraction, it can be written as a terminating 
or recurring decimal or via versa. For example, 6 

T =06> T =1 875 -T = 3 ’ 868 .=3«.i-=0 14285). eic 

But ter minating or recurring decimals do not exhaust all the 

, llm *l he WOrd sun 3 is not uscd herc in lhe ordinary sense ol an arithmetic^*! 

con* Jin 0 cn P d rOC The°!vo^ 1 . ,n f l % ge{her "* ‘"j®* 10 number of terms would ucvcr 
^ a °' nd * Thc word ,s wcd 10 an extended seose to be explained later. 

V 
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decimals. There are many more decimals which neither terminate 
nor recur. For example, consider 

0*101001000100001.. 

0*10010000100. 

where in the first we have a succession of ones and zeros after the 
decimal point, the number of zeros increasing by one each time, 
and in the second, the nth digit after the decimal point is a one or 
zero according as n is or is not a perfect square. These are both 
non-terminating, non-recurring decimals. The student will be able 
no doubt to think of many more such examples where the digits do 
not necessarily follow in some prescribed manner as above. All the 
non-terminating, non-recurring decimals correspond to the irrational 
numbers. We have 

\/2 = 1*41421.w =3* 14159.. e=2*71828. 

All rational ani irrational number* put together are called the 
real numbers. Thus all integers, positive, negative or zero, all 
rational fractions, and all irrational numbers are real numbers. Hence¬ 
forth, we shall take the word number to mean real number unless the 
context makes it clear otherwise. 

I'll. Arithmetical operations on the Reals. With the 
introduction of negative numbers^ the process of subtraction becomes 
a special case of addition. For, if (—6) be the negative of a number 
b, then the operation of subtracting the number 6 from a number a 
can be defined as adding (— b) to a. Thus 

o — —b) 

Similarly, if (1/6) be the reciprocal of a non-zero number 6, 
then the operation of dividing a number a by the number 6 can be 
defined as multiplying a by 1/6. Thus 



Hence the operations of subtraction and division need no longer be 
regarded as distinct from those of addition and multiplication respect¬ 
ively and we may say that the system of real numbers is endowed 
essentially with two operations, addition and multiplication. 

Wc now recall the laws obeyed by the operation of addition and 
multiplication. Wc cannot play a game of cards or any other game 
without any knowing all its rules. The same is true of playing or 
working with numbers. The students has learnt all the rules 
lor addition and multiplication but has never thought consciously 
about them or enumerated them. Our object is to draw the pointed 
attention of the student to the fundamental laws of addition and 
multiplication of reals. 

fust of all, it is known that the result of adding or multiplying 
two real numbers is again a real number, that is, addition and multi¬ 
plication arc always possible and lead to unique answers. We express 
this property of real numbers by saying that the real number system 
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it 'closed for the operation* o/addition and multiplication. It may be 
observed that this property is possessed also by the system of all the 
rational numbers but it is not possessed by the system of all the 
negative numbers for, in the case of the latter, the product of two 
negative numbers is not a negative number. 

Next, let a and 6 be any two real numbers and consider the two 
expressions a -f6 and 6 fa The student is so much used to regarding 
esc as equal or the same that he may fail to appreciate that -these 
represent two differ operations. Tne first represents the result of add- 
mg 6 to a and the second that of adding a to 6. Perhaps the logical 
difference between the two operations is appreciated better by taking 
examples where the result is not the same, thus ‘A hit B’ and ‘B hit 
are seen to be different evidently. Similarly, one will see at once 
that a —6 and b—a are not the same. We thus see that observing 
that a -f 6=6f a is a significant property of the real numbers in re¬ 
lation to the operation of addition and is not mere hair-splitting. 
I his property is expressed by saying that addition among the reals is 
commutative or obeys the commutative law. The same is true 
ot the operation of multiplication and we have a . 6=6 . a al v»ys. 
It is important to realize that changing the order of things in any 
operation may change the final result. 

We. next observe that addition and multiplication both obey the 
associative law. If a, 6, c are any three numbers, whose sum is to 
be found, this law permits us to associate the middle number b with 

e 55 cr ^ rst or third. That is, we may first add 6 to a and then 
add c to the sum thus obtained, or we may add c to 6 and then 
add this sum to a, the two final sums are the same. In symbols. 
(a + 6)+c=a+(6fc). the brackets being placed to indicate what 
sums are to be formed first on either side. The associative law permits 
us to write the sum of three numbers a. 6. c as simply a f 6+c. 
similar remarks hold for multiplication and we may write 

(a . 6) . c—a . (6 . c)=abc. 

The operations of addition and multiplication together obey the 
distributive Jaw, that is. if a. 6, c are any three reals, then me can 
distribute the produot a(6+ e) as the sum a6-fae, i.e., 

a(b f c)=a6 f ac. 

Finally, we recall that 0 and 1 possess the property that 

a +0=0 -j a=a and a . 1=1 . a—a. 

For this reason, 0 is called the additive identity and 1 the multi¬ 
plicative identity. 

Thus, putting the above together, we say that the system of 
real numbers possesses the following properties, a, b, c arc any real 

numbers. 7 

I. The system of real numbers is closed for the operations oi 
addi ti on and multiplication. J 

a-f-6 and ab 


are both real numbers. 



6 


I£. The commutative law is true for addition and multiplica¬ 
tion. 

a-f-6=6+a and 06=60. 

III. The associative law is true for addition and multiplica¬ 
tion. 

(o + 6 )-|-c=a+( 6 -fc) and (o 6 )c=o( 6 c). 

IV. The distributive law is true for addition and multiplica¬ 
tion together. 

a(6 -f c)=a6-fae. 

V. 0 and 1 are the additive and multiplicative identities. 

o-fO=o and o . 1 =a. 

VI. Corresponding to every real number a , there is a real 
number —a (the negative of a) such that a-f-( — o)= 0 . 

VII. Corresponding to every real number a?£0, there is a real 

number 1/a (the reciprocal of a) such that a . =1. 


VIII. // ab=0, then either a = 0 or 6=0. This is equivalent 
to the cancellation law : If ab=ac and a^O, thtn 6=c. 

It is easy to verify that all the above properties are also possess¬ 
ed by addition and multiplication in the system of rational numbers 
alone, whereas they are not all possessed by the system of integers 
alone or the system of positive integers alone. 

1‘12. Relations of magnitude between the reals. We 

know that if o, 6, c are any three reals, then : 

(») Either a=6 or a>6 or a<6, i e., only one of theae relations 
is true. 

(»*) Ifu<6 and 6<e, then o<c. Similarly, if o>6 and 6>c, 
then a>c. 

(ui) If a<6, then a-f c<6 + c Similarly, if o> 6 , then a +c>6+e. 

On account of these properties the real number system is said 
to be ordered. 

(*c) Axiom of Archimedes. If a, b are any two positive num¬ 
bers, then a positive integer n can be found such that no<6. 

We also observe that if a is positive then o>0 while, if o is 
negative, then a<0. The integer 0 has no sign and separates the 
positive and negative real numbers. 

If may be remarked that the above rules are true for relations 
of magnitude not only among all the reals but also for rationals alone 
or for the system of integers alone Thus the system of integers and 
the system of rationals arc also ordered systems. 
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12. Representation of numbers by points on a straight 
tine. Let X'OX be a straight line drawn across the paper from left to 
right, extending indefinitely on either side, with two points O and 
A marked on it such that A is to the right of 0. We associate the 
number zero with O and call 0 the origin on the line. 

-3 -Z -I o i z 2 J 4 _ 

X ' C' 8' A' 0 A L B C 0 X 

There are two distinct senses along the, X OX and XOX'. 
We can regard one of these as positive and the other negative. Then 
all distances measured in the positive sense can be regarded as 
positive and those in the opposite direction as negative. Wc regard 
the sense X'OX, i.e., from left to right, as positive. Since the line 
X'OX has been provided with a positive direction along it. we call 
it a directed line. We associate the number 1 with A or. in, other 
words, chooie our scale of measurement of distances along X'OX 
to be such that 0A = \. Thus the line X'OX is provided with a 
positive direction along it, an origin 0 and the unit of length OA. 

If we mark points B, C,... on the line to the right of A in succes~ 
sion such that each of AB, BC .is equal in length to OA, then 

OB=20A =2, 0C=3 OA— 3. 

and we associate the number 2 with B, 3 with C, and so on. We may 
also say that the points 0, A, B, C,... coricspond to the numbers 0, 1, 
2, 3,.. or tliat the points 0, A, B. C, etc. represent the numbers 0. 1,2, 3, 
etc. respectively on the line X OX. Similarly, if points A', B', C', etc. 
are marked in succession to the left of O such that each of the lengths 
OA' , A'B', B'C', etc. is equal to OA, then 

OA'=—OA = ~l, OB' = —20A = —2, 0C’ = -30A= -3. 

and we may say that A’ represents the number — 1, B‘ repretents 
— 2, C represents —3. and so on. Thus all integers, positive, negative 
or zero are represented by points on the line. 

To represent the rational number p/q, where the integer q may 
always be taken to be positive since 



let the point P represent the integer p. P will be to the right or left 
of O according as p is positive or negative. If we divide OP into q 
equal parts, then the point of division nearest O will represent p/q. 
Thus every rational number is represented by a unique point on a 
directed 'line when the origin and the unit of length are fixed 
Naturally, the question arises : "Will every point on the line represent 
a rational number ?” The answer is “no”. 

The points representing all the rational numbers including all 
the integers by no means exhaust all the points on the line If we 
mark a point L on the line to the right of 0 such that OL is equal 
in length to the diagonal of a square whose side is of length unity. 
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then L cannot represent a rational number. For, by Pythagoras* 
theorem, OL=y/ 2 and we have proved earlier that\/2 is not a ration¬ 
al number. In fact, according to our method of representing numbers 
by points on the line, L represents the irrational number y/ 2 . This 
shows that points on the line can be chosen to represent irrational 
numbers also. We are, therefore led to assume that every irrational 
number can also be represented by a unique point on the line X'OX. 
This means that we assume that every real number is represented by 
some one point on X’OX. We go a step further and assume that 
conversely every point on the line X'OX represents some one real 
number. This is the 

Dedekiad-Gantor Axiom : To every real number corresponds 
a unique point on a directed line and to every point on a directed line 
correspond') a unique real number. 

This may also be expressed roughly as : there are as many 
points on a line as there are real numbers. And. in techinal language : 
there in a one —one (l — 1 ) correspondence between the real numbers and 
the points of a directed line On account of this l — 1 correspondence 
we may take a number and the point representing it as synonymous 
and speak of the 'number o’ as the ‘point o’ and vice versa, and refer 
to the line X'OX as the real line. 

We may remark that if the points P. Q represent two real 
numbers a, b rejpectively. then P lies to the right or left of Q accord 
ing as a >6 or a <6 This is because we have chosen the sense from 
left to right as the positive direction along X'OX. 

1 3 Introduction of reals aa points of a line YVe have 

seen above that not all points of the directed lipe represent rational 
numbers. We can use this fact to extend the system of rational 
numbers by the introduction of irrational numbers as numbers 
corresponding to such points of the line which do not represent 
rational numbers. In other words, we assume the Dedekind-Cantor 
axiom and postulate, that to each point of tf*e directed line corresponds 
a unique real number which is rational if it corresponds to a point 
representing a rational number and is irrational otherwise This 
method of introducing the irrational numbers may appear to some to 
be simple but suffers from the defect that it makes the extension of 
the number system depend on a geometrical argument. It may be 
observed that the development of the Calculus is in no way dependent 
on Uie graphical representation of real numbers by points of a straight 
bne. However, the graphical representation is a great help in a clear 
understanding of the subject and we shall make use of it quite often. 

1-4. The real numbers form a dorse system. If vve consider 

the system of integers alone, then we can speak of two consecutive 
integers because for every integer n, there is a definite one. viz. » 4 -l, 
succeeding it and a definite one. n - 1 , pieceding it Hence we can 
talk ol ihe integer next to n, either greater than n or less than n. If. 
now ever, we consider the system of all the rational numbers, then we 
cannot talk of two consecutive rational numbers or of a rational 
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number next to another either greater than it or smaller than it. In 
other words, if a, b are any two distinct rational numbers with say 
<*<6. then there is always at least one rational number c such that 

hut <6. For, if such a number c did not exist we would be able 
to say that b is the rational number next to a and >a The existence 
of such a number c is easily established. Take e=}(a+6), the A.M. 
between a and 6. Thco evidently e> a and <6 In fact, it follows 
that there lies not only one rational number between a and 6 but an 
infinite number For. if there lies at least one rational number c 
between any two rationale a. b with a<c<b, then by the same hypo¬ 
thesis there lies a rational d between a and c with a<d<c, and a 
rational e between a and d with a <e<d, and so on indefinitely. Thus 

•we have an unending succession of numbers c, d e, .all lying 

between a and 6. We, therefore, see that die statements ‘ Between any 
Iujo rational numbers there lies at least one other rational number' and 
4 Between any two rational numbers there lie an infinity of other rational 
numbers', ate equivalent. On account of this property the rational 
numbers are said to form a dense system. If we visualize ail the 
rational numbers as points on the directed line then the property of 
denseness means that there are an infinity of such points on every 
patch or segment of the line, however small in length the segment 
be, provided the end points of the segment represent rational 
numbers. 

The system of real numbers is also dense everywhere, between 
any two reals there lie an infinity of other reals. An appreciation of 
this property follows from the consideration that the rational numbers 
alone form a dense system and the real number system is obtained 
from the rational number system by the addition of irrational 
numbers We shall not attempt to prove this property. 

1 5. Continuity. The Arithmetic Continuum. We have 
reen in the last paragraph that the rationals and the reals both form 
dense systems, and it would appear that the reals form a denser 
system. The question arises, “How much denser ?’ The answer is 
that the reals form a completely dense system in the sense that the 
real number system cannot be extended to include new numbers in 
the way in which the rational number system is extended by the 
addition of irrational numbers, the rationals and irrationals together 
obeying all the laws which the rationals alone obey and the two 
systems merging together into a single ordered system. 

If the existence of rational numbers be assumed, the simplest 

way of introducing or defining irrational numbers is Dedekind’s 
method of sections. If all the rational numbers be divided into livo 
classes L and R according to same principle such that ( i ) there is at least 
one rational in each class and («) every member of L class is smaller 
than every member of R class, then such a division is called a section 
or partition or cut in the field of rational numbers. It follows at once 
from (»*) that if a rational number a belongs to the L class, then 
every rational number <a also belongs to the L cla«s while if a 
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belongs to the R class, then every rational number >a belongs to the R 
class. Now, it can be shown that all sections of the rationals fall into 
two categories. First, sections in which there is a rational number, 
say a, such that every rational number <a belongs to the L class 
while every rational > a belongs to the R class, the rational a may 
belong to L or to R, and second, sections in which there is no such 
rational number. In other words, in the first category of sections, 
there always is a rational number which separates the two classes or 
serves as the frontier or boundary between them, while in the second 
category there is no such rational number which can serve as the 
frontier between the two classes. Dedekind made this fact the basis 
for the introduction of irrational numbers. In essence. Dedekind's 
method amounts to this. We postulate that in the second category of 
sections also there is always a number which separates the two classes but 
that this number is not rational , we call it irrational. 

The geometrical representation of the rationals as points of the 
directed line makes things clearer. The word section or cut brings 
to the mind at once the action of cutting the line at some point which 
may or may not represent a rational number. 

Dedekind proved that if we consider sections in the field of all 
the real numbers, rationals and irrationals put together, then 

there is no second category of sections, that is, there is always a real 
number which separates the two classes and is such that every real 
number less than it belongs to the L class and every real number 
greater than it to the R class. This result, called Dedekind’s 
theorem, shows that the real number system cannot be extended by 
the introduction of new numbers in the way in which the rational 
number system is extended. Or, in a rough way of speaking, it shows 
that there are no gaps in the real number system of the kind that 
exist between the rationals. We may thus say that the real numbers 
form a continuous system. Dedekind's theorem being the expression of 
this property of continuity. Preferrably we should regard the state- 
ment ‘the real numbers form a continuous system’ as just another 
way of saying that the system possesses the property expressed by 
Dedekind’s theorem. In view of this property the real number 
system is also called the Arithmetic Continuum. 

By virtue of the Dedekind-Cantor axiom, the system of points of 
the directed line also possessrs the property of continuity and is there¬ 
fore called the Geometric Continuum or the Linear Continuum. 
The axiom itself may hr called the Dedekind-Cantor axiom of the 

continuity of the straight line. 

It may be observed that the continuity of the real number system 
or of the real line is the mathematical idealization or perfection of our 
physical notion of continuity It appears according to the Atomic 
Theory of Matter that no physical substance is continuous in the 
arithmetical sense. A straight line drawn on a piece of paper would 
inevitably be seen to consist of a number of dots if the picture were 
magnified a sufficient number of times. The concept of continuity as 


It 


outlined above means that however many times the picture is magni¬ 
fied the points forming the line must still appear as a connected whole, 
that is, in going from one point of the line to another it should not be 
necessary to step out of the medium on which the line is drawn. 

1 6. Other number systems. It has been remarked above 
that the real number system cannot be extended in the way in which 
the rational number system is extended. This does not mean that the 
real number system cannot be extended at all. The student has 
already learnt of the complex numbers, numbers of the form 
a-\-ib, i — \/( —1), which arise when we attempt to solve quadratic 
equations of the type x 2 -f-l =0 or x 2 +x+3=0, or more generally, 
quadratics of the type Ax t +Bx-\-C =0, in which B 2 — 4AC<0. Com¬ 
plex numbers include as special cases (t) the real numbers, obtained 
by taking 6 =0, and («) the pure imaginary numbers, obtained by 
taking a =0. However, no relations of magnitude can be defined for 
the complex numbers as such and therefore the system of complex 
numbers cannot be ordered like the system of reals. 

It is best to regard the complex numbers a-\-xb as ordered pairs 
of real numbers (a, 6) so that (o, 6) and (6, a) are different complex 
numbers if a^tb. This at once shows a suitable way ol representing 
complex numbers geometrically, viz., by points in a plane, the point 
of coordinates (a, b) representing the complex number 

There can be many other extensions of the concept of number 
but we shall not mention these here as we shall be dealing entirely 
with real numbers in this book. 

17 Lastly, we may mention some important attributes of real 
numbers which enable them to be used in various ways. 

First, the positive integers can be used for counting, as when 
we say that there are 20 boys in the class or there are 50,000 books in 
this library. Second, the positive integers are used for ordering or 
arranging or enumerating the objects in a collection, as when 
arranging the result of an examination we say that so and so stands 
first, so and so second, and so on, or when writing an A.P or G.P. we 

speak of the first, second, third . nth terms, etc. Third, the 

positive integers are used for labelling, as when we assign roll numbers 
to the students in a class to distinguish one from the other. We could 
also arrange the class by roll numbers but arranging is not intended 
when we assign roll numbers. Tourih, the positive integers are also 
used for measuring or comparing integral multiples of a given 
magnitude or quantity, as when we speak of 5 kilos of sugar or 10 
litres of milk. 

Other classes of real numbers such as all the rationals or all the 
reals cannot be used for purposes of counting or arranging objects 
in a collection as first, second third, etc but these can be used for 
labelling objects or for measuring or comparing magnitudes When 
we associate numbers with points of a line we are already labelling the 
points of the line and we can refer to various points of the line as the 
point I, 2, 3/2, y/5, etc. Also by using all the real numbers we can 
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measure not only integral multiples of a given magnitude, but any 
fractional or ii rational multiples as well It should, however, be 
remembered that the physical process of measurement is only an 

approximate one and measures only fractional or rational multiples of 
the unit. 

18 . Aggregates or Seta. The concept of an 'aggregate* or 

‘set’ or ‘class’ or ‘collection’ of objects is fundamental to Mathematics- 
However, there is no completely satisfactory definition of this concept, 
and it is best to assume that we have an intuitive notion of this concept. 
A definition is • 

Any collection of objects which is made, according to rules which 
determine unthout ambiguity whether any given object belongs to the 
collection or not is called an aggregate or set. 

. T hc °frj cc,a may be numbers, or points, or anv other things 
including aggregates themselves, *'.e., we may even think of aggregates 
aggregates. Here we shall be concerned only with aggregates of 
real numbers or, for illustrative purposes, with aggregates of points 
which represent the numbers graphically. If the collection contains 
only a finite number of objects, then thc aggregate is called finite. 
otherwise it is called infinite. We shall be concerned mainly with 

infinite aggregates. The following are some examples of aggregates of 
numbers. 


1. All the rational numbers^0 and ^ 1. 

2. All the real numbers >0 and <1. 

3. All the numbers -i- , where n = l, 2, 3. i.e., the 

numbers 1, l - , -i-. 

4. The odd numbers from 1 to 100, i.e . the numbers 

1 . 3 . 5 . 97 , 99 . 

5 All the numbers of the type 2n— 1, where n is any positive 
integer, t.e., the numbers 1. 3, 5, 7,.2w_l 

0. All the numbers of the type where n is any positive 


integer, i.c., the numbers 0 


i.e.. the 


1 _ 2 _ 3 _ 

2 • 3 ’ 4 * . 

7. All the numbers (—1 )'• n where n = 1 2 3 4 
numbers — 1, 2, -3. 4.. ’ * * 4 . 

, th ^ pti °nofN°. 4. all these are examples of infinite 

ggregates. No 4 is a finite aggregate containing only 50 numbers. 

l ^ C £? Cm o ei ? of an aggregate are given by a mathematical 

^ h^ 10r V aS m u ° S ' u’ 7 above, it is advisable to write down a 
number of members of the aggregate to get a clear idea of the spread 

ol the aggregate or of any special features of the aggregate. The 
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geometrical representation given in Sec. 12 it very helpful in this 

,K° r i' ip0n a 1 ? g each aet of rcal numbers w P e have a set 
of pouts on the directed line and vice «rso. Thus six members 

0 J_ 2_ 3 4 5 

* 2 ' 3 ' 4 * T' 6~* 

of set No. 6, given by n = l, 2, 3. ♦, 5. 6. are represented by points 

--2__ 

* 0 J '4 s/e 77 rr 


Ad) 


awSSS* 3 * - • - as 

—iVST; “i in h 

auttK s»*5 sssR-tas ir ~ ^ "S 

Thu. the set of all the ratioAal!“ b «« »f S„ 
subset of the set of all the real number, between 0 a„S I. " * pr ° pCr 

o<Mhe n th^i“7f*au' reaf number* ‘Tuch’diaTa <*<“' llTcu’ 

i 'i 

both a and 6 be excluded, then the interval is said to L how « w f* 
ends or simply open and is written as (a, b). 6 B 0pen at both 

» »uS •JUXStiSSZ S'" 1 *'-i™.™, „ + 

r ’"»=-“ ssaarspsr- 

formed by the corresponding aggregates of pofnts on the line ^ 

.£ v :t tiaras 4 V , Tr : •* r* to b ‘ 

K such that every number oj iU uyarenale is Ussth,, ex%8ts a number 

The number K itself U called ao upp^b ' n.’l rZXf Wl *• 

Evidently, if i S an upper bound fox* an at/f»rr- \ 1 ^ 1C . a 8B r &'lc ■ 
number >k is also an upper bound lor the aggregate'" ' If" CVCry K 
number K can be found, that is, if whatever number%- Such 

however large, some member of the aamcuaic K fi ‘ L chosen, 
gate is said to be not bounded above or not a i 1Cn lhc »K8»c- 
lor example, aggregate Nos. 1. 2, 3, 6 of Sec | “ * r d e °" | , ,h | ' ri * b * 
above, the number 2 being axx upper bound f„r i ... boun <lcd 
are not bounded above. ° r cach ' wh ’ ,c Nos. 5. 7 
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Similarly, an aggregate is bounded below or bounded on the 
left if there exists a number k such that every member of the aggregate 
is greater than or equal to k. The number k is called a lower bound 
cf the aggregate. If* is a lower bound for an aggregate, then every 
number <k is also a lower bound for the aggregate. If no such 
number* can be found, that is. however large a negative number* 

is taken, there is some member of the aggregate <Ck. then the aggre¬ 
gate is said to be not bounded below or not bounded on the 
left. All the aggregates in Sec 1*8 with the exception of No 7 are 
bounded below, the number — 1 being a lower bound for each of them. 
No. 7 is not bounded below. 

An aggregate is said to be bounded if it is bounded both 
above and below, i on both sides. Aggregate Nos. I, 2 3,4, 6 of 
Sec. 1 8 are all bounded. 

Let S be a set bounded above, then it possesses an infinite 
number of upper bounds ffc which themselves form a set, say 8 X . 
Evidently, S| is not bounded above. For if K is an upper bound of 8, 
then every number >K is an upper bound ol 5 and is, therefore, a 
member of S x and thus 8 X contains all numbers >K. On the other 
hand 8 X is bounded below for every member of S, is greater than 
or equal to every member of 8. We are interested in knowing 
whether S x has a smallest number. If so, then this smallest member 
of S, is the smallest of all the lower bounds of S. We asmme that S x 
has a smallest member B This can be proved with the help of 
Dedekind’s theorem mentioned inSec. i*5. The number B is called 
the least upper bound or the exact upper bound or simply the 
upper bound of the set S. 

Similaly, if a set S is bounded below, the set S, of its lower 
bounds possesses a greatest member 6 which is called the greatest 

lower bound or the exact lower bound or simply the lower 
bound of S. 

It is easy to verify that 1 is the upper bound of aggregates 
Nos. I, 2, 3, 6 of Sec. 18, while 99 is the upper bound of aggregate 
No. 4. The, lower bounds of the aggregates l, 2, 3, 4, 5, 6 arc 0, 0, 
0, 1, 1,0 repectively. 

Remarks : 1. It should be observed that it is not necessary 
that an infinite aggregate should have a greatest or a smallest 
member even if it is bounded. Thus the aggregate of all the real 
numbers>0 and < 1 has the upper bound 1 and the lower bound 0 
but it has neither a greatest number nor a least. In case an aggre¬ 
gate possesses a greatest number, then it is its upper bound and we 
say that the upper bound belongs to the aggregate or (hat the upper 
bound is attained Similarly, if an aggregate possesses a smallest 
number, then it is its lower bound and we say that the lower bound 
belongs to the aggregate or that the lower bound is attained. On 
the other hand, a finite aggregate always has a greatest and a smallest 
member and these are its upper and lower bounds respectively. 

2. Evidently, B^b. 
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BO J. 9 ' Absol ut e va l ue . The absolute value or modulus or 
umencal value of a real number a is defined to be a —a or 0 

byTaTLdh ^ atiV %° r Zer °- The ab *° ,utc va,uc ’ is denoted 

y I a I anc * read as mod a . For example, 

I 2 / = 2 , |—2 | = 2 , |0 | = 0 . 

If the number a is represented on a line X'OX, then I a I is the 

the^K 6 ? * hC P< ? lnt ° from lhe ori S in ]t should be observed that 
.,n^ b ,K° U u a U - ° r thc modu,us of a number is always positive 

of the definhiom' “ 2Cr °' ^ followin Z are immediate consequences 
Theorem 1. If a , b are any hco real numbers, then 
(0 I ab I =.- | a I X I b |. (t») 

where in the latter bytO. 

For example, 

( 3)(4) | = | -12 | =, |2, and | -3 

rjl 3 

4 I 4 

Theorem 2. If \ x 


a 


T’ and IT 


X 

3 

4 


4 |=3x4 = 12, 


If I x I < a . then —a <x <a. 

in,pIirs t .h h a O t U i d > b n%" 0 ' iC ' d K ha ' wbe " we write I * | <a, it automatically 

iZtra.ethisand the f as .. obs . er « d ab ° Vr ' ' * I is positive. We 

and thc following theorems geometrically. 

then A'0=OA A P n? at 'f 1 * numbc . rs a "d x respectively, 

OP<« Henclif% i, d °^ X <a ,m P lics that the distance 
ul,. «ence it a: is positive, P lies _____ 

between O and A, while if a- i, negative A' O P~A 

and left of BDd H ' nce P must >ie to the right of A' 

Theorem 3. lf\ x -a^Tlr, a-« x< a fe. 
pectively* then OA=a. oP~]£ a^dZrttel ,h ' numbersa and 1 r «- 

AP~OP-OA=x-a - 

•nd therefore ( x-a | re- a -c 'T"" € - 

p ^ents the numerical value ~ -*--- * a f € 

of the distance AP. 0 L A PL 

two poinu c '*$£ of wc 

Since \z—a \ <€ implies *hat the distance AP is las thln'^/^alid 
AL numerically, tt follow. that P lie. between L and L' i e d 

a—€<x<a-ff 

Cor. If | x a | <(, then x —€<a <x4-(. 

inequality ge.'Tixl^ h* < i+ € ‘ From ,h ' of the 

^ Y ’ We gct a <* + «. by adding € to both sides, and from 
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the right half we get, similarly, *-€«*. Combining these two, we 
get 

Theroem 4. For all real values of a and 6, | a-f 6 | < | a | -f | 6 |. 

The equality holds when a and 6 are of the same sign, '^other¬ 
wise the inequality holds. 

We have to consider three cases : 

(%) If a, b are both positive, then a +6 is positive, and 

| a +b |*a +6=| a |+| b\. 

(si) If o, b are both negative, then o+6 is negative, and 

| o+6 |- -(«+6) = -a-6*| a | + | 6 |. 

(sis) If one of o, b is negative, then, to be definite, let o be positive 
and 6 negative. Let next o-fft be positive, then 

|„+6| =,o+6-»-(-4)=|o| —1*1 < l» l + IH 
If, however, o+6 is negative, then 
a+b | =-(a+6)=-«-* = - \ o\ + |6| < \a\ + \b\. 

We can give a similar proof for the case when a is negative and 
6 is positive. 

The theorem can be extended to the sum of any number of real 
quantities. It may be stated in words, 'the modulus of a sum is less 
than or equal to the sum of the moduli’. This in e qu ality is used very 
frequently and the student is advised to construct numerical .examples 
for all the cases and verify the truth of the inequality for every 

*** ’ Cor. 1. | o—6 | ^ | o | -| 61. 

This can be proved by writing o *o —6 +6 and applying Th. 4. 

Cor. 2. If x, y, a are real number « tuck that | * — o | < €, 

| y—a | <€, then | x—y |<2£. 

For, we can write 

I *-y I — | (x-a)—(y-o) I 

<|x —o|+|y—a| by Th. 4 

<€+€-2€. 




CHAPTER II 


FUNCTIONS 

=amc l!luc C ZTX S ™? Z‘btm '’■ A ZT" ty Wh ' ch —- the 

sss tts£d$?r' f “ 

first few letters of the Xhato 'i , T r d ' noted usuaIl y b X <>'= 

generally denoted by ,heist few le.^nch 

-o-JSrf^rfrtblr 3 V3riablC *“ ass “ me *s called Us 

1S * Cal,C , d .*. hc inde P e “dent variable and v is callrd 
caM^TJhe Th ' inde P enden < va riable is also sometin.es 

.. k Th u ® Ct , °/ va,ucs of x for which y is defined it for 
function. 13 ^ 3 dcfinl “’ fin,,e valut; . is called the domain of the 

value. tfaTn Sf/d ValU< 7, ' ha ' » ,ak « corresponding to the 
atues of* in the domain is called the range of the function 

arr _J hc volumc y of a cube of side z is given by V^x 9 . Since V 
depends upon x. we say V is a function of x 

of „ Jl“ y ^ n ° ,C < d that f 0 ® 0 " 1 " 1 * to °ur definition a unique value 

^r y r«r^r ,P ° 0d t0 , eaM Va,UC of * w, ‘ ,,c th ^ «*"•* value of « may 
correspond to several values of x J Y 

•VmlJfil A fun< ; l ; on ? f * **■ g«*«ally denoted by the 

br»idf. {in M or /atx]. We can also use oilier letters 

Tf ** f u ? cl,ollal «y"»bol outside the brackets and denote 

a fuDC A 9iz). h(x). ffj(x), A z), y r z)t clc . 

The symbol/(z) does not stand for the product of / and r. ft 

In rr?£. C / m P° SltC , ‘y™ bo1 - Wr * ba, h however, sometimes speak of a 
1 n/ vhen there is no ambiguity about the argument of/. 

.k T A Va . ,UC ° f *^ at is denoted by /(«). Thus if/(z)=z*/- l 

the,,/(|)^ I * -{• , —2, /(-*)«( -*)*+1 -i/etc. 

between**i'*2!* St T'^ Dls \ / ” ,hc ru,c ^‘ablishcs a torrepondma- 

•OdAx! islhT?,^ ° f /i C domain and clement* the range of the function 
, r / V , V °l ,he tua,,il> ut *- f or e .xo in pie. Jet / Maud /or 'fatherhood' 

./ is the rule which associates with each person lus/hcr lather. I hen vse write 

/< Aichari — ffumayun, 
y(Juwjharial) —Molilsl 

-aoa soon. We speak of/<Akbar) us the value of/at 'Akbar'. 
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2' 22. Real functions. Functions whose domains and ranges are 
set*'of real numbers are called real functions or real-valued functions 
of a real variable. 

A function is said to be defined on the whole of the real line 
if its domain is the set R of real numbers. It is said to be defined 
over a segment of the real line if its domain is an interval. 

2*8. The continuous real variable. Let * be a variable. If, 
in its variation, * takes on every real value lying between every two 
of its values, then we say that x is a continuous real variable. For 
example, if x can take up all the real values which are ^0 and ^1, 
then £ is a continuous real variable and its domain pf variation is 
the closed interval [0, 1]. If, on the other hand, * could assume only 
the rational values lying between 0 and 1, then it would not be 
a continuous real variable, because it fails to assume irrational 
values. In this work, we shall be primarily concerned with functions 
of a continuous real variable. 

We consider a few examples to illustrate the idea of a function - 

Ex. 1. /(x)=x*. 

Since z 2 has a unique positive value for every real x, the domain 
off(x) is the set of all the reals and the range is the set of all reals 

^ 0 . 

Ex. 2. /(x)=*P„ i.e., the number of permutations of x different 
things taken all at a time. 

Evidently the function is defined only for positive integral 
values of x for which c P*=x 1 Also, by convention, we take °P 0 =0 f 
= 1. Hence 

/(0) = 1,/(1)= 1 Pi = l»/(2)=*P,=2 !=2./(3) = 3 !=6. 

Hence the domain of the function is the set of all integers ^0 

and the range is the set of integers 1, 2, 6 , 24, 120 .. i.e , a subset 

of the set of positive integers. 

Ex. 3. = 

fix) has a unique real value for values of x lying between — a 
and a ; for other real values of x, J (x) does not have a real value and 
therefore is not defined. Also, for values of x between —a and a T 
fix) takes values lying between 0 and a. Thus the domain of x is 
the set of real numbers given by —as^x^a, i e , the interval 
[—a, a], and tlv* range is the interval [0, a]. 

Ex. 4. f{x), where [ /(x)] f =a* — x*. 

Here fix) has a unique real value for x=-fo or —a only. 
Therefore, according toour definition, the domain of fix) consists of 
two real numbers —a arid a and the range consists of the single 
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number 0. However, if we take square roots, we get 

ftz) = +%/(**—**) or — y/(a z — x 2 ), 

and it seems profitable to regard/(x) as defined above to be a combi¬ 
nation of two distinct functions 

f ( x) = + V (a* —z 2 ) and fix) = — ^/(a 2 —x 2 ) 

the first of which is the function of Ex. 3. For the second, the domain 
is the same as for the first, viz , the interval [—a, a] while the range 
is the interval [—a, 0]. 

In the older terminology, it is not required that y or fix) should 
have a unique value for each x, a function being allowed to be multi - 
pie valued. In this terminology the function defined by 

[ fix)] 2 =a 2 —x 2 

will be called a two-valued function, the two values f{x)= -f- \/(a 2 —x 2 ) 
and/(*) = — \/(a 2 — x 2 ), being called the two branches of the function. 

Ex. 6. /(x)=2x -f-1 for z<0 and =x + 4 for x> 0. 

f(x) has a unique real value for ever/ real x Hence the domain 
of the function is the set of all the reals, t.e., the whole real line. Also 
f{x) can assume every value < 1 for z<0 and every value >4 for x>0, 
while f{x) cannot assume any value x such that l<x<4. Hence the 
range of the function is the whole of the real line with the exception 
of the set of values 1 <x^4. 

It should be observed that a function may be given by different 
expressions over different parts of its domain. 

Ex. 0. fix) *= height of citizen x of India. 

Let us suppose that there are 400,000,000 citizens in India. 

Then these can be labelled as 1, 2, 3,., 400,000,000. The height of 

each citizen is uniquely defined and, even allowing for abnormally 
tall persons, may be supposed to be less than 8 ft. in all cases. Hence 
the height of citizen x of India is a function whose domain is the set of 
integers 1 to 4. million and range is a set of positive real numbers all 
less than 8 assuming that all heights are measured in feet. 

This is an example of a function where the functional relation-, 
ship cannot be expressed by a mathematical formula. Naturally, we 
can perform the various mathematical operations better on functions 
which are expressed by mathematical formulae and we shall be con¬ 
cerned entirely with such functions in the sequel. 

Ex. 7. Find the values of x for which thefunction fix)=> l/(cos x) 
is net defined. 

In general, a function is not defined for such values of x which 
make/(xT imaginary or which make the denominator of some ex¬ 
pression in fix) vanish, i e., which involve division by zero which 
operation is not allowed. The present function is not defined for such 
values of x for which cos x=0, i.e., for x = A(2n+1 )*r, where n is any 
integer, positive, negative or zero. 
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EXAMPLES I 

1. If f(x) +2z -5, find/(2), /( -1). f(0), /( l/x). 

2. If/(x)=sin x, find/(i7r),/(jTr),/(0). 

3. If/(x)=tan x, show that Kl n ~ x ) = 

4. If/(x)=log a x, show tbat/(mn)=/ v m) +/(«). 

5. If <$>(x)=( 1 —x 2 )/(l +x 2 ), prove that <t>(tan G)=cos 20. 

6. If/(x)=x 2 , find {/(a+7i)-/(a)}/A. 

'7. If/(x)=tan x, find {/(}*• + h)-fdir)}lh. 

8. Show that if y=/(x)=(ox+?»)/(cx-o), then x=/(y). 

9. Find for what values of x have the following functions no 
definite value ? 

(*) ^TTy (lt) x*—5x-f(5 

1 , . X s —4 

(it) cos— («0 -^2 

10. Find the domains and range* of the following functions : 

(»)/(x) = v (4-x J ). (it) /(*)=V(**—4). 

(m)/(x)=l/ v /(4-x 2 ). (it) /(x)« XZZZiftrZ 2 ) * 

2 4. Graphs of functions. Let y=f(x) be a function defined 
over the domain D. Let x be an element of D and /(x) -»y the cor¬ 
responding value of the function. We conrtruct a geometrical repre¬ 
sentation of the functional relation between x and y by using the 
method of coordinates with which <he student must be already 
familiar. Take two perpendicular lines OX and OY in the plane 
XOY and plot the point P[x, /(x)] or, what is the same thing, the 
point P(x. y). Theo the totality of all the points P as x covers the 
domain D, i.e . takes all values in the domain D, is called the gTaph 
of the function. 

The graph of a functi m represents it geometrically. When x 
varies continuously, the graph i* usually a continuous curve but it is 
not necessary that it must be always so. It may consist of disjointed 
pieces or arcs or even of isolated points. The graph of y=.f(x ) may 
be spoken of as the curve y =f(x ). 

We illustrate the graphical representation of functions by some 
examples. 




(Hi) 


1 

tin x 


(ci) 


k 
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Ex. 1 . J(z)=x, or y=x. 

The domain of the function consists of all the real numbers. For 
each point {x,/(x)} on the graph, y—x, i.e., the 
ordinate is equal to the abscissa. The graph is the 
whole straight line which bisects the angle XOY in 
the first and fourth quadrants. 

Ex. 2. F(x)=x 2 , or y=x~. 



The domain is again the set o all the real numbers, while the 

range is the set of real numbers ^ 0. The 
points ( x, y) lie on a curve which passes 
through the origin and opens out in both the 
first and second quadrants because y= 0 for 
x=0, and y increases indefinitely as x in¬ 
creases whether positively or negatively. We 
know from coordinate geometry that the 
graph is a -parabola touching the x-axis at the 
origin and having its axis along the y- axis. 



Ex. 3. g(x)= 2. 

The value of the function is the same, 
of x. Hence the domain of the function i3 
the set of all real numbers and the range 
is the solitary number 2. The graph of the 
function is a straight line parallel to the 
x-axis and cutting the t/-axis at the point 
( 0 . 2 ). 


viz., 2, for every value 



Such a function is called a constant function or simply a 
constant. The general representation of such a function is f(x)<=C, 
where C is any constant. ' 


Ex. 4. ?(x)=| x |. 


When x^O, «>(x)=ar, 



and when x<0, v (x)=?—x. Hence the 
domain of v (x) consists of all real num¬ 
bers and the range of all real numbers 
^0. The graph consists of the parts of 
the two straight lines y—x and y =—x 
lying in the first and second quadrants 
respectively meeting at the origin which 
is a part of the graph. 


Ex. 5. /(x) ■*= 1 for 0 < x< 1 

= 2 for x = 1 
= — 1 for 1 <x<2. 



The graph consists of (*) 



Ex. 6. (») /(x) =e", (it 
natural logarithms. 


the segment of the line y«=l lying 
between the points (0, 1) and ( 1 , 1) 
excluding these points, (ii) the 
isolated point P(l. 2), and (tit) the 
segment of the line y — — 1 between 
the points (1, —1) and (2, —1) 
excluding these points. The 
domain of the function is the 
open interval (0, 2) and the range 
consists of the three numbers 1, 2 
an( ! — 1 • The graph is discontinu¬ 
ous at x=l in the ordinary sense of 
the word discontinuous. The techni¬ 
cal sense will be explained in a later 
chapter. 

f [x) =’og, x, where e is the base of the 


(») This function is defined and is positive for all real values 

of I and the graph liu entirely in the first and second quadrants, 
vyhen x takes increasing large nega¬ 
tive values, e* becomes smaller and 
smaller and the graph lies very close 
to the x-axis in the second quadrant. 

For increasing positive values of x, e* 
increases very rapidly and the graph 
rises very sharply in the first quad¬ 
rant. 

(*») By definition, when 
y=log, x, x=e v , which shows that x 
cannot be negative for any real 
value of y. The function log, x is, 
therefore, defined ior positive value 
of x only. For 0<xd, log, x is 
negative and for values of x close to 
zero, log, x is very large but negative 
and so the graph lies very close to 
the y-axis in the fourth quadrant. For x = 1, log, 1 =0 When x> 1. 
log, x is positive and increases slowly as x increases. The graph lies 
entirely in the fourth and first quadrants. 

The figure shows the graphs of e z and log, x. It may be observed 
that the graphs of 10* and log 10 x are similar in shape to those of e* 
and log, x respectively. 

. i ^’®'i Equality °f function*. Two functions f and g are said 
to be equal if they have the same domain and for every x, f(x)= g(x). 
Thus two functions are equal if th> y are identical. 

The functions x a and (x— l)(x-f 1) -f-1 are obviously identical 
but the functions /(r)=x a and g(x)=x*lx are not identical. While 
th$ domain of/ is the whole of the real line that of g is the whole of 
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the real line except zero. The two functions, therefore, do not have 
the same domain. 

2 6. Inverse functions. Let y—f(x) be a function, D its domain 
and E its range. If the function is such that to each value of x 
corresponds a distinct value of y, i.e. to no two values of a; corresponds 
the same value of y, then the correspondence between x and y is 
1 —1 and to each value of y in E corresponds a unique value of a; in 
D. Hence we may regard a; as a function of y, the domain of this 
function being E and the range D. This function is called the inverse 
of /(x) and the symbol / _1 is often used to denote the inverse of/. 
Thus if y =f(X) has an inverse function, we may denote it by x=f~ l (y). 
Notice that the notation f~ x (y; does not mean \/f(y) For example, 
y =e*, x =log e y are a pair of inverse functions. 

When the same value of y corresponds to several values of x, 
the definition of an inverse function is not so simple. For example, 
y =sin x has the same value for x and — l) n x where n is any 

integer. The definitions of the inverse trigonometric functions are 
given in Gh. IV. 

If we wish to use the same notation for the independent and 
dependent variables both for a function and its inverse, th'-u we can 
say that T/=e* and y =log*r are a pair of inverse functions, and 
similarly for other pairs of inverse functions. It may be observed 
that since y = log^x implies x=e v , the graph of y = log t z may be 
obtained from that of y=e x by merely interchanging x and y in the 
latter or, what comes to the same thing, by interchanging the x- and 
the y-axis in the latter. 

2 7. Explicit and implicit functions . If y =/(x), then y is 
said to be defined explicitly by this relation, or is said to be an 
explicit function of x. All the functions considered so far have been 
explicit functions. However, very often the relationship between x 
and y is given by an equation of the form 

<?(*. y)=o. 

where y is not solved for x We then say that y is defined implicitly 
by this relation or by f. For example, the relation 

<?(x, y)=lxy + 5x+3y +9 =0 

defines y as an implicit function of x. We can solve this equation 
for y in terms of x getting 

_ 5x4-9 

y 7x4-3* 

which defines the same function explicitly. It is not generally possible 
to solve 9(x, y)= 0 for y in terms of x and get an explicit representa¬ 
tion for the function defined implicitly by <?. 

Very often, a relation of the type f(x, y)=0 does not give a 
■ingle value of y for each value of x. In such cases, 9 (x, y) = 0 must 
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be regarded as defining several functions implicitly. Consider the 
relation, 

f[x, y)=x*+y*—a 3 =0. 

Here two values of y, +V ( a *—‘**) and -V(a*—**). correspond 
to each value of x in the interval — a<z<a except at x=±o where 
the two values coincide. Hence we say that this relation defines 
implicitly the two functions whose explicit expressions are 

y=+V(<* 2 -* s ). y = —\/(a 2 —x 2 ). 

Here, the domains of the two functions are the same. In general, 
this need not be so. 


2‘ 8 . Parametric representation of a function. Very often 
the functional relationship between two quantities x and y can be 
expressed through the medium of a third quantity t, say, so that 

*=0(0. and y=f(x). (1) 

where g and h are defined over a common domain A, and the ranges 
of g and h are the domain and range respectively of the function /. 
In other words, if the three relations (1) are regarded as equations in 
the ordinary way and we eliminate t from the first two, the result of 
elimination is y=f\x), or, what is the same thing, if the values of * 
and y from the first two are substituted in y=f{z), then this equation 
is satisfied identically. The relations x=g(t), y =h(t) are then called 
the parametric representation of the function y=f(x). In geo¬ 
metrical language, the equations x=g[t), y=f(t) are called the para¬ 
metric equations of the curve y =/(x). t is called the parameter. 


For example, 

x=a cos t, y=a sin t, 0 
is a parametric representation for the function 

y=\/(a : —x 2 ), —a^x^a. 

If we take 7r^t^2ir, the same equations give the parametric 
representation of the function y = — >y(a z — x*), — a^s<a. 

It may be observed that although in general it may not be easy 
to find a parametric representation for a given function, the same 
function can have any number of such representations. 

For example. 


x=a 


I — t- 
1 + 1 - ' 



is a parametric representation of the same function as above. 

Parametric representations often serve to simplify calculations 
with functions. When parametric representations are used, the dis¬ 
tinction between independent and dependent variables does not 
remain significant and the two have an equality of status, so to say. 
Parametric representations are particularly useful where functions are 
defined implicitly. 
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2’9. Classification of functions. 

(1) Polynomials. Let 

f(z)=a ( p n + a 1 x''- 1 + ...-\-a n - 1 x + a n , 

where n is a positive integer and a 0 , a l .. a n are constants with 

a Q -=fc 0, then /(x) is called a polynomial in x. The exponent n of the 
highest power of x is called the degree of the polynomial. Thus the 
functions 

f(x)— 2x z —3x + 5 and g{x)= 5 z 7 — 6 x*+2x 2 —4 

are polynomials in a; of degrees 1 and 7 respectively. 

A polynomial is defined for all real values of x. Hence the 
domain of every polynomial is the set of all real values. 

(2) Rational functions. A function 

where P(x) and Q,x) are polynomials in x, is called a rational func¬ 
tion ofx. Examples are 

x 2 —7 . 5x 4 — 2x* + 7x^—9 

R( x )— 3 z 3_j_ x _ 9 > 8(x)— 

A rational function is defined for all real values of x except those 
which make the denominator vanish. Hence the domain ol a rational 
function is the set of all real numbers except those which make the 
denominator vanish. 

(3) Irrational functions. Functions of the type 

V(2z* + 5x + 7). , etc., 

(2x*4-7x 2 -f- 11 x — 1 )* 

which involve radicals are called irrational functions. 

(4) Algebraic functions. The three types listed above are 
examples of algebraic functions. A function is said to be algebraic 
if it is evolved through the processes of addition, subtraction, multipli¬ 
cation and division together with the process of root extraction of 
polynomials. 

(5) Transcendental functions. A function which is not 
algebraic is called transcendental. 

The simplest transcendental functions are the elementary trigo¬ 
nometric functions such as sin x, cos x, etc. and their inverses. Two 
other elementary transcendental functions are the exponential function 
e* and the logarithmic function log, x. 

EXAMPLES II 

Draw the graphs of the following functions : — 

1 . /(z)=x-fl. 2 . /(x)=x 3 . 
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3. /(x)=l/x. 4. /(x)«=sinx. 

5. f(x)=x when 0<x<3, =2*—3 when 3<x^5, and — 7 
when z>5. 

6. /(x)=[x], -3s$x<3. 

[The symbol [x] stands for the integral part of x or, in other 
words, the largest integer For example 9 if S'5 f [xj*=3 ; 
if x= -2*7, [x] =—3 ; and if x=»2, [x]=2.] 

7. Verify if the following pairs of functions are equal or not. 

(♦) /(x)«x+l f g(x)= Cx*-l)/(x~l). 

(•») /(«) =2 | x |, g{x) = 1 x— 11 + I *+11 • 

. 8. Obtain explicit expressions for the functions defined implicit¬ 
ly by the relation y»_2y+x a =0 and give the domain of each. 

9. A function f(x) is called even if /(—*)=/(*) / or x a f l * 
odd if f(-z) = —f(z) for all x. Determine whether the following 

functions are even or odd. 

(a) y= cosx. (•») y=e*-e—+»m x. 

(sit) y-xM-3x a +5x+7. 

10. Show that every function/(x). can be expressed as the sum 
of an even and an odd function. 


a 



CHAPTER III 

LIMIT AND CONTINUITY 

8 * 1 . The phrases *x tends to a’ and ‘x tends to 

(i) Let a: be a real variable which passes successively through an 
m 6 nity of values according to any unambiguous law. IJinc 
successive values of x approach a definite number a in such a t cay that 
the numerical value of the difference x-a becomes 
than every given positive number however small 9 then t c y 

tends to aof z has the limit a’ and we write 

x^a. or Lt x=a 9 or lim x=a. 

The definition implies that for every such € there must be a 
itoge in the succession of values of x such that all the values of 

after this stage lie inside the interval (a — a + ^)- Thb^Doint is 
definition does not imply that x must take the value a This ^mt is 

illustrated in the examples below. In Ex. 1 —3, Lt x 1 „ - 

value of x. In Ex. 4. Lt x-1 and 1 is a value of x In Kx. o, 

Lt x=0 and 0 is not a value of c. 

Ex. 1. Let x take successively the values 

1 2 3 . 

T’ 3 * 4 ' .* n ' 

then x-*t, for the numerical value of the difference between * and 1 
is successively 

111 1 

2 ' 3 ’ 4 ’.. n . 

which become, .mailer and .mailer and can «“«ntly be 
smaller than any given positive numbe €, however small, for all values 

of n after some stage, viz. for n> l/€. 

Ex. 2. Next, let x take successively the values 

3 4 5 ' n+1 

"2"' 3~* ~4~* .. n 

then again x-> 1, for the numerical value of the difference between 

x and 1 is successively again 

1 1 1 

2 ' '3 ' 4 . 

and is less than € for all «> l/€. 

Ex. 3. Finally, let x take successively the values 

3 1 4 2 5 3 n + 1 . . 

~2* T* T* T* 4’ "4. n n * 

then again x-»l, for the difference between x and 1 b alternately 


n 


n 


l 
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— and — — and once again the numerical value of the difference - 
n n 

x — i, i.e., | x—1 |, ran be made less than € for dl values of x after 
a suitable stage. 

Ex. 4. Let x vary continuously in the interval O^x^ 1 and 
take increasing values, then x-*l. 

Ex. 5. Let x vary continuously in the interval 0<x^ 1 and take 
decreasing values, then Lt x =0. 

Let x tend to a. It may so happen that all the values taken 
by x are <a. We then say that x tends to a from below or from 
the left and write 

x-*a— 0 or simply x->o—. 

In Ex. 1 and 4 above all the values taken by x are less than 1 
and therefore we may write x-> \ —0. 

If, on the other hand, all the values taken by x are ^o, then 
we say that x tends to a from above or from the right and we 

write 

x-^o+O or simply x->a-J-. 

This is illustrated by Ex. 2 and. 5 above. In Ex. 2, all the values 
of x are greater than 1 and we may write x-^l-fO. In Ex. 5 all the 
values are >0 and we may write x->0+0 or simply x-*0-K 

(n) Let next x be a real variable which takes on successively 
values which ultimately become and remain greater than every real 
positive number, however large, then we say that x tends to (dns- 
infinity and we write z-*-oo. In other words, for every positive 
number 0, there must be a stage in the succession of values of x after 
which all values of x>Q. 

If, on the other hand, the successive values assumed by x become 
and remain smaller thao every negative number, then we say that x 
tends to minus infinity and we write x-*— oo. 

Notes 1. It may be pointed out once for all that there is no 
such real number as -f-oo or —oo. When we say that an aggregate 
is infinite, we only mean that the number of members is not finite, or, 
in other words, whatever large number O be thought of, the number 
of members in the aggregate is greater than O. Since -f-°° or —oo is 
not a number we cannot work with these symbols as with ordinary 
numbers. Phrases involving these symbols are to have the meanings 
that are assigned to them by definition. 

2. In defining the phrases ‘x tends to o* and 'x tends to <=»’, 
the variable x is not required to be a continuous variable necessarily. 
It may be, ai in Ex. 4, 5 above, or it may not be, as in Ex. 1, 2, 3. 
We shall be concerned more often with the continuous real variable 
in the sequel. 

3 2. Limit of a function. Let f(x) be a function defined 
in some interval containing the point a, but may or may not be 
defined at x=a itself. We consider the behaviour of /(x) as x-*-a. It 
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may so happen that the values of fix') become closer and 
closer to a number l as x-*a, or, in other words, the numerical 
value of the difference f(x) —l can be made smaller than any 
pre*assigned positive number however small, by taking x sufficiently 
close to a. In such circumstances, we say thaf/(x) approaches or 
converges or tends to the limit l as x-*a and we write 

Lt f(x)=l or f(x)—>l as z--*a. 
x-*a 

In many cases of practical importance, fix) is defined at x =a 
and l=fix), but it is worth emphasizing that this is not necessary 
for the existence of a limit. As pointed out in the last section, when 
x-*a, a is not necessarily a value of x. Similarly, when fix)-*l, l is 
not necessarily a value of/(x). We consider a few examples before 
giving a formal definition of a limit 

Ex. 1. Let f{x)=s2x+l and z-*l. f{x) is defined for all real 
x including x = \. It is easy to see that as x approaches the value 1, 
fix) becomes closer and clojer to 3 which is the value of fix) at x = \. 
The difference between fix) and 3, viz. 2x-fl—3=2(x —1). can be 
made numerically as small as we please by taking z sufficiently 
close to 1. In fact, if we want this difference to be less than 0 01 in 
absolute value, we need take x to be such that J 2 (z — 1 ) | <0 01 i.e., 

! * —1 | <0 005 ; if we want \fix) — 3 | <0 0001 , we need take | x — 1 | 
<0*00005, and so on. In general, if € is any given positive number, 
however small, then 

\f( x ) —3 | =2 \x — 1 | <€ if | *—1 | <*€. 

Hence we can say that/(*)-*3 as x-> 1. 


Ex. 2. Let/(ar)=z a and z ->3 


Here again, fix) is defined for all real x, including z=3. 
It is again easy to see that as x approaches 3, fix) approaches 
9 which is the value of fix) at z«=3 We l : st below the values of x 
and fix) as x-*3 both from below and above. 



/(*> 

/(*) 


2*9 

2 99 

2 999 

2*9999 

8 41 

8 9401 

8*994001 

8 99940001 

3*1 

3 01 

3 001 

3*0001 

9 61 

90601 

9 006001 

9 00060001 


3-0 

9 

3+0 

9 


We observe that the values of fix) become closer and closer to 
9 as x-*3 whether from below or above and we feel convinced that 
fix) -*9 as x-*3. However, the concept of limit of a function requires 
that we must be able to show that, givtn any positive number how- 
ever small, we must have 


! / i z )— 9 | =** | x 2 — 9 j <£, 

for all x * ufficit ntly close to 3, i.e., for every 6. we should be able to 
find a positive number o = S(€) such that the preceding inequality 
holds for all x which lie in a 5-ncighbourhood of a. The notation 
S«=8(0 is used to emphasize that, in general, 8 depends on £ and is a 
function of 
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In the preceding example, 8=|€. We proceed to find such a 
8 for the present example. Let x=3 -\-h, so that we must have 

| (3+KP-9 | <S, <■«.. | **+6* | <€ 

or — •£<h t -\-6h<G, 0) 

For the right-hand inequality to be true, k f +6k—€<0, and 
therefore by the theory of quadratic expressions, h must lie between 
the two roots of the quadratic h*+6h —€=0.* Hence 

-3- > /(9 + 0<*<--3+v'(9+€) ( 2 ) 

For the left-hand inequality (1) to be true, A*+6A+€>0, and 
therefore h must be greater than the greater of the two roots of 

the roots being real since € is small. Hence, we must 
have , A , 

*>-3 + V(9-0. ( 3 ) 

Combining (2) and (3), we must have • 

-3+V(9-€K*<-3+V(9 + 0 

or, -3+V(9-€)<*-3<-3 +x/(94€) 

i.e„ -{3-V(9-€)}<*-3<-3+V(9+€) (*) 

If we take 8 to be the smaller of 3— y/ (9—€) and — 3 + v'(9+^) r 
then (4) is satisfied, if 

— 8<x— 3<8, i.e., | z—3 | <8, 

Hence, we have 

|/(z)-9|<€ for | x—3 | <8. 

Hence/(x) -►9 as x-*3. 

We have purposely carried out this investigation for finding the 
value of 8=8(0, corresponding to any given €, to show that this 
investigation is not simple even for very simple problems like the 
present one. In practice, we investigate the behaviour of a few 
standard functions and discuss that of more complicated ones by the 
application of theorems about the limit of a sum, etc. to be given 
below. 


Est. 3. Let/(x)=(x*—4)/(x—2) and x-*»2. This function is 
defined for all real values of x except x=2 for which f \x) assumes the 
meaningless form 0/0. 

As remarked earlier, in the limit z-*2 we are not concerned 
with the value x=2. For other values of x, however close to 2 but 
not equal to 2, x—2 is not zero and we~can divide out by x—2 
getting 

/(z)=z4-2 for x^2. 

Now as x-*2, it is clear that/(x)-*4. 

In the present example Lt /(z) =4 when x-*2 but /(*) is not 
defined at x=2. 


♦The expression ax*+bx+c has always the same sign as a except when 
the roots of ax'+bx+c^O are real and x lies between the roots. In the present 
case a(—l) i« positive. 
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The last example is typical of the limits that have to be 
calculated in the Differential Calculus. Here x z —4 is the increase 
in the value of x 2 and x—2 the increase in the value of a: as a: changes 
from the value 2 to x. Thus (x*—- 4)/(x— 2) is the average rate 
of increase of the function y=x* in the interval [2, a:]. When this 
interval becomes smaller and smaller, i.e., when x~>2, the average 
rate of increase tends to the limit 4. This limit can be taken as 
a suitable definition of the rate of change or rate of increase of 
y=x* at the point x =2. 

Instead of the value x=2, we can take any general value x=a 
and then 

x 2 —a 2 

Lt -, 


x—*a 


x —a 


which can be shown to be equal to 2a. will give us the rate of increase 
of the function y—x 2 .at x=a. For the function y =x 2 , we can substi¬ 
tute any other function y=f(x) and get the ratio {/(x) — f(a))/(x — a) 
as the average rate of increase of /( ) in the interval [a, x). The 
limit of this ratio as x ->a will then give us the rate of change of 
f(x) at x=>a. The rate of change is called the derivative or 
differential coefficient and we shall discuss the derivative and the 
methods of its evaluation in Gh. IV. 


The last two paragraphs will have convinced the reader that 
the Differential Calculus is founded on the theory of limits and a 
thorough study of this theory is essential to the development of the 
Calculus. 

We now give a formal definition. 

Def. A function f(x) is said to tend to the limit I as x tends 
to a, if corresponding to any positive number however small, we can 
find a positive number 8, such that 

X*)-l I <€ 

for every x such that 0<\x — a| <8 or for every x in the two intervals 
a-~8<x<a and a<x<a-f5. The value x =a is left out of consider¬ 
ation, for in the existence or otherwise of a limit of a function when 
x-*a, we are not concerned with the value of the function at x=a. 
'This value may or may not be equal to the limit l. In fact, f(x) need 
not even be defined at x =a as in the third example. 

8'2t. Right-handed and left-handed limits. The above 

definition of the limit implies that/(z) approaches the same limit l 
irrespective of the manner in which x approaches a, whether from 
above or below. However, f(x) may tend to o limit l when x tends 
to a from above or from the right only, ».e., when x-*a- f-0. We 
then call this the right-handed limit of/(x) at x=a and denote it by 

Lt f(z) or /(a-f 0). 
x-ra- 1-0 

Similarly, /(ar) may tend to a limit as x-+a —0. We then call 
it the left-handed limit of f(x) at x =a and denote it by 

Lt f(x) or f(a— 0). 
x~*a —0 
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It follows from the remark made at the beginning of this section 
that if Lt f[x)=l, then both the right-handed and left-handed limits 

X—*Q 

exist and each is equal to l. Conversely, if both the right-handed and 
the left-handed limits exist and are equal, then Lt f(x) exists and is 

x-*a 

equal to them. Hence a necessary and sufficient condition that 
f(x )-+a unique limit as x-+a is that 

Lt f(x)= Lt /(x) 

x—*a—0 r-*a+0 

Ex. 1. Prove that Lt x n =0, u-here n is a positive integer. 

x -*0 

At first let x-*0 through positive values, then since x is approach¬ 
ing 0, we may take x< 1. Then 

| x"—0 | =x"<x<c ifx<8*e. 

Hence, given any e >0, we can find a 8 (in this case it is equal to e 
itself) such that x"< e for all x<8. Hence 

Lt x*=0. 

x->0+ 


If x be negative, let x 

1 x"—0 | 

for y< P . Hence |x"|< e 


=» — y, then y is +ive, and 

= I (—ir y n I -jr<y<e 

for — e <x<0. Hence, 

Lt x" =0. 


Since the left-handed and the right-handed limits are equal, 
x"-+ the unique limit 0 as x-*0. 


Ex. 2. Discuss the behaviour, when x-*3, of the function 

/(x)=2x-fl when x<3 
and =3x+2 when x>3. 

Here /(3 — 0)= Lt (2x + l)=7, 

*-*•3-0 

■while /(3+0) = Lt (3x+2) = ll. 

x->340 

Hence the left-handed and the right-handed limits are not equal 
and therefore/(x) does not tend to a unique limit as x-*3, i.e., Lt f ( x) 
docs not exist as x->3. 


In this example/(x) in not defined at x=3. 

Ex. 3. Prove that Lt ain x=0 and Lt cosx = l. 

x-*0 *->0 

(t) Let at first z be positive. Since x-*0 we may take it to be 
an acute angle. Let 0 be the centre of a circle of unit radius and 
J_AOP =x radians. If PM +0+, then 


MP 

smx== OP =Afp - 


[-.* 0 P= 1 . ] 
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Further. 4/P<chord AP<arc AP, and arc AP=*x, since the 
radius of the circle is unity. Thus 

sin x—MPc arc AP=x 
and therefore as x~> 0. sin x-+Q. In 
symbols, j sin x — 0 =sin x< f if x< e . 

Hence Lt sina:=0. 
jr—*0+ 

When x is negative, let * = — »/, 
then y is positive, and as 

x->0 —. Hence 

sin x=sin( —y)= — s in y->0 as y-+ 0-j- 

and therefore Lt sin a;=0. 

x-*0— 

. r Since the right-handed and left-handed limits are both zero, 
it follows that Lt sin x=0 when z-+ 0. 

(u) For x>0, cos z=™ =OAf. As x-+0, arc AP->0 and 

therefore M-+A and OM-»OA = 1. Hence cos r->l as x->0. In 

symbols, 

I cos Z—1 | = I 1 —cos x\ — I OA —OM \ 

=M .<4<chord AP<a.rc AP=x. 

I cos x — 1 | < e if x< t . 

Hence cos x—» 1 as x-*- 0+. 

t 

Next, since cos (—ar)=cos x , it follows that cos x —> 1 when 
x~*0 — . 

Since the right-handed and left-handed limits are l>oth equal to 
1. it follows that Lt cos x =-1 when x-+0. 

3 22. Consider next the behaviour of a function f(x) which 
increases continually as x approaches a. If ihe values off(x) become 
arid remain greater than any positive number, however large, for all 
values of x sufficiently close to a, we say that f(x) increases 
be\ond limit and that it tends to plus infinity. A formal definition 
is : 

Def. 2. A function f(x) is said to tend to plus infinity or 
diverge to plus infinity, */ cot responding to any positive number G, 
hou*vtr larye , uv con find a positive number b, such that 

n*)>o 

for all x such that 0< | x—a | <5. 

In symbols, we write f[x)-> -f « ai x->a or Lt f(x) — ~ foo. 

x-*a 

On the other hand, as x-ra.f x) may decrease beyond all limit, 

* may grow large negatively beyond any limit, then we have the 
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Def. 3. A function f{x) is said to tend to minus infinity 
or diverge to minus infinity if, corresponding to any positive 
number G, houever large, ue can find a positive number 8, such that 

/(*)<-<? 

for all x such that 0< \ x—a | <5. 

We write » asi-»o or Lt /(*) = —oo. 

x-*a 

Finally, we have the 

Def. 4. If fix) does not tend to a unique finite limit or tend to 
plus or minus infinity as x-*a, then it is said to oscillate, finitely if 
fix) remains bounded in the neighbourhood of x=a, otherwise infinitely. 

Ex. 4. Find the limit of fix)— \ lx when z-*0. 

Let at first x-*0 through positive values. Then as x becomes 
smaller and smaller, 1 /x becomes larger and larger and crosses all 
bounds. In fact, if G be any positive number, however large, 

1 lx>G for all x<l jQ=8. 

Hence, whatever number G is given, we can find a positive 5, such 
that fix) = \/x>G for 0<x<5 = \/Q. Hence 

Lt l/x=-j-oo. 

Similarly, we can show that 

Lt 1 /x = — co. 
x-»0— 

Since the right-handed and the left-handed limits are different, 
it follows that 1 /x does not tend to any unique limit, finite or infinite! 
hen x->0. As 1/x does not tend to any unique limit and is also not 
ided in any neighbourhood of zero, therefore. 1 /x oscillates 

?ly as x-> 0 . fix) is not defined at x= 0 . 

3 Limit of a function is x-*+oc or We next 

r the case when z-*oo and give the following definitions. 

Def. 5. A function fix) is said to tend to the limit l as x 
>nds to infinity, if corresponding to any given positive number e , hoirever 
nail, we can find a positive number jS , such that 

— l 1 < r for all z>A\ 

In symbols, we write /(x)-*7 as x-*-foo or 

Lt fix)=l 

-X—♦ —- co 


Def. 6. A function fix) is said to tend to plus infinity 

as x (ends to infinity, if corresponding to any given positive number (J, 
however large, we can find a positive number N, such that 

f(x)>G for all x>X. 

In symbols, we write 

Lt /(x) = +«= or we say/(x)-^+oo as x-4-oo. 

X-+ L •» 
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In a similar way we can give definitions for the cases when 

"7®° and ^ 2 " oscillates whfn x—+o© and also for the various 
cases when * - 


The foil ving can be proved quite easily : 

<•> Lt =°- («) Lt -1=0, where it 

X —* CO x X—♦ c» 

integer. 


u a 


positive 


8*4. Theorems on limit*. As remarked earlier, most limits 

are evaluated by the application of certain theorems on the behaviour 

ot the sum, difference, etc. of two functions. We state these without 
proof 


///( x ) an d Q{x) both tend to finite limits as x-*a or as x-* -4- or 
—oo, then 


Th. I. Lt {/(*)+<?(*)} =Lt/(x)-f-Lt ff(z), 

Th. II. Lt {/(x)-ff(x)} =Lt/(*:)—Lt (fix), 

Th. III. Lt {/(*) . gix)}= Lt/(x) . Lt (fir). 

Tb ,v Lt L, **)*<>. 

One of thc functions / or q may be a constant C ; we then have 
the following particular cases of these theorems. 

Lt{/(x)±C} = U/(z)±C, 

Lt {C/(x)} -r=C Lt/(x), 
r C C 

J^) = Lt/(xy P rovidcd Lt Ax^O. 


Extensions. Theorems I and III can be extended to the sum 
and product, respectively, of a finite number of functions. Thus 

Lt { fix)+g[x) + .to n terms} 

= Lt/(x)-j-Lt g(x)-\- .to n terms 

and Lt {/(x) . g(z) .to n factors} 

=Lt/(x) . Lt g(x) .to n factors. 

Note on Th. IV. If fiz)->l?±0 and g(x)-r0, then fix)/g(z) 
-* -f-o© or —©©or oscillates infinitely. If 1=0, then Lt/(x)/Lt g(z) 
takes the form 0/0 which is meaningless. However, the quotient 
fiz)/g(z) may tend to a limit in this case. As has already been 
pointed out, the Differential Calculus is based on the existence of such 
a limit. 

3 41. Further Theorems on Limits. We also state, without 

proof, the following theorems which are more or less intuitively 
obvious, 

,(*) 1/ fix) and fix) both tend to the same limit l and <^(x) be a 
junction such that ->(x) lies ahvays between fix) and r(x), then 6(x) also 
tends to (, 
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(»*) If Lt/(x)=u>0, then 

Lt [f(x =u^' 

(m) // Lt f(z) =u, then 

Lt a /U) =a li /( *>=a tt . 

(tr) If Lt f(x)=u> 0, 

Lt log/(x)=Iog Lt/(x)=log u. 

3'42. Passing to the limits. When there is any relation bet¬ 
ween two or more functions of r which is true for all values of x in 
the neighbourhood of a value a and the various functions tend to 
definite limits as x-*-a, then, in general, we can replace the functions 
by their limits in that relation. This process is called passing to 
limits. 


Wc can also, in general, pass to the limits when x->oo or 
x -+ — co under similar circumstances. 

3 43. Evaluation of limits. The evaluation of the limit of 
/(x) as x-+a by listing the values of/(x' and then observing their 
tendency is not only a hopelessly cumbersome procedure but also 
wholly impractical in most cases. Since most functions are formed 
from the elementary functions by the operations of addition, multipli¬ 
cation, division, etc., the application of the theorems on limits given 
in sections 3 4, 3 41 will in such cases reduce the calculation of the 
limits of given functions to those of the elementary functions. This 
makes the thorough study of the behaviour of the elementary functions 
of the utmost importance. 

When we have to calculate Lt /(x) as x-+a, it is frequently 
helpful to put x=o-f h, thus introducing the new variable ft. It is 
evident that as z-*a, h--*0 and therefore 

Lt /(x)=Lt /(a 4 ft). 
x—*a h — »0 

The following examples'illustrate the above techniques. 


Ex. 1. Evaluate Lt ** . 

*-*4 * 3 +1 

Lt(x 2 —3x)= Lt x a —Lt 3x= Lt (x.*)- 

x—*4 x-*4 .r-»4 x-+4 

= 4.4-3.4=4 

and Ltix 3 ^-!) =Lt (x.xj)-f 1 = 4.4.4 + 1 = 65, 

x-*4 x-»4 

u T# x*-3x Ltfx a -3x) 4 

Hence , L 1 4 P+T =LM^W = ^5- 


3 Lt x 

x -*4 


Ex. 2. Evaluate Lt x n , where n it a pjiit.ve integer, 

x—*a 

Lt x "= Lt (x.xjc . to n factors) 

x~+u x—*a 

= Lt x . Lt x.to it factor*. 

x—*a x—*a 

-=ox».a.to n factors =o*. 
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Ex. 3. If f(x)=p 0 xr+p l z*- 1 +p 2 x n -* + ... +p n , a polynomial, 
show that f(x)-+f(a) as x-*a. 

Lt /(*)= Lt (Po*"+Pi *“ _1 +.+Pn) 

x~*a x-*a 

= Lt (p*x")+_ Lt (p 1 x"- 1 )+.' L P« 

—Po°" + Pi 0 * -1 +.+P" [by Ex. 2] 


Ex. 4. 


=/(«). 

lff(x) and g{z) be polynomials and g(a)^0, prove that 


Lt 


/(X) _ /(«) 
^(x) 0 (a) ’ 


The result follows from Ex. 3 and Theorem IV., Art 3*4 


Ex. 6 . Evaluate Lt 

x~>2 


x 3 -Q 
x 2 — 4‘ 


Here Theorem IV of § 3 4 is not applicable as the numerator 
and denominator both tend to zero as x-^ 2 . 

Put z-2+*. then h+ 0 as x -2. We observe that in the limitu* 
process & if not to take the value zero and therefore we can divide by 

h " ThCn _ _8 ( 2 +fc ) 3 -8 _ Lt \2h+Gh'+h* 

U ~^ 4 = ( 2+*)*-4 />—»0 4 *+ A * 

12+6/i + /i s Lt (12-+- 6 A-+-A*) 

=^0 — i+h~ = Lt(/H-4) 

12 + 6 Lt h +Lt ft* 12+04-0 =3> 

= ~ 4 +Lt h 4+0 


x»- 

x-»2 2:1 


. T + 5 +5x* + 3x+2 
Ex. 6. Find Lt^2x i +7x*+4x-3 ’ 

Dividing the numerator and the denominator of the given 
fraction by x 3 , the required limit 

, 5 3 2 

~t"z‘ + ~x 3 ^_l +0+0+0 1 

= Lt - t- 4 T 2 + 0+0 + 0 2 ' 

2 +t+*~* 


since 




— all *-0 as x ♦«*». 

X 3 


Ex. 7. Evaluate Lt ~ 

x—*0 

Th IV of § 34 is not applicable as it would lead to th< 
meaningless form 0/0. We proceed by rationalising the numerator 
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This device ii of frequent use when such radicals are involved. Then 

Lt v( l+x ] ~ l = Lt V( 1-fg )_±l 

x-+o x jc—* o x x V(l+ z )"M 

= L _ 1 = T _l_ 1 _i_ 

jr~+0 ^ ^ 4**) 4“ 1 V (1 4 _a: )4~ 1 1 ■+■ 1 2 


3’5. Some Important Limits. We now obtain the values 
of some important limits. 


* t. 


I. To prove that Lt 

*->0 


sin x 


= 1, x being expressed in radians 


Let at first x be positive. Since z-+0, we may assume that 

0<z<£». Draw a circle of unit radius 
and let 0 be its centre. Take two points 
’" J p/ ^ A and P on the circle such that £_AOP =x 

yX radians. Draw AQ X OA to meet OP pro- 

/ \\ duced in Q. Now 

area of &OAP<are a of sector OAF 
J <area of A OAQ 

j/ or \.OA.OPYxn AOP<\OA'.A.AOP 

^ ' <\OA.OA tan AOP. 

1 sin z<\x<\ tan x, 
sin x<x <tan as, 

i x 1 

in x cos x 
, _ sin x 

1 >-> COS X. 

X 


Since Lt cos x=*l, ^— always lies between 1 and a quantity 

>-*0 * 

which tends to 1 as r-> I. Hence — - also tends to 1, and we have 

x 

_ sin x . 

Lt -*1. 

*-♦0+ z 


Neat, let m be negative and = —y, then 

Lt ” n *= L, «'"<-»).= L, 
a^-o— * >->-o y y-* o-f y 


L, “*-l 


i-vO — 




-y 


Since the right-handed and the left-handed limits are equal, 
therefore, 


r #,n * i 

Lt -== 1. 

;r —*0 * 
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_ , tar i X , . 

Cor. 1. Lt -- =1, for we can write 

x-*0 z 


tan x sin x 


cos x 


and each of the factors on the right-hand side tends to 1. 
Cor. 2. Lt * — = L 

x-rO sin x 


. 3. Lt -= 1. 

~ tan x 


Since -r—— = 1 ?- 
sin x 


HL? an d — = l these two corollaries 

x tan x x 


follow immediately by the application of Th. IV of § 3‘4. 

II lx yf, .~- n =na n ~ 1 , where n is an integer (^0). 
x “° 


Case (*). Let n be a positive integer. 

Since x^:a, we can divide by x— a, and then 

Lt (^^) = Lt (x"- 1 +x"- 2 a+x'*- 3 a*-f.+0"* 1 ) 

^ V x-a J x _ a 


x—ra 


= Lt z n ~ 1 -h Lt x n_2 a + Lt x’*" 3 a , -b 

x-*a x—*a x-*a 

=ct n ~ 1 -fo n_1 -f-a" -1 -f.to n terms. 


+ 0 *" 1 . 


Case (n). Lei n 6e o negative integer. 

Let n — —m, where to is a positive integer. 


Then Lt Y--—) = Lt (-- 

= Lt J —— 
( ar-o 


= Lt 

jc-*o 


—X** 


- 4 . Lt * 




. Lt 


x-*o x a 


1 — 1 1 

-— .too*" 1 . —- • 


—m.a 


•-i 


We assume the result when n is not an integer. 


Cor. 


x-*l 


X --1 
*—1 





III. Lt ^1 + — ^ when n->oo through positive integral values. 

ft '♦ ® 

By the Binomial theorem for a positive integral index, we have 

. 1 V ] |„ 1 , n ( n “ 1 ) ( 1 V , n(n-l)(»-2) / _1_\* 

C 1 ■*- ir) =I+B, ir + -2T~ It ) +—si Ui 

+ . , n(»-l)..2.1 

-+rr+rr0-=)+n0-i)0-|) 

+..0- 

As n increases, the number of terms on the right increases. Also as 

n increases, each of the factors (1 — (l— . increases 

so that the value of each term in the expansion on the right also in- 

( 1 \ n 

1 + — J increases with n. 

Again, since each of ^1 — - 
positive and Jess than 1, we have 


)• ('- 

1 "). 

1 

1 

S! +.+ n! 


-1 
n 


) 1 


<! + *+ ~2 +^t + 

< l + 1 + 


1 


1 


+ 5 £=i 


1 +T±\ = 3 ' 


1 N" 

We, therefore, conclude that 1 -f- — ) increases with n but 
always remains less than 3. It is obviously >2. Under these 
conditions*, ^ 1 + — ^ tends to a limit which lies between 2 and 3. 
We denote this limit by e and write 


Lt (1+-LV-S. 
n->- V n J 

Correct to five places of decimals, e =2*71828. 


•If a quantity continually increases but a (ways remains lew than a fixed 
number If, then it tends to a limit 










Cor. 1. Lt 


41 


=c ; when x-+oo through the set of posi¬ 


tive reals. 


X~* *> 


or 


For any positive x, we can find a positive integer n such that 

n^z < n-fl, 

1 1 1 
n^T^n-rr 

14-——>1 + , 

n ar n -+-1 


Hcncc 0 + ir>( ,+ ir )’>( 1 + nTl)"- 


I>ct 2 -»oo. Then n and 71 -f-1 both -roo 
integral values. 


through positive 


■■■ i;*_K I + ^r)-’ ( 1+ x ^„( ,+ t) 


^ Lt 




and 


N °w uj(,+ ± y( t +±)j 

iJ.|( l+ 5 Tl)’ M - i -( , + ^h)j 


Lt 0 + —) 


n—* oj 

L N<r 

X 


6 . 


Cor. 2. To deduce that Lt ( l -)—— ^ =e. 

x-* — - ' x ' 

p«t- /* = — y. we get 

(■+-=--)•=(>- j-r-(«+ f 4o’-c+r)o+ i-y 

where y-l-z. When*-* — oo, y-* + co and z->oo. Hence 

ii_,( l+ 4-)‘-JS.O+fX'+T-)* 

= lx jU_(l + L) =«. 
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Cor. 3. To prove that Lt (l+z) 1 /*^. 

2 —>0 

Putting x=l/z in Cor. I, we see that Lt (1 while 

r-*0+ 

putting x=\/z in Cor. 2, we see that Lt (1 +*) 1 /»=«. Since both 

the right-handed and the left-handed l imi t* are equal to e, the 
required result follows. 

Note. The number t is taken as the base of the natural system 
of logarithms. We shall be dealing with this system in the calculus. 
The base e will be generally omitted so that by log x will be meant 
log. x. 


IV. To prow that Lt -i2SiI±2>-=1. 

x -*0 x 

Lt 1 - °g - 0 +T) ^ Lt log (1 +*)*'• -log I Lt (1 +*)>'• \ 

x -+0 x x -*0 C x -+0 1 

• *»loge=l. 


V. To prove that Lt --- =log a. 

x-*0 * 

Put a m — Us, then as x-*0, a m -*\ and u-+0. Also o*=l -f u 
and so z=log. (1 -f u). Hence 

Lt ^=1= Lt ._ " Lt “ l0 8» a 

X -*0 * «-*> log. (1 +u) log.(I+u) 

_ logo log a 

“~ZTME±E“ 1 -og 

u-+0 u 


Cor. 1. If we take a 


Lt 

h-*0 


, and write x =h, then we get 
«*-l 
h 


1. 


£a. 1. Evaluate 
The required limit 


Lt 

x Zq sin 3z* 


Lt f S * D ^ 3x 5 \ 

jc ->0 V 5x 3 * sin 3x ' 3 / 



_ sin 6* , 

Lt Lt 

x-+0 v* x-+Q 


3x _5 
sin 3z 3 


It may be remarked that since z is not actually to take the 
value zero in taking limit as *-*0, we can divide and multiply by 
« as above. 
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. 2 . 


Evaluate Lt 

x ->0 


tan x —sin x 


j^ t t an r—sin x _ ^ sin x 


x->0 x “ x-+0 009 x 

sin x 2 sin 2 \x T . sin x 

rn~L * ~ ““ = Lt i •— • 


= Lt 

x->0 cos 21 
=* X 1 X 1 x(l) a =L 


x-+0 


1 —cos x 

•T* 

1 /sin £x\ 2 
cos X ' V \x ) 


Ex. 3. 


T /cos5x\_ cos 5 ($77 +6) f 1 , . 

x ^ n Vcos /“$) cos 3 (*7r+/») L* 2 n+h 

_ . cos (f»r+5A)_ /— sin 5A \ 

>T-U 1 cos (!^ + 3A) — l sin 3A ) 

3h 5 


j * /sin 5h jn d \ 

__ Lt ^-35- • 3^-3^ • 3- ) 


h->0 


T sin 5 h T 
Lt . Lt 


3 h 


( h->0 ' h -+0 6 * n 3A 3 


) 


Ex. 4. Find the limit of (x 1 * — l)/(ar* — 1 ) a* 

L < *£4- L t h 

x->\ x ~ l x-M V *-I • *-1/ 

x*-l 


1. 


t x 19 — 1 

= Lt ——y ~r Lt 

X->1 x 1 X-> 

= 16—5=V» 


1 


x —1 


sin x_i 

Ex. 5. Find the limit of - as x-* 0. 


Lt 

x->0 


e tm z -\ 


sin x 


Lt (—. 
x-*0 \ Bin x 


— 1 sin x 


) = 1 Xl=l. 


sin x 


To show that Lt 6 —? 


-1 


x->0 SU1 * 


1, put sin x=>h, then A-*.Q as x-+0 


Lt 


c s, n x_j 


Lt 

h-+0 


e*-l 


x _+q sin x i. ,n h 
Tn general, if/(x)-*0 as x-*0, we have 

L, ^ « 

*->0 /(*) 


=1 


I. 
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EXAMPLES III 


Evaluate tne following : 

1. (s) Lt (x*+*-2) 

_a 

2. (i) Lt —. 

x-*3 x5 


(is) Lt (x^Sx—6), 

x -*—1 

x 5 —1 

(i,) 


(ml Lt ^7 . m, n being positive integers. 


.. » Tt a-H«+cx> +.+ **!._, 

(iv) 4-.+*l* m 

/x T x’-2z*+l 

P **-3x*+2 ' 


8. (0 Lt 


x—1 

m ~i r- 


ax n 4- 6x w ~ 1 -f.-M? 

.+fi 


4 . Lt 
x-*« 


• / 
V 


(4x*-f-1 j—T * 

1 


a r —1 
6*—1 * 


6. Lt JI/L zrA, i-• 6 - Lt 

X-+Q V(4**+l)-l-* x-+0 

7. Prove that 

Lt V0+»>-V(J .Z^.i and L« ^('+*+^=± 
x-*0 x x—^0 x 

8. Evaluate the following limits t 

u .in (g + t ^jin z _ (fi Lt ^ (x+»-»ec x 

/t-^) A 0 * 

9. Find the limits of the following when x-*>0. 

sin 2x .... /sinax\ h _ sin 3x cos 2x 


-i 


... sin Zx .... /sin ax\ m ..... 

(;) (u) [^— r -) • (**0 

sm 5x Vsin £>x / 

10. Prove that when x-*0, ttie expressions 

1 —cos z 1—cosx , cosec x—cot x 
x 1 sin 1 x * 


sin 2x 


ail tend to the same limit 


sin -1 x 


tan 


-l 


11. Prove that : (*) Lt-=1. (i) Lt 

x—>-0 x x^O 

12. If a is measured in degrees, prove that 

sin a_ 

”180’ 


= 1 . 


Lt 

a-*0 a 


_ , _ sin a—tan * , 

13. Prove that Lt —-j-v- = — b 
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U 


14 Prove that sin (1/a:) docs not tend to a limit as a:—0. 

[Hint. Let x ->0 through the set of values 1/r, 1/2 rr, 1/3 tt . 

and again through the set 2/n, 2/5n, 2/9 n, .]. 

15. Prove that cos (1 Jx) and tan ( \/x) do not tend to any limit 
as x->0. 

' 8'6. Continuity. While defining the limit of a func . i / as 

x— »o, it was pointed out that/may or may not be defined at x—a. 
From the solved examples in the preceding sections it is clear that 
even when / is defined at x— a, the value f(a) need not be equal to 
the limit l. If/is defined at x—a and f(a) =/, / is sai<’ be continu¬ 
ous at a. 

Def. A function f{x) is said to be continuous at the point a if 

Lt f(x) =/(a). 

x-*a 


If we write x=a-f h, so that as x 
becomes 


U f(a+h)=f(o). 

h —*0 


a. 


then this condition 


The definition implies that ( i)f(x ) is defined in a neighbourhood 
of a including the point a itself, (ii) f(x) approaches a limit as x~*a, 
and (lii) this limit is equal to the value of die function at x—a. 

A function which is not continuous at a point is said to be 
discontinuous at the point. It is evident that a function f(x) can 
become discontinuous at a point x=o for one or more of the following 
reasons. 


(») f{x) is not defined at o, i t., the value a does not belong to 
the domain of /. 

(«) f(x) does dot tend to a unique finite limit as x-*a. 

(in) Lt f(x) and f(a) both exist but are unequal. 

x-*a 


Since f(x) has a unique limit as x->a if, and only if, the left- 
handed and the right-handed limits both exist and are equal, we may 
also say that a function f(x) is continuous at x=a if, and only if, 

7(a-0)=/(a)=/(«+0). 

This form of the definition is often more useful. 


If only f(a—0)=f(a) while either /(a-fO) does not exist or is not 
equal to/(a), then we say 1 hat/(x) is continuous to the left of r*. 
If., on the other hand, /*a)=/ia-f-0) while f(a~ 0) cither does not 
exist or is not equal to /(a), then we say that/(x) is continuous to 
the right of a. 

A function f(z) is said to be continuous in the closed in¬ 
terval [a, bj if it is continuous for every value ol x lying between a 
and 6, continuous to the right of a and to the left of b. A function 

it said to be contin uous in the open interval (a, b) if it is conti¬ 
nuous at every point of (a, b). A function which is discontinuous *veu 


I 




at a single point of an interval is said to be discontinuous in the 
interval. 

It should be observed that if f(x)=c, a constant, then f{x) is. 
continuous for all values of x. For, whatever number a be, 

Lt /(x)=Lt c =c =f(a), 

x-+a x—*a 

since/(x) has the same value e for every x. 

Ex. 1. If f(x)= x*+x prove thalf^x) is continuous at x—2. 

Here Lt /(x)=Lt (x*+x)=4+2 =6. AIso/(2)=2 2 +2=6. 
x—*2 x-»2 

Lt /(x) =/(2). 

x-»2 

Hence / is continuous at 2. 


x l —9 

Ex. 2. If /(x)=-^—y token x^£:3, and f{3) *=16 prove, that f(x) 
is discontinuous at x =3. 

Here/(3) = 16. If we write x=3+A. so that A-*0 as x-*3, then 


9 (6+A)=6^/(3). 


Lt 

x-»3 *“■° h-*0 
Hence f(x) is discontinuous at x = 3. 

T-— 9 

Ex. 3. If f(x)= when xy^3, and f 3) =6. prove that f(x) 


is continuous at x = 3. 

Here/(x) = 6. Hence by Ex. 2, 

Lt fx) =Lt 6=/(3). 

Hence fix) is continuous at x = 3. 

Ex. 4. Show that sin x and cos x are continuous for all values of x. 

The function /(x)=sin x is defined for all real values of x. 
If x=a be any such value, then as A-»-0, 

Lt/m-f A)=Lt sin (a+A) 

= Lt (sin a cos A-f-cos a sin h) 

=sin a Lt cos A-f-cos a Lt sin h 
=sin a . 1 +cos a . 0 
=sin a=f[a). 

f{x), i e., sin x is continuous for all values ofx. 

The proof for cos x follow* >r> the same lines. 

Since tan x = (sin x)J(c os z) <md sec x=l/(cos x) it, follows that 
these two are continuous functions of x for all real values of x except 
those which make cos x vanish, i.e., with the exception of the values 

(~ n + 1)^- Similarly, cot x and cosec x are continuous for all 
real values of x except x=nn. 
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Ex ., 5. Examine f(x) for continuity at the origin if f( z \ =s ; n ,., . 
whenx^O, andf(0) = \. ^ / JW~sm (J/x) 

Here/(O) 1. If we let x-*0 through the set of values 

L, J_. J_ 

n’ 2n ’ 3 t 7 .. 


then /(x)== 0 for every value of this set and therefore has the 
Un “e other hand, if z-*0 through the set of values 


limit 0. 


2_ f 2_' 2 

TT 57T 9tT 


then/(*) = l fo r evC ry value of this set and therefore tends to the limit 
1. Hence Jlz) does not tend to any unique limit. (In fact it take* 
every value lying between - 1 and I infinitely often as close to the 
ongm as we please.) Hence/(x) is not continuous at the origin. 

Ex. 0. Discuss the continuity of the function f(x) = )x) at the origin 

By definition, /(x)=x if x^O, and — x if x<0. 

Here /(0)=0 and 


Lt /(z)= Lt z=0, Lt f[x)= Lt (— a:) = 0 
z-*0+ x-*0+ x-+Q — x—rO — 

Hence /(0)=/(0-J-)=/(0—1 and therefore /(z) is continuous 
at z=0. 


1 

Ex. 7. ///(*)-e*" 1 when x^2, and f( 2) = 1, show that fie dis¬ 
continuous at z= 2. 

We have/(2)« 1, Also 

Lt /(*)= Lt /(2+A) = Lt e*~=0, 

x-*2 — h-+0 — h-+ 0 — 

for as h~* 0, l/h-+ — ©o and therefore e ur, -*0. 

Again Lt f(z)= Lt f(2+h)= Lt e~ h =oo 

X->2 + !l-'Q + 

for as h->0+, \/h-*-\-oo and therefore e 1 /' , -*-f©o. Since 

/(2-0)t£:/(2)^/(2+0). 

the function is discontinuous at x = 2. 

3'6l. Theorems on continnous functions. From the 
corresponding theorems on limits we obtain at once the followin' 
theorems on the continuity of the sum, product, etc. of a 
number of functions. 

I. The algebraic sum as well as the product of a Unite number of 
Junctions which are all continuous at x=a is itself continuous at 

II. The quotient of two functions which are continuous at 

10 continuous at z=a provided the denominator does not vanish at x*=a 


t 
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In particular, if/ is continuous at x=a and/(a)^0, then the recipro¬ 
cal function 0, g(x) = \/f{z) is also continuous at x=a. Also, 
if/ is continuous in the closed interval [a, 6] and vanishes nowhere 
in [a, 6], then g is also continuous in the closed interval [a, 6]. 

Ex. 1. Show that a polynomial is continuous for all values of z. 

At first, let/(z)=x n , where n is a positive integer, then 

/(o)=a" and Lt x*=a n , 

x-*a 

whatever real value a may be. Hence x n is continuous for every 
value of x. Let c be any constant, then cx n is also continuous for all 
values of x. 

Next, let /(i)=o # z* + fl,x ,, " 1 +.*fa„, a polynomial of the 

nth degree in x. This is the sum of n -f-1 terms of the type ex", each 
of which is continuous for all values of x. Hence/(x), any poly¬ 
nomial in x, is continuous for all values of x. 


Ex. 2. Show that every rational function of x is continuous for 
all values of x except those which make the denominator vanish. 

P(x) 

Let/(x) where P(x) and @(z) are polynomials in x. 


Q(*y 


then/(x) is defined for all values of x except those which make Q(x) 
vanish. Also P(z) and Q(x) are continuous for all real values of x, 
hence their quotient /(z) is continuous for all real values of x 
except those which make the denominator Q{x) vanish. 


3 62. If we insert the definition of limit into that of continuity, 
the definition of continuity can be stated as : 

A function /(x) is continuous at a point x=a if given €>0, 
however small, there exists a positive number 8 such that 

\f(x) —f(a) | < £ for all x such that | x—a | < 5. 

In other words, if €>0 is given, we can find a 8>0, generally a 
function of scuh that whenever x differs from a by less than 8, 
f(x) differs from/(a) by less than This implies that the change in 
the value of a continuous function fix), corresponding to a small 
change in the value of its argument x, is small. 

3 7 Graphical meaning of continuity. Let the function / 

be continuous at x=a. Let P{a f f(a)} 
and Q{ai-h, f{a + h)} be points on the 
graph of the function. Since/ is continu¬ 
ous at x=a,f'x)-*J(a) as x-ra or, in other 
words, f(a -f/. )-*f(a) as h-* 0. This means 
that as h-* 0, the abscissa and the ordi¬ 
nate of the point Q. tend to the abscissa 
and the ordinate respectively of the point 
P. In other words, as the point Q->P on the graph of the 

function. Thus the graph of the function y=f^x) is without a gap or 
break at P. 
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If a function is continuous throughout an interval [a, 6] the 
graph of the function in this interval is without any gaps or breaks. 
In rough language, if the point of a pencil is placed at one end of 
the graph, we can move the pencil on the graph to the other end of 
the graph without ever having to lift the pencil off the paper. 
Further, if a line is drawn across the graph, it will pass through at 
least one point on the graph. 

If a function is discontinuous at a point x=a, then there is 
necessarily a gap or a break in its graph at the 
point corresponding to x=a. If the function 
is not defined at x=a, then there is a gap in 
the graph as there is no point on the graph 
corresponding to x =a. In case the point of a 
pencil is moved on the graph of the function 
then, at the point of discontinuity, the point of 
the pencil will have to be lifted off the paper and will jump from one 
part of the curve to the other. 

3‘8. Properties of continuous functions. We now state 
without proof some important properties of continuous functions. The 
reader will be able to appreciate their truth with the help of the 
observations made in Sec. 3-62 and t'ie graphical illustrations given 
below : 

I. If fix) is continuous at x=c and/(c)>0, then, for all suffi¬ 
ciently small values of h, /(c -*-/») and fic—h) are both >0. In other 
words, if fix) is continuous and positive at x=c, then a neighbourhood 
of c can be found throughout which f{x) is positive. 


1(c-K t(e) 

0 ^ C C*h ^ 

Similarly, if/(x) is continuous at x=c and f c) is negative, then 
fic+h) and fic—h) are both negative for all sufficiently small value* 
of A. 

II. I f fix) is contir ous in a 
closed interval [a, 6], then t range of 
fix) is bounded. In othe words, if 
fix) is continuous in [a, < then we 
can find numbers k and K ch that 

k<f(x)<K for all 2 [a, 6J. 










This property may not be true if the domain of /(x) is not a 
dosed interval or if f(x) is discontinuous even at a single point in this 
domain. For example, if/(x) = l/x, then /is continuous in the open 
interval [0, 1]. Its range consists of all real numbers >1 and 
evidently no number K can be found such that 1 fx<K for all x in 
0<x<l. Again, consider the function /(x) defined in [ — 1,1] as 
follows : f{x) = 1 /x when Z9^0,/(0)=1. Then / is defined in [ — 1, I] 
and is continuous at every point in this interval except at x=0. 
Evidently no fixed numbers k and K can be found such that 

k < — <K for all x in [—1, 1], 

The properties of continuous functions given in III— V below 
are also essentially properties of functions continuous over closed 
intervals. These also may not be true if either the domain of f(x) is 
not a closed interval or if/(x) fails to be continuous even at a single 
point of the interval. 

Ill If/(x) is continuous over a closed interval [a, 6], then 

there are points in [a, 6] where/(x) has its 
greatest and least values. 

It should be observed that this state¬ 
ment asserts that not only is the range of 
f(x) a bounded aggregate but also that this 
a gg rc g atc has a greatest and a smallest 
member. In the attached figure, M and 
m are the greatest and least values of f(z\ 
in the interval [a, 6] and c, d are points of 
this interval such that f[c)=m, f(d)=M. 

IV. If f{x) is continuous over the closed interval [a, 6] and 
m, M its least and greatest values over [a, 6] 
then/(x) takes every value between m and Jf 
at least once in [a, 6]. In other words, the 
range of f(x) is the closed interval [m t if]. 

This implies that any line y=7v parallel 
to the x-axis and lying between the lines 
y—m and y=M cuts the graph of /(x) in at 
least one point. 

An immediate consequence of this 
result is that if A is a value lying between 
/(a) and f{b \ then f\x) takes this valu^at least once in [a, 6]. A parti¬ 
cular case of this is the property that follows. 
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V. If/ *) is continuous over [a, 6] and fia) and fib ) arc of 
opposite signs, then there is at J ' 

least one point c in (a, b) such 
that/(e)=0 

If/( a ) and fib) are of 
opposite signs, then the ex¬ 
tremities {a, fia)} and {b,fib)} 
of the graph lie on opposite 
sides of the z>axis. The 
theorem asserts merely what 
is geometrically obvious that, 

in going from one side of the avaxis to the o'her, a continuous enaph 
must cut the z-axis at (past once. 

J- Let f(z)=z sin(I/z) when x^O and /(0)=0. Draw 

the graph of f(z) and show that f(z) is continuous at z= 0. 

• 

As sin(l/z) always lies between —1 and I, the function 

z sin (1 fx) always lies between —x and x, 
and, therefore, the graph lies between the 
lines y= —x and y=x. As x approaches 0, 
the function oscillates up and down an 
infinite number of times the magnitude ol 
these oscillations tending to zero as x tends 
to zero. Also at z=0, J(z)-0. The pa;t of 
the graph for positive values of x is shown 
in the attached figure. The part for negative 
values of x is similar and can be easily drawn, 
Evidently there is no break in the graph at 
x=0. 



/( x )~ Lt fix) — 0-/(0), the function is continuous 

x-*0f x-+0— 

at x=0. 

*Ex. 2. A function fix) ia defined at follows : f( 0)=1 
/(:«•)=*+ 4/or 0<x<\, fi\) = \, fix) = x-\ for \<z<\ and fi !)=o! 
Show that fix) u discontinuous at x=0, \ and 1 in the interval [0 11 
and yet fix) assumes’every value betueenfiO) and /(I) at least once in 
the interval [0, 1]. 


Here fi0) = l and Lt /(*) =Lt (* + *)=* and these two are 

z—♦04- x-»0+ 

unequal. Hence the function is discontinuous at x=0. 

At /(*)-= J, lA&fx)- Lt (*+!)=] and Lt fix) 

x-*i~0 x -*l+o' ' 

~ jc-Tj + o**"”* 1 * 0, AH thcse threC arC unc( l uaI ; thcrelore the 
function is discontinuous at x= J. 

A«* = l,/(l)=0,^Lt o /,*)= -*)=*. He, there 

ii a discontinuity at z=l also. 
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If the graph of the function 



be drawn, it consists of the 
three isolated points 

d(0. 1). D(b I) and 

G( 1, 0) and portions of the 
two straight hues BC and BF 
with the exception of their 
extremities B, C, E , and F. 
The graph is discontinuous 
at the points x=0, f and 1. 
This is a general property of 
discontinuous functions. 
At a point of discontinuity 
of a function there is a 
break in the graph of the 
function. 


From the gragli it is obvious that / (a) assumes every value 
between f(0) and J[\) t between l and 0 at least once in the 

interval [0, 1], in fact, only once. 

•Ex. 3. Show that /(*)= « discontinuous at z= 0. 

( Panjab , 1943) 

When x tends to zero through positive values, i t., a:-*0 +, 
then I/X-++ 0 ® and therefore and Again, when 

y -+ 0 — t \/x-+— oo and therefore e 1/ *-*0. Hence 

1—e~ 1/x 1_. 


1 

Jo -^ 1 


1 


- 1 . 


and x ~_ e i/-+1 1 

Also/ (x) is not defined for x =0. Hence/ (*) is discontinuous 
at z=0. 

It may be added that even if the function be defined at z=0 
by assigning to it any value, it could not be made continuous at 
x=0 for the simple reason that the limit from the right of *=0 is 
not equal to the limit from the left. 

EXAMPLES IV 

1. Show that x?+3x-{- 5 is continuous for all values of x. 

2. Show that I /x is continuous fQr all real values of x except 

r=0. 

3. Examine, whether or not, e” 1 /* is continuous^at x==0* ^g$i) 

4. Show that the function / where 

f( x )=x* when 1, and =2 when z=l, 

i ( Punjab , 1956) 

is discor muous at **=»• 1 J 
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when * 1 ” h , en *<<>./(*)-= 1 when 0<x^l, and /(*) =2 

>1, show that/is discontinuous at two points 

flx ,y- , A function / i, defined thus : /(*)=* when 0<*<l 

disLnt^o'us'T L“ /<Z)=I+ ' Whe " 1<I<2 Show ,hat " is 

7. Let f(z) = x sin ~ when z^O and / (0)=0 ; show that / is 
continuous at 0. 

origin 8 * Sh ° W that thC followill S Unction* are discontinuous at the 

(0 fix) =cos (l/x) when x^O and /(0) =0. 

(«) J(x) — X sin (l/x) when Zy£0 and/(0)=2. 

(**•)/(*)= 1/(1-fe l/x ). 

Examine the following functions for continuity at x=2 ; 

(i) /(x) = (x*-4)/(x-2). 

(ii) j; x )=(z*-4)/(z-2) for x?£?, 

for x=2. 

for X:?£2, 
for x=2. 

for a^2 and =0 for x=2. 

(v) f(x) —e~ 1 /( x— for x^2 and =0 for x=2. 

Find the points of discontinuity of the following functions : 


9. 


=0 

(***) f( x ) =(x l — 4)/(x— 2) 
= 4 

(w) f[x)= e l/,I -*> 


10 . 


(i\ Z 

' (*f l)(*-2) * 

(«) 

..... x*-fx 

(•») 


x>-9 
sip x 

1 —2 cos x 


% 


CHAPTER IV 

THE DERIVATIVE 

41. The derivative. Let f(x ) be a function defined over an 
interval /, open or closed. Let x be a given point in /. As x changes 
fromxtox+A. another point in/, / changes from /(x) to /(s + A). 
Thus corresponding to a change h in the argument, the change in 
f(x) is f(x-\-h)—f(x). Form the difference quotient 


/(x+A)-/(x) 

h 

The limit of this quotient as h-+ 0, provided it exists, is called the 
derivative of f(x) at x and is denoted by/'(x). 

Def. 1. The derivative of f(x) atx is defined as 

hio h 

-provided the limit exists, and is denoted by /'(z). 

Note that h may tend to zero through positive or negative values. 
If the limit exists when h->0 through positive values only, then it is 
called the right-handed derivative, while if the limit exists when 
h-> 0 through negative values only, then it is called the left-handed 
derivative. Evidently, J(x) has a unique derivative at x if, and only 
if, both the left-handed and the right-handed derivative s exist and are 
equal. 

Def. 2. f(x) is said to be derivable or differentiable at x if 

/'(*) exists. 

The process of finding/'(x) is called differentiation. 

If we set y=f[x) and denote the change in the argument x by Sx 
instead of h, we may denote the corresponding change in/(x), s.e. y t by 
by. Then the incremental ratio, as the difference quotient is sometimes 

called, takes the form . The limiting value of this quotient 

when 8x-+0 is then denoted by the symbol ^ instead of/'(x). 

Other symbols which are generally used to denote the deriva¬ 
tive are 


y . s/i. 


D 


df 


’■ a*- dr U{z)l DJ ‘ " C - 


Ex. 1. Find the derivative of f when /(x)=c, a constant. 
Since/(x)=c, a constant, therefore /(x-fA)=c, and so 

h 

Hence the derivative of a constant is equal to zero. 



u /<*+*>-/(*)= Lt Lt 

n l^v.. h 


h-*0 


h-*u 


h-> 0 


( 
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Ex. 2. Iffix)=x, findf'(z). 

Since/(x)=x, f(X+h)=z+h and therefore 

x+h-x __ - 

/i-»0 


/'(*) = Lt 
h-*0 


h =l«(t) =1 - 

h h-> O' * ' 

Hence derivative of x is equal to 1. 

Ex. 3. * Differentiate x 6 from definition. 

Let /(x)=x 6 ; then/(x+M=(x-H) 5 and so 


/'(*) = * Lt « 
h—*0 


(x+A) 6 -x* 


Lt (5x 4 + 10x 8 fc-f-10x 2 A 2 +5/i 3 x+/> 4 ) 
h -+0 


=5x 4 , since the limit of every other term is zero. 

Hence the derivative of x* is 5x 4 . 

Ex. 4. Differentiate sin x from definition. 

Let /(x) =sin x. Then 

T sin (x+M— sin x 

= Lt. - r " 

/i-*0 h 

. . 2 sin ^ cos ^(2x+A) 

= Lt — t 

/i-*0 A 

= Lt - Lt cos 4(2 x+h) 

/»—*0 

= 1. COS X —COS X. 

^-(sio x)=cos x. 
dz 


• • 


Ex. 5. ///(*) W(* 2 + a *)..M/'(*)• 

Since f\x)~v(z*+a*), /(*+M = v'[(*+ A ) 2 + a ^ 

,. /'<*) = L, 

/i->0 n 

\/\ tx +/Q 2 -f a 2 ]—VC* 2 +° 2 ) 

= £o * 


= Lt 


f(xf/i) l +« 2 ]-(x 2 +a 2 ) 


,“!o i vu*+ A > 2 +° 2 i+v (* 2 +«*)} A 

(2x+ a ) * 


v4l*+'») a +<* 2 ] + Vi* 2 + tt2 ) 

2x+0 _ 

X 

= v(x a + ai ) * 


> 
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The process may alternatively be exhibited as under : 

Let y = >/(x*-f-a*) Let 8x be the change in x and 8y the corres¬ 
ponding change in y. 

y+8y=V[(*+&0*+o*]. 

By -subtraction, 8y=y/ [(* + 8x)*+a*] — y/ (xr+ a*) 

__ [(z-t-5x) 2 -f a*] - (a: 2 \ a 8 ) 

V [(x-f-8x) 2 +a 2 ]-f- v (** + «*) 

2 z8x+ ($*)» 

V [(ar-f 8z)* + a 1 ]-f-V 

8y 2 z + Sx 

8x _ v[(*+8z)*-t-a 2 ] + v / ( x Ho*) 

Proceeding to the limit as 8x->0, wc get 

• dy = _ 2x-f-0 _ 

ax V^+^H-V^+o*) 


x 

= V (**+«*) 

The process is essentially the same as given earlier, only it 
spreads out the various steps and is bkely to be a little lengthier. A 
serious defect about it is that the notation is quite cumbersome 
if adopted for the calculation of the derivative at a particular point 
of the domain of /(x). 

Ex. 0. Show thut the function /(x) where 
f(x) — x sin 1/x, x^O. 


=0, x=0. 

is continuous at x- 0 but has no derivative for x=0. (Panjab, 1942) 
Since sin (l/x)^l for all x, therefore 

| x sin (1 /x) | ^ | x | for all x. 

Hence Lt f(x)= Lt xsin(l/x)=0. 

x -*0 x —*0 


Also/(0)=0. Hence/(x) is continuous at x=0. Next. 
Li /lO-f h) —/(0) _ ^ h sin (1/A) — 0 _ 


/!—0 


h 


k-rO 


7T 


Lt sin (1/A) 

h -+0 


which does not exist for sin (I/A) oscillates between -1 and 1 
nitely many times when A^O. Hence/'(0) does not exist. 



Ex. 7. If f x) — | x j, show that f is continuous at 0 and that 
/'(0) does not extst. 

We have proved in Ex. 6. § 3 6, that / is continuous at *=0. 

Now 

f\ 0)= Lt = Lt /(A)—/(0) 

A->0 * /i-vO * 

orovided this limit exists. 
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and 


But It JJhlzM Lt A -T°=, 
h->0+ h h-> 0 + h 

n l . <=*!=2 _ i . 

h h-*0- h 


/i->0- 


Hence Lt — / { ^^ does not exist, t'.e., /'(0) ooes not exist 

A-4) 71 

411. Examples 6 and 7 of the previous section oring out aa 

important fact, viz., 

A function which is continuous at a point is net necessarily 
derivable at the point. In other words, continuity doe not imply 
derivability. 

We, however, assert that derivability at a point does imply 
continuity at the point. 

^ Theorem. If f(x) is derivable at a, then it is contintms at a. 
Since/(x) is derivable at a,f'(a) exists as a finite quality, i e., 
f(a-\-k) —f(a) 
h 


a finite limit as h-+ 0. 


If/(a+A)—/(a) were not to tend to zero with 

would not tend to a finite limit as h -+0. Hence in order tha a finite 
derivative should exist, it is nccessa r v that 


Lt {/v«+A)-/(a)}= 0 
h-*Q 


i e., Lt f(a+h)=f(a). 
h-*0 

Hence/(x) is continuous at x=a. 

Aliter. Wc h ive f{a + h) - f(a ) 3#®) ,h 

h 

Lt {/(o+A)-/(„)}= L, j/<?> . 

• Lt {/(a 4 A) -/(„))= Lt ^ + *)-/(°). Lt J 
/, ~”0 h-* 0 * /,-K) 

-/'(«) 0 = 0. 


I 


t.e 


Lt /'(a-f^)=A«). 
h-*0 

Hence f(x) is continuous at z = a. 

. . S *°. r -.. A faction cannot possess a jinite derivative at a point at 

uhtch it is discontinuous. 

f(r ,h\ 12 tc . Der j Vativ f rM of change. The difference 

lLoth ; h u thc chan « c ,n / ovcr ^e interval [x. x + &| whose 

Hence thc difference quotient {/(x4 h)~f(z))lh i: equal 

trivw'usVh 3 ^ ratC of chan 8 c of/over [x, x-f A]. As A decrease, ^his 
g 9 thc avera 8 c rate of change of /(x) in smaller and tmaller 
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intervals measured from the point z. If/'(x) exists, then the average 
rate of change of f(x) in [x, x-\-K\ tends to f(z) as A-»0, and there¬ 
fore, we may define the rate of change of f(x) at x as f'(*)• 

The most important application of derivatives as rates of change 
is in Mechanics. If a particle moves in a straight line and «=/(<) 
gives the distance of the particle at time t from a fixed origin in the 

line, then or/'(<) gives the rate of change of the distance, i.e., the 

velocity of the particle at time t. Further, if v =g(t) gives the velocity 
at time t. then g\t) gives the rate of change of velocity, i.e., the 
acceleration at time t. 

We will consider the geometrica 1 ' texpretation of the derivative 
and the geometrical and other applications of the derivative in. 
Part II. 

EXAMPLES V 

1. Define (i) difference quotient (ii) derivative of a function /. 

2. Calculate the difference quotient when f(x) equals 

(i) x* (ii) (2z+3)* (iii) l/(x+l) 

(iv) x*-fl lx (t>) V* (vi) \/y/x. 

8. Find from definition the derivative of: 

(i) x* (ii) x 4 (iii) x* + 3z+2. 

(iv) ox*-f6x+c (v)x 2 (l+x) (vi) x**f 1. 

4. Differentiate ab initio. 

(i) ~ («) 1 . 1 


m 


x 

x-f-1 


(v) 


X* 

x*+l 


(iii) 

(vi) 


5. 


x«+2 v ' x— 1 
Differentiate from first principles : 

1 


x*+a 


x-f a 


r 


(i) x/x 


(io) 


(ii) 


v* 


1 


(iii) V(a*+&) 


1 


V(**+l) 

4*2. Derivative of x". Let/(z)=z n . 

Then /'(x) = Lt f± x ± h \-^ 

h-> 0 n 

__ T t (*+*)"—«" 

h-*0 h 

_ ( x +A)"_x" 


(V) V(l—**) (vi) 


=nx n_1 




(i")=ns 


n-1 


[by II, Art. 3*5] 
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4*21. Derivative of (ax-fb) n . Let/ V x) — {ax+b) n . 

Then / (x,- JU A 

{a ( x+h)+b} n — (ax+ fr) w 

hJo h 

(C ax-\-b) + ah} n -(ax+b )" fl 

-^0 {!«*+<>>+°M-( a *+&) 

=n(ox+6)°- l .a 

=7Uj(oa;-H>) n-1 . 


• • 


i (a*+b)"=*na(*K4-b) n -‘. 

dz 


E.. 1. ( i) ^ <x’)=7x’-'=7x« 

(«) <** )=§**"'=*** 

<-> d 4(^) = 4 (-‘l—Sx- 1 —5x-. 


E*. 2. (.’) i (2x + 3)“-U.2(2*+3)“=22(2»+3)». 


<•'•') 4 (5_:c)i =*(-') 


<*«> 4b(4+3)Kr < 2 * +3 >'* 


-1.2 . (2x4 3) 


-t 


- (2x+3) 


I 


EXAMPLES VI 

Write down the derivatives of: 

(»'*) *" 3 


1 . (*) x 2 


1 


m -T 

V* 


(tv) ^/x 3 . 


-8 


2. (<) (3»+4) f (•») V(7-2x) (m)(3x+l) (tv) 


1 


5 —x 


4 3. General rule* of differentiation. The process of 
finding the derivative of a function by calculating the limit defin¬ 
ing the derivative becomes very difficult and tedious in all but the 
simplest cases. To avoid this difficulty, we establish some general 
rules for the differentiation of a sum, product, etc. of two or more 
functions. We also obtain tht derivatives of the elementary 
functions. Since most other functions with which we shall be con* 
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ccmcd arc formed from the elementary ftinc fions, the applicatior 
of the rules established below for the differentiation of a sum, product, 
etc. will reduce the differentiation of the given functions to those 
of the elementary functions. 

In what follows, we shall assume u^f{x), v=g[x), to—h(x) . 

where /, g, h, .are functions of x which possess finite derivatives 

for all values of x under consideration. 

4*8!. Rule I. If y=cu, then^M =cv-(c constant). 

ax ax 

y=cu, 

we have y+5y=c(u-f 8u) 

8u, Sy being changes in u and v corresponding to a change 8x in x. 

By subtraction, Sy—cSu 

8y 8u 

8z 8x' 

Taking limits as 8x-+0, we get 



dy 

do 



dx 

=c di 


Ex. 1. 

4< 5 *‘>= 5 4 

(x 4 )=5*4x s =20x 3 . 

© 

Ex. 2. 


= (2x—1) 5 =J .3.2. (2*—1)* 



=2(?x—1)*. 

4 32. Rule II. Derivative of a sum. If y=u+t»-f-u>-}-.. 

the sum of a finite number of functions, then 

dy du dv dw 
dx ~ dx +dx ix 

Let 8x be a change in x and let 8u, 8v, 8w .. 8y be the corres¬ 
ponding changes in u, v, u\ . y respectively. We then have 


y + Sy=(u + 5u)-f(t>-|-5t>)-f.(u;+5u , )-f- 

Sy = 5u-t-8u-f-5u>-|-. 

. 8y 8u 8v 8 iv 

Proceeding to the limits when Sx->0, we get 

dy _du dv dw 
dx ~dx ~^dx ^ dx *’* 


...( 1 ) 


Hence the derivative of a sum of a finite number of functions is 
equal to the sum of the derivatives of the various functions. 

Ex. 1. If y=z*+z 6 , then 

t -h ix ' + ^ 










61 


Ex. 2. If y=7x*—6a?-f-5, then 

t=37 ( w ~ 6 *+ 5 » 


S < 


E (6 *> + E 


(5) 


=21**—6.1 4-0=21x a —6. 


EXAMPLES VII 


Differentiate : 

1. **+**+!. 


8/2 


8. *i/«-3*+5x 

2x a -|-3z*-f 4x+5 


5 


7. V* + 


I 


Vi 


2 . 

4. 

6 . 

8 . 


az 3 -f-6z 2 -j-cx+d. 

X 2 +X + — + -^. 

X r X 2 


I 


1 


x 3 ”^"x 2 x 


-3. 


( 


I + r)( z ‘+*r) 


4 88. Rale III. Derivative of a product Let at first y =»y 
be a product of two functions only, then 

&y =(u + $u)(r+$t>) — ut> =(u+Su)$t; -f v$ti, 

. . - 8y 8v 8u 

and therefore - (u + Su) . 

Proceeding to the limits when 5x-*•(), we get 

% =Lt <“+«”> * L ‘ Lt =“%+*%• -(2) 

the derivative of a product of two factors is equal to the first 
factor into the derivative of the second plus the second factor into 
the derivative of the first. 

By repeated application of this rule, we can find the derivative 
of the product of any finite number of factors, thus if y = uvw. we get 

dy du d , 


du dv du 

37 +uu 37 +uv 37 

( 1 du 1 dv 1 
17+~ ^ + 


dx ~ r v dx 

and generally, if y=uvw .to n factors, then 

dy / 1 du 1 dv 

dx \ u dx ^ v dx ^ 

Cor. If wc put u=v=u; =-in (3), we get 

du 

di' 


dw \ 
w dx r 


) 


...(3) 


, dy / n du \ 

7 =u n and -f- =u" — — =nu B '* 
J dx \ u dx ) 
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*«• »• (»+>«*■-*»■ | 

=(z+ 1)*A ( 2*_1)> + (2*-1)> ^(*+l)> 

=(x+l)’.2.2(2z —l)+(2x—O'.Sfx+l)’ 

=(x+1 )*i2x— 1)(10*+1 )• 

Ex. 2. £[W] 


4 84. 

Lei 


=x 2 .*(* + l)“* +(*+1)* .2* 


2v(*+D 

6x*+4x 

“ V(^+T) 

Role IV. 

u 


-t-2xv/(x+l) 


y= —, then t/+fy = 


of a quotient. 


v+Sv * 


and 


. u+8u u 

^ v-f-St; V — 

v8u—u8v 

v(v-f5p) 

8u 8v 


,Oo 

1 ^ 

1 

*1 

1 


Sx 



Proceeding to the limits when 5x -*0, we get 





As a ^articular case, when u = l, we get 



dy _ T dtJ 
dx — v % dx 


It is assumed here that v&O for the value of x under 
consideration. 

Ex.,. If y^-±L, find ^. 

dy (* + l) ^(x> + l)-(x« + l)i(x + n 

dx (x-*-l)* 

(x t)( 2r 4 0)-( X s -4-1 )(1 4 0) 

<*+l) x 

_ yt -t-2x — 1 
~ (x-t-l) : 
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Ex. 2. If y = 


dx 


y/(a-\-bx) dy 
V(a-bx) •* vd JSr 

V (a - &*). V(<* + bx)—\/(a +^)~ y/(a ~bx) 


[\/(o —bxfy 

\/(a-bx).\. --- — \/(a+bx).\. -~ b - 

_ _ x/ (a -\-o x) v (a — bx) 

( a—bx ) 

_ b.(a — bx)+b{a-\-b£) 

2 (a — fcrJv'la 2 —b 2 x 2 ) 

_ ab 

(a—bx) x/(a 2 —b 2 x*) ’ 

EXAMPLES VIII 


Differentiate : 

1. (*+l)(*+2). 

(*+i)(**+n(**+i). 

yx + q 
rx-\-e ' 
x 2 — x+ 1 


8 . 

5. 


7. 


9. 


z*+z+l * 
2(*-fl) 


2 . 

4. 

6 . 

8 . 

10 . 


(i+3)V43x+4). 

(x‘+2x+3)(x*+3x+4). 

2x 

(*-f l) 7 * 

(z-t-2)(2z-j-l) 

x*-l 

y/(l+x) 

y/(\—x) 


z*+2z —3 * 

*’ 88 * R ^ ,e Y* . Deriv ativc of an inverse function. Let 
V—J( x )> where/is the inverse function of f so that x=r(u) and let 
9 (y) have a derivative <p‘(y) which is finite and not equal to zero • 
then/(r; has a derivative and f{x) = lff'(y). For * 


by_ 

Sx 


which is not zero. 


Sx 

Sy 


and Lt f^=»'(») 


...(5) 


Hence proceeding to the limits, 
dy 

Hence the derivative of j/ considered as a function of * is the 
reciprocal of the derivative of x considered as a function off/. 

4 36. Function of a function. Let y=f(u) and u — flx\ 
so that */ = *{/(*)}. We say that y is a function of a function of J 
For example let y = u* and u=sio *. Then j/=sin» *. Thu. J ?s 
ultimately a function of*. _ y Anus y 13 

' r ’ * l S 



Co ^ 


'H 

.A 


Wu 


7) * 

I 
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4 87. Rule VI. Derivation of a function of a function Let 

y = ?(u) and u=f(x ) be both derivable and have finite derivative! 
v '(u) and/'(*) respectively ; then y is also derivable and we show how 
to find the derivative of y. Let 8x be the change of x and let 8u and 
8y be the corresponding changes in u and y Let 8z tend to zero 
without actually taking the vzdue zero ; then 8u and 8y also tend to 

zero and might even actually be zero. 

Since f’(u) and /*(*) are both finite, we have 

8y={p , (u)+e}Su and 5u ={/'(*) + 

where t and t ’ tend to zero with 8x. From these equations we get 

a ys ={f'(u)+e} {/'(x) + e '}8* 

or |jJ«J .•(«) + . >{/•(*) + «'}. 

Hence proceeding to the limits, we get 

The rule can be extended to any number of functions. Thus, 
if y =f(u), u=f(v). u=4Ku’) and to=F(x), then we get 

dy dy du dv die 

dx = du * dv d\o' dx 

This is called the chain rule for the differentiation of functions 
of functions. 

An ‘easy’ proof of the chain rule is generally given on these 
lines : 

• • — we have, on taking limits as 5x-*0, 

5x 8v 8x ’ 6 

dy dy du_ 

dx ~d u dx 

The proof is defective in that 5u may be actually zero and 
division by zero is not permissible. 

Ex. 1. Differentiate v/^+o 1 ). 


Let 

Set 


y = v/(x J -fo 2 ). 
u=x*-fa 2 ; then y-u-. 




du 


Since A,'(u)= Lt must differ from (i'/u) by a small quantity 

r 8«->0 8u 8u 
(e, say) which ultimately -+0 

Hence p-ss^(u) + g or Sy ={<£'(«) + f }$u. 

OU 

Similarly. 8u={/'(x)-f i'}5x. 
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H * nce =<'*•+“*)■* •> 


V(^ 2 +a 2 ) 

E*. 2. Differentiate (i) sin x 3 . 

(») Let y =sin a: 3 . 

Set u=x 3 ; then y=sin u. 


(•») sin* x. 


% -*■> 


dy 

f =cos u. 

flV 


(Ex. 4, Art. 4*1.] 


Hence <?'?.£ 


(»/) Let 
Set 


dy_ _ dy da 
dx ~du dx 

=cos u . 3x 2 =3x 2 cos x 3 . 


!/=sin 3 x 


set u=sinx; then y=u*. 

. du dv 

<et = cos *-' -ar= 3 “ 2 - 

Hence d J> . d JL 

dx du dx 

=3u 2 . cos x = 3 sin 2 x cos x. 

Ex. 3. Differentiate sin" (ax 2 -f 6x-|-c) 

Let y=sin r ’(ax 2 -f-^x4-c) 

Set u =ax i -\-bx+c ; t>=sin u ; then y= 9 *. 


Hence 


au 

dx =2ax + b ; 

Hence * • .?“ 

dx dv da dx 


=cos a: 




=n v n-1 . cos u . (2 ax+b) 

= n sin" -1 {az z -\-bx+c) cos (ax*-f-6x+e) (2ax-f-6). 

EXAMPLES IX 


Find the derivatives of : 
1. (x 2 +X + J) 3 . 2. f 


** + 1 )' 


3. (r+v/^+a*)^. 


4 - x ' /, *‘ +a,) - 5 - vw +bx+c) - «• W**-* 3 )- 

7. sin v'-r. 8. v/(sin x). 9. V(»m >/*)• 

* 4 ‘ 3 ®- Parametric equations. Let x =/(t), y =»y(f) be the 
parametric representation of a function, < being the parameter. Then 





w “ d -S -»'<* 

Sy dy 

• Tt hy - Tt ** *** .-ff'M' 

&x-+0& 8r-*0^ *1* 

a< ar 


provided / >/ (<) is not equal to zero for the value under considera¬ 
tion. 

n . „ (l-t 1 ) 2 bt . .dy 

Ex. 1. IJx=a '- Y + l J . y=jq^r • J 5 " 4 £■• 


, dx ( 1 +(•)( — 2<) —( 1 — <>)2i -4 at 

We have ^ -a (T+jip - (| +|t) , 

dy (!+<*) ■ 1 —< ■ 2< _ 2ft( 1 —«») 

* (l+<’>* (!+<*)* 


dy _dy 
dx dt 


dx _ 26( 1 -!■)/ -4 at _6(1 -t*) 

dt 2 at 


Ez. 2. And the derivative of 




to. r . to x 4 . 


Let » = j^i and *=*♦, 
dy _(1 -f z 1 ). 2x—x* 


then we have to find ^ 

dz 


Now / = 

dx 


2 x 


2x 


(1+ x *) 1 


(1+**)* 


and 


I =<”• 


• • 


dy _dy dz 
dz dx I dx 

_ 1 

2x*( 1 +*•)* 


2x 


(1 +**)* 


4ar» 


4*89. Differentiation of implicit functions. Let p(x, y)=0 
be the equation defining y implicitly as a function of x. To find the 
derivative of y w. r. to x, we differentiate each term in f (x, y) to. r. to 
x using the rule for the differentiation of function of a function and 
other rules for differentiation and equate the stun of the derivatives of 
all the terms to zero. The resulting equation is then solved for 
dy r 

For example, if y n is a term in f(x, y), then 


d_ 

dx 


(ST) 




dy 

dx 


=ny"-> 


* 

dx * 
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and if sin (xy) is another term, then 

~ {sin (xy)}=cos (xy) . (xy) 

. d V 


or 


or 


or 


=C0S (xy) .j 
=( y+x %) m (xy) - 


-l 

dx ) 


Ex. 1. If x^+y^a^.find^-- 

dx 

Differentiating both sides w.r. to x, we get 

^+v s )=-sr(“’> 


2x+2y d £=0. 


dy _ x 
dx y 

dy 


Ex. 2. If x*+y*=3axy, find 

dx 

Differentiating both sides w.r. to x, we get 

gj-(3 axy) 

3**+3y=|=3a(*^ ry .l) 

(y* —ax) ^=ay—x x . 

dy _ ay—x* 

dx y* —ax 

EXAMPLES X 

Find ~~ when 
• dx 

1. x**at l , y =2at. 2. x=ct, y=*c/t. 

3. x*=a\/(\—t*), y=by/(l+t a ). 

4. x=ap*+26p-fe, y=mp+n, p being the parameter. 
6. Differentiate (•) x 9 w.r . to x*. 

(«) ** 


Find 


dy 

& 


l—x* 


the following 


w.r. to x x . 


6. x*-y*«=a». 7 *Va»+yV&*-l. 

8. ax*-\-2hxy -\-by t =\. 0, **+y«=:5<*rV. 

10. ax*+2Ary-f&y>-f-2yx-f2/y-f-c— 6. 
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4*4. The Circular Function*. We now find the derivative* 
of the circular or trigonometric functions sin z, cos *, etc. It may be 
observed that in all these the angle z is measured in radians. 

I, tin x. Let y=»ain z, then 

dy _ sin (z+A>— sin x _ T 2 cos (z+iA) sin 

h-> 0 A A-* 0 A 

sin \h 


dx 


=Lt cos (z+$A). 
A—>0 




=COS X X 1 =COS 7 


since by Art. 3*5, I, Lt =1. 


x->0 


Hence 


tain x)=coa x. 


II. cos *. Let y=*cos z, then 

dy _ T cos (z-h A)—cos z _ 

* & * 


Lt 

/ i -*0 


—2 sin (z-f $A) sin J A 

A 


Hence 


= —Lt sin (z+ $A) = —sin z x 1= —sin z. 

A-*0 

^ (cos x) = —sin x. 


dx 


III. tan x. Let y=tan z, then 
dy - tan (x-fA) —tan x _ _ sin (z+A — z) 

— = L.t -,-Lt 


dx 


h -+0 


= Lt 


h >Q A cos (z+A) cos x 
sin A 1 


cos (z-f-A) cos z 


cos*z 


Hence («“ *> = coS«W -=•«**■ 


IV. cot x. Let y= cot z, then 

dy cot (z+A)— cot x T ^ sin (z —z—A ) 

_— Lt--*--- — Lt 

dx 


A->0 


1 


— Lt > . ■ . ■ ■ ■ ■ • 

h _^q sin (x-f-A) sin z 


j^Q A sin (x-f A) sin z 

sin A __ 1 

■* — . , • 
sin*x 


Hence -=- (cot 

dx 


*)=» “ 

V. sec x. Let y=sec z, ther 
dy = Lt s ec (z+A)—sec » _ 
dx /^,0 A 

La 2 »in (*+jA) ti n \k 
— /,-J) A cos (*+h) COS X 


:osec*x 


(z-fA) 


A_*0 A cos (z+A) cos * 
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= Lt - sin 

h-+o cos (z-ffc) cos z 



sin x 

— 5 — =tan x see x. 
cos 2 z 


Hence ^ (sec x)=tan x sec x. 


VI. cosec x. Let y =cosec z. then 
dy _ y * cosec (z + A)— cosec z 
*c ^ A 

_ 6 in z—sin (z-f-A) 

“ /,_>o * sin (*+*) s »n z 


_ —cos (z-j- $) sin \h 

= h^0 sin <*+*) 8i n a: ‘ ±h 

cos z 

== "‘^h^r = ~ cotxcoscc *• 

Hence -i (cosec x)=—cot x cosec x. 

uX 


c . . sin a: cos x 

Since tan cot x=^—, we can also 


find the 


derivatives of tan x, cot z, sec x, and cosec z by making use of the 
rule for the derivation of a quotient and the results of I and II 
above. 

Ex. 1. Differentiate 



(t) sin 3z, 

(it) sin 8 z, 

(tit) sec 2 z 3 . 

(0 

Let 

y=sin 3z. 


Set 


u=3x 

so that y=sin u. 


• 

• • 


— -3 

dy~ 

, dy 

and 3 — =cos u. 
du 




dy dy 

du 

3 cos 3z. 

• 

• • 


dx ~du 

• j— =cos u.3 = 
dx 

(*»•) 

Let 

y =tan 

2 z. 


Cet 


u=tan 

i z so that y«*u 2 . 


• 

• • 


dti 

-j- «=sec 
dx 

2 z and j— ** 2 u. 
dx 


• 

• • 


dy_ 'jhf 
dm ~du 

du 

• = 2 u.sec 2 z =2 tan z.sec* z. 

(•*«) 

Let 

y =sec* 

2 T 3 . 


Set 


v=x*, 

v«=sec t* f 

then y 



dv 

-sec u tan u, 
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dy dy dv du 
dx^dv * du * dx ’ 

=2v.aec u tan u.3x 2 , 

— 6 x* sec 2 a : 3 tan x 3 . 

The process may also be exhibited as under : 
Let y =sec 2 x 8 = (sec x 3 )*. 

j —=2 sec x 3 . (sec x 3 ) 
ax dx 

=2 sec x 3 sec x 3 tan x 3 (x 3 ) 

=2 sec* a^.tan x\3x 2 . 

= 6 x 2 sec 2 x 3 tan x 3 . 


E*. 2. If x 

it- a* * =v/4. 
ox 

dx 

We have ^ 


=3 cos < — 2 cos 8 <, y=3 sin <—2 sin 3 1, find 


= —3 sin <—2.3 cos 2 <.(—sin <) 

=3 sin <(1—2 cos 2 <) 

=—3 sin < cos 2 <. 


— =3 cos <—2.3 sin 2 <.cos < 
at 

=3 cos < (1 —2 sin 2 <) 

=3 cos < cos 2<. 

iy dy dx 3 cos < cos 2< 
dx ~~ dt dt ~ —3 sin < cos 2< 


= —cot < 


At < = 


*«■ % 


— —cot tt/4 = — 1. 


Differentiate 


10 . 


12 . 


14. 


sin* x. 


4. cos m x. 

7. cos (sin x). 


EXAMPLES XI 


cos mx. 
sin x”. 


// l—cos x 

V V1 4- COS X 

1 4-tan x 
1 —tan x* 

a cos x-f b 
a -f 6 cos x * 




tan 2 x 2 . 


"■ V(rSi) 


13. x* sin x. 


3. sin x°. 

6 . a cos 2 x -f b sin 2 x. 

9. -- 

sec x—tan x 
f\ -f sin x\ 


16. tan ^ 


2-f3x 

3+2x 
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16 . y/[tan \/[\+x 2 )]. 

Find ~ in each of the following cases :— 
ox 


17 . 

18 . 


19 . 

20 . 


(t) x=a cos 0, y 

(iY) sec t, y 

x=a cos 3 t, y 

x=o(0—sin 0), y 

x =2 cos t —cos 2 1, y 


>6 sin 0. 
b tan t. 

•■a sin 3 t. 

■a[ 1 —cos 0). 

■2 sin t —sin 2t at t 


=*/2 


4 6. Inverse trigonometric functions. Let y=sin z, 
— $77<a:<$»7. As x changes from —$7r to $rc, y changes from —1 to 
+ 1. each value in this interval being taken by y just once. Conversely, 
given any y in the range — l^y<l, we can find just one x in 
—$77<r<$77 such that sin x—y. The angle x is called the inverse 
sine of y or arc sine of y and we write x=sin -1 y Thus the two 
statements 

x=sin -1 y and y=sin * 

are equivalent if x is restricted to the interval - j7t<a:<$T7. 


Instead of the interval [ — \it, we "light have taken any 

other suitable interval like [$w, fir] or [ — $»7, — fw], etc for the varia* 
tion of x. Then for any y in — 1 1. the corresponding value of x 

is taken to lie in that particular interval. The value of x lying In 
[—$77, $77] is called the principal value of sin" 1 y. By sin" 1 y we 
shall always mean its principal value. Similar remarks apply to 
cos" 1 y, tan" 1 y, etc. We observe, however, that the principal value 
of cos -1 y lies between 0 and rr and the principal value of tan _1 y 
lies between — $77 and $77. 

The ranges of principal values of cosec -1 x, sec -1 x and cot" 1 x 
are respectively the same as those of sin" 1 x, cos -1 x and tan -1 x. 

We draw the graphs of the trigonometric functions and their 
inverses side by side. In each case, the domain corresponds to the 
principal value. 





M3 
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_n 


0 


Y 


I 


X 


7T 

2 



(i,±n) 


| 

—^ 6 

w * 

t-’r-t n) 

NT* - —— - • - 


y=COXC X 


.-1 


y=coflcc 

4 , 51. Differentiation of inverse circular functions. We 

now proceed to find the derivatives of the inverse circular functions 
Bin- 1 *, cos -1 *, etc. 

•* n_1 ** Let y«*3in~ I r, then x=sin y, and 
dx . 1 

dx 


cos y, ».e. 


= ± 


' d y *" ' dx cos y v (1—**) 

The ambiguous sign is the same as that of cos y, i.e , of 

cos (am *). For the principal branch, viz., for the interval 

cos y if positive, therefore the positive sign of the radi¬ 
cal must be taken. Hence 


(sin-»*) = 


j^for — -^<sin~ 1 




7r 


dx ' V (l- , 

The other branches of sin' 1 * may be divided into two classes. 
V=*^ 1 x-j-2kn and (7r-stn- 1 r)+2Jbt. The derivative 
Ol the first class is the tame as that of the principal branch and 
the derivative of the second class is to be taken with the nega- 

brand? 11, WC ^ UauaUy takc ,he dcriva tive of the principal 


II. cos -1 *. Let y 
% — ,m «■ *■ 


cos _, ar, then r=cos y, and 

d V _ _j_- -1 

dx sin y 


, J? C ambiguous sign is the »ame as that of sin y, i.e., of sin 
(cos- 1 *). For the principal branch, i.e., for the range O^Cycw, sin y 
is positive. Hence y 


d 


(COI _, lJ=3- 


1 


for 0<cos -1 r<7r. 


III. tan -1 *. Let y=tan _I x, then x—tan y, and 

sec* y, i.e., -4^-— —.■ 1 
dy dx sec* y 1 +x* 

Un y assumes all positive and negative values as y ranges over 
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any interval of n units, but see* y is positive always. Hence there 
is no ambiguity and for every range 

s (t “" =rb- 

IV. cot” 1 x. Let y=cot -1 x, then x=cot y and 

— =-cosec«t/ ie __J_ = _L. 

dy ‘ ■' dx cosec 1 y 1-f-x* 

As in the case of tan” 1 x, there is no ambiguity in sign and we 
have for every range of values of x 

s (cot " x) =~d*- 

V. sec -1 x. Let y=scc -1 x, then z=sec y, and 

dx 

^-=tan y sec y«±*^/(ar—!)• 

The ambiguous sign is the same as that of tan y , •*.«., of 
tan (sec -1 x). 

For 0<y<$»r, tan y is positive and *>/(*•— I) 

fty = 1 

dx “ 1) * 

For tan y is negative and =*— \/(** — 0 

d y -i 

dz z\/(z 2 —1) 

s *> = I , I 

VI. cosec -1 x. Let y=cosec -1 x, then z=co«ec y, and 

dx 

=~cosecy coty = -*{±V(* , ”-l)}. 

The ambiguous sign is the same as that of cot y. 

For 0<y^$7r, cot y is positive and =y/(x? — 1). 

dy _ -1 

dx Xy/{7?— 1) 

For — £w<y<0, cot y is negative and = —%/(** —1) 

dy_ _- 1 _ 

dx — zv/(z* — i)* 

d . . . 1 

dx . I X I v't**—1) 

It should be observed that sec -1 x and cosec -1 x are not defined 
for values of z lying between — 1 and +1. 

It may also be remarked that the mere difference in signs of 
the derivatives of sin -1 z and cos -1 x ; tan -1 x and cot” 1 * ; sec” 1 x and 
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cosec' 1 x is explained by the fact that for the principal ranges of the 
-functions involved, we have the relations 

sin -1 x-fcoe' 1 z=$n, 

tan -1 x-f cot -1 

sec -1 x-f cosec- 1 x=\tt. 

Ex. 1. Differentiate sec -1 x*. 

Let y =sec _1 u where u —x % . 

. dy 1 . du 

du 

dy_ 

dx 


u v (u 2 — 1) 
dy du 


and 


dx 


=2x. 


_ __ 1 _ 2 2 

du dx itv/(u 2 -1) * * xv'lx 4 — 1) 


Let 


. 2. Show that {tan _I (| tan x)} =^—^ 
y= tan -1 u, where u=\ tan x, then 


sin 2 x 


dy_dy^ du 1 , 2 _ sec 2 x 

dx du dx ~1 -f u 2 * * 8CC X- *2(l-f $ tan* x) 

= _ 2 _ 2 

4 cos 2 x-f sin* x~~ 4 —3 sin* x* 


Ex. 3 


Let 


... . . a-f 6 cos x 

DxffertnixcUe sin -1 t-t- . 

6-fa cos x 

. -i i_ a-f 6 cos x 

y=sin 1 u, where u =—-. Then 


(Panjab, 1956) 


1 


dy = _ 

du = v (1 —u 2 ) 


6-fa cos x 

1 


/(, /a-f 6 cos x\ 2 ) 
V ( \6-f a cos x/ ) 


6-fa cos x 


Also 


V {(6 2 —a 2 ) -f (a 2 —6 2 )cos* x} 

6-fa cos x . 

~ V(f-a»).ins ’ * >**■ • 

du (6 -fa cos x)( —6 sin x) — -(a -f6 cos x)( 
dx = 


sin x) 


(a*—6*) sin x 
(6 -fa cos x)* * 


(6-fa cos x) 2 


Hence 


dy dy du __ 6-fa c os x (a*— 6*) sin x 

dx ~du * dx a 1 ) sin x ' (6+a cos x)* 

V(&* —a*) 

= “ ~ 6 -f a cos x ' a “ umm 8 6,>0 *- 


Ex. 4. Differentiate cos -1 -j —^ . 
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and 


1_X s 

Let y **cos -1 u, where u=.—— r . Then 


dy 

du 


1 


1 




wi 

1 +** 1 +** 


vi'-c; 


du 

dx 


V {(!■+**)*-( 1-**)•}-2T 

(1 +**)( —2*)—(1 —**)(2*) -4* 

(1 +**) 1 


• • 


Then 


dy_ dy ^ — (l-f* 1 ) 

dx ^du * dx ~~ 2x 
Second method. Put x=tan 6. 

, /I —tan* 6 \ 

y=CM (i+tanr) 

=cos- 1 (cos 26) =20 
=2 tan” 1 * 

' dy_ _2_ 

dx 1 -f x* ’ 


(1 +*•)■ * 
-4* 2 


( 1+**) 1 


• • 


Ex 6. DifftreniiaU tan’ 1 T ~ w.r.t. ton- 1 

1 2 


to find 


Let y—tan 1 -—— and 2 =tan~ 1 -^ / ^ Then we have 

* * x 

dy 


dz * 

Let x=tan 0, then 


26)—20 


and 


z =ton-‘ y(J.+'an*8)-l. = , tec 6-1 

tan 0 tan 6 

—tan- 1 (tan J 0)= \Q. 

. *L-*Ll**^ o/i_a 

* dz ~dd dO 2 ^“ 4 * 


tan 


-i * —cos 0 
tin 0 


EXAMPLES Xn 

Find the derivatives of: 

1. sin- 1 **. 2. cos-V*. 3. tan" 1 —. 

a 

*' co *“' 1 T‘ S ' cot ' 1 i+cot- 1 - . 6. ton- 1 ?±|. 

0 x *4-2 

7. ton-MKcx+tonx). 8. ifcr 1 (cot *). 
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9. 


sin -1 


10. a^Jsin" 1 *. 


11. cor 1 ./ ^"* 

V VI —cos z. 

18 . sin- 1 [2*^(1-**)] 


15. tan 


-i!±2l_ 
1 -** 


la - (ra> 

14. sin- 1 (l-2x*). 

!0. un-^ . 

1 —ax 

, 0 , /o cos x-f6\ 

18. cos’ 1 ( —-r- — )• 

Va-f-6 cos xj 

. Differentiate (») tan -1 ^ * ~*~ X ^ —- w.r. to tan" 1 — ^ z % . 

CC 1 ■“ 2 * 

...... 2x .1 — x* 

(t») sin -1 r— —ru/,r. to cos -1 


. - 2x 

i7 - ,m r+? 


19 


(Hi) sec- 4 


1 + x* 
1 

2 **-] 


sin -1 x 


l+x 2 * 


w.r. to v/( 1 —**)• 

dy 


20. If y = show that (1-x*) ^ —xy = 1. 

4 0. The exponential function e*. The graph of this func¬ 
tion is drawn in Art. 2’4, Ex. 6. In Art. 3 5, we found that . 

Lt 0+ f )” =e * 

n—* <m ^ n ' 

for all x. This limit is very often taken to define e*. The exponential 
function satisfies the laws of indices, viz., 


e« e*=e“ + *, e u ~e v =e u “ v , (e u ) v =e u *. 

Since <=2.71.>1, <* increases aj x increases and 

?"-*°° as x —► -j-oo. On the other hand 1 /<*, c - *, decreases as x 

increases and < - *-*0 as x-*+oo or, in other words, e*-+0 as x-y — oo. 

4*01. Derivative of e x . 


Let y =e*, then by definition, 

dy_ Xt e'+»-f _ r <"-1 
ax >,_^o A i_j» h 


since by Art. 3 5, V, Cor. 1, Lt 

h-y 0 


h-*Q 

e*-l 


1 . 




Hence 




7B 


and 


4 * 62 , Derivative of a*. 
Let y=a* ( 

• = 

* dm 


Ta /a***—a* 
Lt 


) == °* Lt (i=L) 

' A->0 ' * ' 


^>0 
a" log a 


[••• &(nr) <*• 


• • 


j- (<*’)=»’ log a. 


• • 


• • 


Alternatively. Let y*o"=e* lot <*. 

Let z=x log o so that y=«‘. 

dz . dy 

<■. * =.■ 

dy dy dz . _, 

E - "* ■ dz =‘ -'og 4=0 log 

Ex. 1. Differentiate e 8la *. 

Let y=e»m ■. 

Set u =sin x so that y=e M . 
du du 

dx du 


=e m . 


dy dy du 

d? =sr • & =e “ • cos I=e,ui ’ • cos *■ 


e"~e~ 




Ea. 2. If y = , prove that -£= 1—y*. 


We have 


dx (e*+e-*) s 

(e»+e-»)(e-»-fe-»)-(e»-e-)(e«~e-») 




Ve*+e-*/ 

= 1-2* 

Ex. 3. If u=e aa sin bx, v—e^ cos bx, prove that 
du \* /dv \* 


£)+£) 


du 


We have «e“ cos &r . 6+sin 6x . e aJ . a 

=«"(a sin 6x+6 cos bx) 
dv 

=«“ (-»in bx) 6+cos bx . «“ . a 
=e am (a cos bx —b sin bx) 


...( 1 ) 


...( 2 ) 
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Square (1) and (2) and add. 

( du \* /dv \* 

dz) + ) “ e K asin bz+bcos 6z)*-f (acos bz—b sin M*] 

= e ,a *[a s (sin , bx+ cos 3 bz) -fd*(cos 2 6z+sin 2 bx) 1 

=e to *(a , -f &*). 

4*68. The logarithmic fonction log, x. The graph of this 
function was drawn in Art. 2 4, Ex. 6. This is the inverse of the ex- 
ponential function. We recall below some properties of the logarith¬ 
mic function. The ba3e t is usually omitted. 

(•) l°g (*y)=log 2 ;-flog y, 

l°g (*/y)=log a;—log y, 

log x m =m log x. 

(»>) log e = l. log 1 =0. 

(m) log a; is defined only for x>0. 

(iv) log x increases as x increases and log x->oo as -f-oo. 

(v) When 0<ar<l log x is negative and increases negatively as 
x decreases. We have log x->-oo for z-»Q. y 

4*04. Derivative of log x. 

Let y=log^r, then by definition, 


dy 

dx 


Lt log (x -fA) —lo g x 
h ->0 h 

'”»('+ f) 

300 Lt —- log (1 +w) 1/M , where u=-- 
h-*0 x x 

= HT Lt (1 + u, 1/u [Since u-*-0 as A-*-0 

x u -+0 

1 , 1,1 

= ~!oge= ~.1= 7 . 

^ (log *)=". 

Ex. 1. Differentiate (») log log z (»») log J0 ( I 
( i ) Lc 1 y=log u, where u=log x. then 
dy dy du 11 1 

dx = du * dx 

d 


* ~x 


z log X * 


1 


1 


1 


l°g*IO \ + \/x’2y/z ~2(X + y/ X ) log,IO 
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Em. 2. If log(xy) =x*+!/*. find 

Wchavc log (xy)=x*+y* 

log x+log y~x*+y f 

Differentiating both sides w.r. to x, we get 

t+v l =2 *+ 2 ^ 


T+y 

% (—-2»)=2*~ 
ox y a: 

dy (2x* — 1 )y 

d^-(l-2y*)x 


Ex. 8. i’wid ^ when y=log x tan x. 

Here y=log x tan x— X ; therefore differentiating by the 
quotient rule, 

. sec*x I . 

, log xx-— —log tan x 

dy_ 6 tan x x 6 _ 

dx (log x)* 

_x log x—sin x cos x log tan x 

x sin x cos x (log x)* 


Ex. 4. If - =log - prove that j- 

X— V x— 1/ ox 


dy _ 


= 2 ——. 


From the given relation, -=log a —log(x—y). 

x ~y 

Differentiating both sides w.r. to x, we get 

-.i i _ , „ 

u - - t 1 ' 


[*-y) 


x-y 


(l _ y) _x(l ) = —(x—y)(l - d £) 

x_ y=y (l_|) 

.v^-=2y-» 


1 
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EXAMPLES 

Find the derivatives of: 


1 . 


2 . 

e**+ 2 *. 

8 . 

VI 

e- . 

4 . 

5 **-*. 

6 . 

a''* . 

0 . 

xe*. 

7 . 

a*.x*. 

8 . 

log( 2 r>+ 3 ). 


9 . 

log {ar+v(*•+«•)}. 

X 

10 . 

log{V(*-fa)+v(* + 6)}. 

11 . 

lo gio\/(l +*»). 

12 . 

log, 10 . 

18 . 

, a-f 6 x 
log-— T~. 
a—bx 

14 

** log X. 

15 . 

log X 

• 

X 

16 . 

log log log X. 

17 . 

«*(1 -flog x). 

18 . 

x*t m log X. 

19 . 

1 -fe* 

20 . 

1 -f-log x 





1 —log x’ 






4 05. Logarithmic differentiation. Ifv=/Tx^be a fimrri/m 

of x or more generally, there may be any relation ',?5 

_ _ u i m * . 

y v~ v , . " y=“* 

I 1 ^ J| 

illustrated the following wl'ved exampiea! ’ "* ° f *• II “ 

Ex. 1. Differentiate ;— <* + l ) i <*‘+3) 1 (* , +7)’ 

V x (Vz+2)t 

Taking logarithms of both sides, we get 
l°g 2/=J log (*+l)+f log (x*+3)+7 log (^-f-7)-* l og * 

T > . . . —# log (\/x+2). 

cnvative of log y with respect to x is. by the rule for the 

cnvat,on of a function of a function, equal to -1 ± Hence tak- 

“* d ‘r' i - both sides with respect to a. we get 

-L d V_ _ 3 10x 2lx* 1 2 

V dl 4 (^+l) + 3 ( x» + 3) + ^ + 7-fa~—V , (v/a;+2) • 

This gives ^. 

ax 

Ex- 2. JPfxtf Me derivative of sin.xxlog 

then ' y-sinxxlogxxe'x*/*. 

Jog y = log sin x + log Iogr + z+ j !og r . 
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• • 


1 dy cos g 1 mi—. 
y dx “sin * "*"* log x 2x 


dy ( . , 1 . 2x4-1 \ 

~dx ^ \ °° * x log x + 2x / 


or 


or 


and 


Ex. 8. Differentiate : (») (sin *)«° 8 *. . f 

(m) x*4-(tan x) 10 * \ (Panjab, 1951) 

(») Let y=(sin x) coa ", then log y=cos x log sin x. 

Taking derivatives of both sides 

1 d\j COS X « | • 

_ ™ =cos X. --sin x log sin x 

y dx sin x 

=(sin x) co8 ■(cos x cot x—lin x log sin x). 

dx 

(ii) Here we cannot take logarithms directly. 

Let ti<=x* and v=(tan x) l0 « *, then 

dy du dv 

j,=„+„ an d 

Now u= 2 * ; therefore log u=x log x, and 

i_ ~ =X . — +log *= 1 +log X =log tx 
u dx x 

^=x*logex. ~l» 

Also v=(tan x)** % log v = log x log tan x 

sec*x . 

log x. 


=—log tan x4" :- 

V dx X 6 tan X 


• — =(tan .••(*> 

• • ^ • t ”sin x cos x) 

^L ia obtained bv adding (1) and (2). 

dy log x 

Ex. 4. If *=e”, prove that & =^ og 

(Agra, 1945 ; Delhi, 1950 ; Panjab, 1956) 

Taking logarithms of both sides, we get 

y log x=x—y. i 1 J 

Differentiating both sides u>.r. to x, we get 


dy . ^y dy dy_ 

logx4- z ^ or dx x(l 4 -logx) 


( 2 ) 


But from (1), y=- + -^-— . Substituting this value of y in (2). 


we get 


dy log x 


dx (1 -f log xl* 

Or we could have solved (1) for y and differentiated. 
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EXAMPLES XIV 

Differentiate with respect to x : 

1 (f + l)(*-f-2)(ar+3)(a: + 4) 

^-1Kz-2)(z- 3)(^4)* 2 ‘ V^VCsin z) V(Iog x). 

6. z«in •. 
9 . a 6 " 


8. x 1 **. 4. (tan x)^ •. 5. 

7 . (sin *)'o« {Calcutta, 1943) 8. cos *• 
1 °. *** . {Nagpur, 1950) If. *»+*!/*. 


4I) (Pafno, /5rfo) 

12. (sin*)«»«+( CO sa:)n»- is. (sec *)«»soc- +(coscc ^ , 

14. (tan a:)*-f-ztan 

«^~was tfct^sjar* — 

sinh x=\{ t *—e *), cosh z=}(e*+ e~ x ), 
sinh z 


tanh z = 


cosh x' 
1 


cosh x 

coth x —-—— , 
sinh x 

1 


SCCh Z= co 3 'hV cos ' ctl *=rmhx- 

The student can easily verify the relations 

coth 2 x—sinh 2 z = l, 

1 — tanh*z=sech 2 z, 

and coth*z—l=coscch 2 z 

from the definitions of the hyperbolic functions. 

We now proceed to obtain their derivatives. 

I. Let y=sinh x = \{e x -e~*), then 

dy 1 

^ = -2 -(* x +e~ ir )=cosh x. 

d 

Hence — (sinh x)=cosh x. 

• 

II. Let y =cosh z=}(e x —t- x ), then 
'dy 1 , 

fa ~~2 ( e *+ c_r ) = sinh x. 

Hence — (cosh x)=sinh x. 

III. Let y=tanh then, applying the rule for the 

differentiation of a quotient, 

dy __ cosh z.cosh x— sinh z.ainh x cosh a z—sinh*x 

dx cosh*z — 

1 


• — - 

cosh*z 


=8cch*z. 
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Hence 4 - (tanh x)=»sOch*x. 


, we can show that: 


dx 

Proceeding si 
IV. ^ (coth x)=—cosech*x 

V. (sech x)=-sech x tuh x. 

VI. -^j~-(co»ech x)= — cosech x coth x. 

It should be observed that the derivatives follow the same 
as for the circular functions, but here the first three are positive and 
the remaining three.are negative. 


4*71. Inverse hyperbolic functions. 

I. Let y=sinh _1 z/then x*=sinh y, and 

dx . dy 1 1 

• iy =co,h »> ar=co.hi, = v(i+^> 

There is no ambiguity of sign as cosh y is always positive. 
Hence 




II. Let y—cosh” 1 *, then x=cosh y, and 

dx ... dv \ 1 

dy 


. • . dy \ 

•mh g. >.e., - =.-7-7- = 


dx sinh y ±x/(x*—1) 

For any value of *> 1, there are two values of y and for these 

dtJ * 

alues has opposite signs We usually take the derivative with 
he plus sign. 

Hence 


(cosh” 1 x)= 


. I *! > I 


dx - -- v(**“l) 

III. Let y=tanh _1 *, then x—tanh y, and 

dx , , . dy I 1 

=sech* v. «.« , -j— = —ri——i— -j’ 

dy ' dx sech* y 1—x* 

Since tanh y Is less than 1 numerically, therefore | x | <1. Also, 
here is no ambiguity of sign. Hence 


(Unh” 1 x) = 


dx v - - 1 -**’ 

Proceeding similarly, we obtain : 

> 1 . 


x 1 < 1. 


IV. ^(coth-’x) 

V *-( 

V# dx 


__ 


x»-r 

i 




< 1 . 


85 


VI. 


d a 

j— (co«ech“ 1 *)=— - _ 

dx ' i>/(*■+!) 


Ex. Find the derivatives of (») tan~ l (tanh z), (»») tanh -1 

(i) Let y=tair 1 u, where w=tanh z, then 1 +a * 


dy _dy du _ l 

dr ar • * 


1 


1 ftanb* x 


. sech* x 


1 — tanh a x 


1 +tanh 8 x 


(ii) Let y=tanh 1 u, where u = - a -^~ X , then 


dy_ __dy du __ I 
dr du ' dx 1 — u 2 

d+ar)» 


1 -par 
(1 +ar). 1 —(a -f z) 
(l+or)« 

1 — a 2 


(1 +oz)>-(a+z) a ' (l+ar)» 

- 1 -a* _ 1 

(i -a*) + (<* a - 1 )* 2 r^r* ’ 

EX AMPLES XV 

Find the derivatives of the following functions : 

cosh x-\-cos^x_ cosh z+sin x 

sin x ' sinhx+cosz 
log cosh z, log tanh x, log cosech z. a s,nb * 


1. Sxhh x +£ sinh a z, r-—- 

»inh z-f 

2 . 


tog 1 + y< 1 .og 

& X 

iinh" 1 %/(z* —1), tanh -1 tanh -1 Z ~~ * 


7 -j—p , sinh -l (tan z) 


x* z ; 

5. Prove that each of the functions sec^cosh *), tan* 1 (sinhz) 
cos _1 (sech z) has the derivative sech z. 

ft. Prove that each of the functions 2 tanh^ftan iz) 
COSh-^aec a?) has the derivative sec x. 

4 8. Differentiation from definition. VVe now add a few 
examples of differentiation from definition or from first principles 
t.e , we obtain the derivatives by the limiting process given in the 
definition in Art. 41. 

Ex. Find from first principles the derivatives of 

(•) V'(wnz), (»*) tan-’z. (m) x/(z»-fa*), 

dy _ y/{?in(z-f A)} —\/(8in z) 


(0 


dz 


A -*0 


L t _sin fz-f A)—sin z 

/^^[v/fsin (x+A)}+ V(sinz)] 
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= Lt 


cos (x+$A) 


sin 


H-+Q «/{sin(x + A)}+ V(sin x) ’ {h 


cos x 


—o \* ['.* Lt-». 

2 V (sm x) 1 JC _ >0 * 

(«) Let y=tan _1 x, then y-f-S^tan'^x-f-ix), so that z=tan y, 
*-f5z=tan (y+8y) and 5x=tan(y-j-8y) - tan y. 

. d V_ = Lt 8 y_ = Lt -_^_ 

dx 5x ^oSx tan (y+Sy)-tany 


sm x 


= Lt cos y cos (y +Sy) 

8y ~*0 s,n 8 V 

1 1 


=cos 2 y = 


scc*y “1+x** 


x f&r 


Hcrf *- ••• y+8 y = ( x+8x)»+ a » 


and 


*1 = r.( - y - 


x+5x 


dx Zx->0 8x Sx-X)«* n* + «x)*+a* * 2 +a>) 

_ x{z*-f a* — (x+ 8x)* —a , }-f-&r(r , - f o*) 

~8x-*0 &c(** +o»j{l*i- 8g)*+o*} 

_ j —2x* —8x x-f x* + a a a*—x* 

(* t +a*)U*i-fi»/+a*} “(z a -fa*)* 

EXAMPLES XVI 

Find from definition the derivatives of: 

1. All the inverse trigonometric lunctions. 

2. sin x 2 . [Agra, 1948) 3. c^ x . ( Nagpur, 1934) 

x 2 4-2 

4. log sin x. 5. -— T . 

X* -f-0 

6. x sin x. 7. € cos *. 


8. tan*x. 


CHAPTER V 

SUCCESSIVE DIFFERENTIATION 

5*1. Successive derivatives. Let y =*/(*) b« a function of x 
which has a derivative for each x in some interval, then the deri¬ 
vative /'(*) is itself a function of x in the same, interval. If / (*) 
has a derivative at a point x. then this derivative is called the second 
derivative of y or /(*). If this new derivative has a derivative, then 
this is called the third derivative of y ot f(x), and so on. 

Various notations are used for denoting the suecessive deri¬ 
vatives of a function. Thus the first, second, third,.. n th,. 

derivatives of y are represented by 

Fi» 2/a. .... 

y\ y", y"\ .y <n) ,.. 

dy d*y <Py <^y 

dx ’ dx * ' dx?' . dx n ’ 

Dy, D 2 y, D*y . D”y .. 

and those of /(*) by , , . 

/,(*),/ 2 (*)./>(*) . /«(*). 

or by /'(*)./"(*)./'"(*). f" )(x) . 

Ex. 1. If y=x b , find the successive derivatives of y. 

Here y,= fix 4 . y 3 = 20**, y 3 =6 Ox 3 , 

y t = \20x, y 6 = 120, y.=0, 

and all subsequent derivatives are zero. 

It is an obvious generalization that, if y=*". where n is a posi- 
tive integer, then all the derivatives of y beginning with the (n + l)th 
are zero. 

E*. 2. If y= log sin x, find y u y t , y 8 . 

Here y x =cot x, y 2 = —cosec*x and y 8 =2 cosec** cot *. 

x — 3 

E*. 8. Find the Jourth derivative of 


or by 
or by 
or by 


Here y =|±| = -l+^ = ->+5(2-*)->. 
Henc* y, =5( — 1)( —1 )(2-*)'*=5(2-*)-*, 

y, =5( —2)( -1 )(2 -*)-» = 10(2 *)"*, 

y,=30(2-i)-‘. 

120 

y 4 = 120(2—*)' 6 == 

















Ex. 4. If y = sin x, find the successive derivatives of y. 
Here y x =cos x, y 8 =—«inx, y 8 = —cos x, 

=cos x, y t = —sin x, y 7 « —cos x , 


y 4 =sin x. 
y 8 =sin x. 


Wc see that y x , y s , y 8 ,...arc all equal to cos x ; y t , y t , y 18 ,.to 

sin x ; y 3 , y 7 , y lx .to —cos x, and y 4 , y 8 , y 18 ,.to sin x. These 

values can all be derived from one single formula, 

y» =ain(ar +inn), 

where n is any positive integer. This will be proved in Art. 5 2. 
The student may verify it by giving different values to n. 

Ex. 5. //y =A{x+y/(z*-1)}", prove that 

(** — l)y t +xy, —n*y=Q. 

^. We .? n r Ca i CU c la, r y i andy *. by,he rul «° f differentiation, sub- 
statute m the L.H.S of the equation to be proved and verify that the 

equation is satisfied However, in many such problems, the following 

or a similar method may be used. Differentiating y, we get 

Vi =An {x-f- \Z(x* — 1 j}"- 1 j i - } 

An 1 


or 






or 


V(X ._1)V- . .V- - v{x2 _ { y 

Cross-multiplying and squaring, we get 

(x 1 — 1 )y* =n*y*. 

Differentiating this equation w.r. to x, we get 

(x> -1) 2y,y 8 + 2x. yi * =2n*yy, 

Assuming that y,^0 we can cancel 2y, on both sides and get 

( zI —l)yj+*yi=n*y 
(x a -l)y a +xy,-n I y=0. 


that is 611 ' Wh ' nIand » are given as functions of a parameter t. 


a 8 


•d) 

follows. 


y=g(n, 

“ C second derivative of y with respect to x is found 
Regarding y as a function of t and t as a function of x »r*A 
the rule for the differentiation of a function of a function we 

d JL_dy dt dy jdx f'(t ) 

-- 


dt * dx dt I dt ~ ff'(t) * 
Differentiating both sides of (2) w.r. tox, we get 

d !y_ d _/'dy) d /dyx dt 
dx* dx\dx ) dt Vdx ) * dx 

dx d*y 


-( 2 ) 


, <*?. d*V dy d*x 

JJ t l 1 _ dt di> -<u ■ JT‘ 

* I Sl f ■ dx 72TT1- 


...(3) 


I 

l 


— I ax 

* J dT 


/dx 

\df 


) 


• • 


•( 4 ) 
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or 


•••(4') 


d *V_ /'(<) 0"(t)-g' (t) /"(<) 

(f(0P 

T ^. c * t «P( 3 )« ho , uld bcnotcd. Both sides of (2) have to be 
differentiated w.r. to the same variable x. Since the r.i « of (2) in 

a function of t while the l.h.s. is apparently that of a: thr mivalfc • 
very often made of differentiating the r Jfc s. S ^c ^ d the 

I*. »«l, , TTw formula (t| or (4") a offrequenl uro 

tives can be calculated in a similar manner. 

Ex. If x =a(e -sin 0), y =a( 1 -cos 0). find 
Here ** 

% “Co* sin 0, and so-^ =-!_. 

d() dx of 1 —cos 0) 


• • 


sin 0 


*y_ = dy ' dQ _a sin 0 

dx dO ' dx ~a (I -COS0) = 1 -cosT' 
Differentiating both sides to r. to x, 

d_ / sin 0 \ _ d / sin 0 n do 
dx VI-cos 0 ) dO \ 1 -cos 0 ) * dx 

I 


dx 2 


cos 0 

(1 -cos 0)cos 0-sin O sin 0 


(1 —cos 0) 2 
cos 0 — 1 


1 —cos 0 


I 


(1 —cos 0) 3 (1 —cos 0)2 ■ 

512. When y is given as an implicit function of a:, that is, 

/(*, y)=o, 

the method of procedure i, indicated by the solved example below 
Ex. Jf az'+2hxy + by>=\, show that - h ‘~ ab 

T\tr . • dx * 

Differentiating the given equation w.r. to z, we get 

2ai + 2A 0+* t) Whence £ —g±g ... (,) 

Differentiating both sides of (1) w.r. to x, we get 

d'y_ < h *+ l >V)(a+>‘^.)-{°x + hy)(h + b%) 

(Ax+4y)« 5 - 

= (*! ~ <**• + 2 Ary -f ) 

(&r+6y) 3 

[substituting the value of ~ from (1)] 

h'-ab 

"(hi+by)*’ a** + 2A*y + 6y* -1. 


90 


EXAMPLES XVH 

1. Find the (<) fourth derivative of aJ, 

(*i) third derivative of tan * 4-cot x, 

(m) second derivative of {x+l)}"» 

(iv) fourth derivative of x* log x. 

2. Find the first six derivatives of the following fiinctkcs 
a formula for the nth derivative where n is a positive integer, 

(•) e x t (it) a constant, (Hi) 1/*. 

{iv) log* (v) 1 ftaz+b), (vi) log(3—*), 

(wt) cos x, (nil) cos c x. 

3. If y=(ox 4 A)/(er+d), prove that 2yy"«3y''». 

4. If y=»J«** + BeT", prove that 

% -<"+*) ^-+mny= 0. 

5. If y=A cos nx+B sin nx, then ^+»V =S 0. 


6. If y =tan -1 (. VO^-L -^+tan- 1 show that 

y t —5x/(l +*»)*. 

7. If y=sin (sin x), prove that 

~~ tan x4y cos* x=0. (Delhi, 1953) 

dx 1 ax 

8. If x=(a-f 6t)e“"\ show that 

^ +2 n £+»>*-0. 

9. If y=e“ fcx /* (.4 cos nx-\-B sin nx), then 

10. If y=(A + BT) cos J:x4(C4-Z)x) sin lex, prove that 

P.+ W < Po »M ml) 

dz A dx 2 

11. For y=x"e tt *, -yi —-4 -f-4y=0, find n and o. 

“ ox 2 dx 

12. If 2y=x(l 4y!), prove that y, is a constant. 

[#*nf. Show that y 3 =0.] 

d*o 0*6* 

13. If p* =a* cos* 6 + 6* sin* 0, prove that P+ 


show that 


(Delhi, 


*V 

dx» 


(ifajpvtona, 1950 ) 

. d*y 

14. If x =a cos 6, y=b sin 0, find ^ . 

15. If x=2 cos t —cos 2/ f y =2 sin t—sin 2i, find the value of 


when t =-in. 


(Panjab, 
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16. 


If x=sin t, y=sin pt, prove that 

„■-> 2 - % - *-«• 


{Panjab, 1938) 


17. 


16 . 


\{ <u?-\-2hxy-\-by 2 -]-2gx-\-2fy-\-c=Q, prove that 
dhj abc 4-2 fgh—ap —bg t —ch t 
dx 2 ~ (i hx+by+f ) 3 

Prove that if y 3 —3oa; t -fx a «*0, then =0* 


( Panjab, 1930 ) 


(Delhi, 1954 ) 


19. 

20 . 


If ar’-fy 3 —3axy=0, show that ^=— ^ 

aar 1 (y*—or) 3 


If A-y=sin (x-fy), where k is a constant, prove that 

2/2= —y( i -P2/1)*- 

6'2. Standard results. The calculation of a derivative of 
any given order of a function is a straightforward, though usually 
a tedious, process. But to determine a formula for obtaining the 
nth derivative, where n is an arbitrary positive integer, of a given 
function is much more difficult. In some simple cases, we can find 
such formulae quite easily and we proceed to do so. 

I. To find the nth derivative of (ax+b) m . 

Here y=(ax+b) m 

y, —ma(az-\- 

y 2 =m(m — 1 )o*(ax-f b) m ~ 2 


m-f» 


y„=m(m — l)...(sn— n + l)«"(ax + o)' 

If m is not a positive integer, then this formula holds for all 
positive integral values of n. 

If, however, m is a positive integer, then 

y m =m(m — l). 2.\.a m (az-\-b)°=m ! a m 

is a constant. Hence 

y m +,=0, y m+i = 0, and so on, y n =0 for all n>m. 

As a corollary it follows that the nth derivative of a polynomial 
of degree less than n is zero. 

Two particular cases of this formula should be noted : 

(*) If y=x m , then a = l, 6=0 and 

.V y n =m(m — l)...(m—n-fl )x m “ n . 


(«) If y = 


, then m = — \ and 


az-f-6 
(-1)" (n l)o" 
(az+b)** 1 


V 





II. To find the nth derivative of log (ax -f b). 
Here y=log (ax +6) 

jM 

lf *"^fe =fl(aX+6 >“ 1 
y a »(—l)o f (a*+6)- 1 

2o»(ax+6)-» 


and 


y == ( —1 )•»-’. _LLL^l 

y ” 1 ' (ax+b)" 


Cor. If y=log x, then o=I, 6=0 and 

r.-(-i )- 

ill. To find the nth derivative of a*. 


Here 


yr=o* log a 

(log a) 1 


y„=a"(log a)*. 

Cor. 1. If y*«*» then a=e, log a—log e = 1, and 

y«**". 

Cor. 2. If y=e M , thrti y n =a"e°* 

IV. To find th e nt^ derivatives of 

sin (ax-{-b). and cos (ax-fb). 

L«t y«=ain (ax +6) then 

y,=a cos {ax+b)—a sin (ai+&+$*), 

y 8 =o» cos (ax4-*-f Jrr)=o> sin (ax + 6+J* +$*> 
=o* sin 

y 8 =*o 3 sin (a*+6+3.$ir). 


• •• •••» * •••»•«•••••••••!•••••• 

.y«=a” ®in (a*x+b+Jn 7 c). 

Similatly, if y= C Qs (ox-fb) then 

y fl =a« cos (ajt+b+.inTr). 

When a=l, 6 «= 0 , we get the particular c?ses 

D n (iid x)=sin (x-f Jujt), D" (c^s x)«=cos (x-f Jujtj. 
V. To find the nth derivatives of 

«" •*“ (*>x+c) and e*- cos (bx+c). 

Let y=e am sin (bx+c), then 

y 1 -a€ ar sin (bx+c)+be ax cos (bx+c). 

Put a=r cos 0 and b =r sin 0, then 

^=0*4-6* and tan 0=6/o. 
y 1 *=.re** [sin(6x-fe) cos 0 -|-coa(&r-f c) sin 0] 
*=re" sin(6x-fc-f-0). 
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Similarly, y*=rV* sin (6*+e J-20), 

y t =r i e aa sin (6x-f c-f-S0), 

y,=r"e ,a sin (bx+c-fnB), 
wh<*te r = v/(a*-f ^ 2 ) and 0=tan -1 (6/a). 

Similarly, if y=e** cos (6x+e), then 

y n =r n e°* cos (tac+c+nQ), 
where r and 6 have the same values. 

VI. To find the nth derivatives of cot -1 x and tan -1 x. 

Let y=cot _1 x, so that x—cot y, then 

yi= - rb=-r+^t^=- sin,!/ ' 

y 2 = —2 sin y cos y ^-=( — l) 1 sintfy sm* y, 

Vj«=(sin 2y.2 sin y cos y-H»n a y.2 cos 2y)-~ 

=2 sin y.sin 3y.( — sin c y) 

*»( —1)* . 2 ! sin 3y sin 8 y. 

Similarly, y 4 =( — l) 4 .3 1 sin 4y sin 4 y, and so on. Hence 

y„=( “l) n (n— 1) i sin ny sin" y. 

Similarly, if y=*t$n _1 x, then 

y*» = ( —1 ) n—1 (sa — 1) ! sin n(iir-y)sin"(i7r-y). 

6*21. Preliminary simplifications or trigonometric transformations 
win iometimes reduce a given function to one of the standard forms 
above /ind then the nlh derivative can be found easily. This is illus¬ 
trated in the following solved examples. 

Ex. 1. If y= sin* x cos 3 x.find y n . 

% 

Here y=sin 2 x cos 1 x cos x — \ sin 2 2x cos x 

=£(1 —cos 4x) cos x=\ cos x—i coni cos 4x 
==- x A rf(2 cos x— cos 3x-xos 5x) 

Each of the terms is now in the standard form IV. Hence, 
plying the result, of that form to each of the terms, 

y« =i 1 *{2 cos^x-f-a* 1—3" cos (3x-f*4nir) — 5" cos (5x-f Jn*r)}. 

E*. 2. Find the nth derivative of e* sin x sin 2x. 

Here Sm x sin 2 - J(cos x —cos $x) and so 

y '-i e* cos x — \e" cos 3x. 

Each of the two terms is now in the standard’ form V Hence, 
applying the result or that form, 

y^=^(v/2)"e* cos(x+n tan -1 1) — i(V 10)"e* cos(3x+« tan -1 3) 

= i«*{(V'2)" co* (x-f-in7r)— (\/^0) n cos(3x+n tan _L 3)}. 
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EXAMPLES XVIII 

Find the nth derivatives of: 

1. (2x+3)»*. 2 -i- 3.—. 4. -4-. 

1 +z a—x , a—bz 

_ 1 x+2 

6 ‘ (2*4-3)** 6 - 3i+7* 7 * 8 - 1 0gC**)- 

9. 10. sin* sin 2*. 11. o sin 2 * + 6 cos**. 

12. cos * cos 2* cos 3*. (Banaras, 1945) 13. sin**. 

14. cos 4 *. ( Panjab, 1936) 15. e* cos**. 16. e 3z sin 2 * cos'**. 

17. e* cos* cos 2*. 18. e'cos**. 

19. e* (cos * -f sin *). 20. e x cos “cos (* sin a) 

21. Show that the nth derivative of y=tan -1 * is 

(-1)" (»— 1) ! sin n(\n —y) sin" (*7r+y). ( Panjab . 1935) 

22. If y=tan -1 x f show that 

y«=(n —1) ! cos (ny-i £tr(»-l)} cos n y. 


5*3. Use of partial fractions. If the denominator of a 
rational fraction consists entirely of repeated or unrepeated linear 
factors then its nth derivative can be found by putting it into partial 
fractions and applying the result of standard form I of Art 5*2. 


2 * —1 


Ex. 1. Find the nth derivative of — ... , .. 

4 (x-2)(*+l) 

t , 2* —1 A B . 

' y (*-2)(*+l)"*-2 + i+7’ then 


and 


Putting *=2 


Hence 


2*-l*.4(x+l)+fJ(*_2). 
and *=—1 in succession, we get 

A=B = 1. 

1 1 
y ~*-2+£+F 


_ (-!)"(»!) , (-!)"(*!> 
y " [x-2) n+) M* + l)" +l * 

El - 2 - ,f y ^ljk^=2)’ findy - 


7 -. * 2 = A , B C D 

(* —1)*(* —2) z— l + (* -1 )* +(* -1) 8 +* -2 ’ 

Multiplying both sides by (z—l)*(z—2), we get 
x 2 =A(x — ] ) 2 (x —2)-f-jS(x —l)(x—2)-J-C(x—2)4-Z)(x—1)*. 
Putting x = l aud 2 in succession in (1), we obtain 

C = —1 and D=i. 
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Equating the coefficients of x 8 and the constant term on both 
sides of (1), we get 

A-\-D=O t whence A =—D ——4 ; 
and —2A+2B-2C—D=0, 

whence B=A-\-C+\D = — 4 —1+2 = —3. 

4 3 1.4 


Hence y = rp + ^y. 

. i vJT *(»*) 3(»+IL ! .Jn t 2 ) ! 

and . . y n — ( 0 [_(*—l)«+i + (x—l) n+2+ 2(x-1 )*+ 3 


4(»!) 1 

(x—2) n+l *J 


5 31. Use of auxiliary functions. This is illustrated in the solv¬ 
ed examples below. 

Ex 1 Find y. if (i) (i, ' ) y= i^ a r 

(*) Put x—a cot 0, so that 

dz , Q , d() 1 ■ 2 u 

—a cosec 2 0 and = — — sin 2 0 
d0 dx a 

With this substitution, we get 

y= sin 2 0. 
a 2 

Differentiating this w.r. to x successively and replacing dO/dx at 
each differentiation by its value found above, yve have 

dy 2 . ,d 0 

v, = 1 — = —r Sin 0 COS 0 - 7 - 

dx a 2 dx 

= —-% sin 3 0 cos 0 = ——r sin 20 sin 2 0, 
a 3 o 3 

1 dO 

y f = ——(sin 20.2 sin 0 cos 0+2 cos 20 sin 2 0) 

= (sin 20 cos 0+cos 20 sin 0) sin 3 6 
a* 

= (2 !) sin 30 sin 3 0. 

a 4 

Similarly, 


y 3= ( __iT (3 !) sin-'IO-sin 4 0, 

y 4 = ~ ^-(4 !) sin 50 sin 6 0. and so on. 


-— 1 sin (n + 1)0 sin nf 1 0 


Hence 





(«) The same substitution gives 

t/=— sin 8 cos 0 
■a 

y x = — -i- (cos* 0 —sin* 0) jr- =—^ cos 20 sin* 0. 

Proceeding as in (♦) we can show that 

y«= ~ [ n 1) cos (n +1 )0 sin M ' 1 0. 

Cor If we replace x by x +b, where b is a constant, we obtain 
the following results : 


(») if y= 


i 


(x+6)»+a*’ ,h ' n 

= ( -(»-fl)e sin 0+1 9, 


a 1 


and (is) if y= 


. x+b 


then 


( z+6 )»+a> ' 

V. = — Iw" !> co. (»+l)9 sin** 1 ». 

where x+b=a cot 0. 

Ex. 2. Find the nth derivative of 1 /(x* -f-1 )- 

H J__ 1 

CfC 9 a^ + l (x + l)(x*—x-f-1) 

1 1 1 x—2 


3 x + 1 3 x*—x + 1 

1 1 1 x-i 


+ 


1 


1 


3 x + 1 3 (*-*)*+! 2 (x-i)«+| 

Hence, by the corollary to Ex. 2, we have 

C+‘^VS .in (n+1,9), 

sin"* 1 0, 

where tan 0 — \/3/(2x — I). 

EXAMPLES XIX 

Find the nth derivatives of: 


1. 


4. 


x“-3x + 2 

2x +1 


2 . 


5. 


2—x— x* 
1 


. 8 . 


st 4 —a 4 ’ 


0. 


x*+4x + l 
x*+2x* —x— 2 
1 

X*+X + 1 


(x+2)(x-3)*’ 

7 - fxg nh*TT)* 8 * tan_lx * ( Patna > m5 -) 9 - c °t" 

10. x * + sF+i ‘ %tan ~ J 7ir^* ( Pan j<*b, 1949 ; Agra, 1950) 

_ „ . , x sin a 

12. tan _1 v —-. 

1 —x cos a 
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5 4. Leibnitz’s Theorem for the nth derivative of the 
product of two functions of x. If y=uv, where u and v are func¬ 
tions of x having derivatives of any desired order, then 

y n = n C 0 u n v+ n C x u n _ ,t>,4- n C 2 v „_ 2 v 2 +.4- n C r u n . f v r +. + n C n uv n , 

where suffixes of u and v denote differentiations with respect to x, and 
the symbol n C r denotes the number of combinations of n different things 
taken r at a time. 

The theorem is proved easily by induction. Suppose that it 
is true for any particular value of n, so that for this value the given 
equation is true, then differentiating this equation once with respect 
to x, we get 

Vn +1 = n C 0 (u n+x v+u n v x ) -f. 

+ n C r {n n . r+l v r -\-u n - r v r+1 )+... + n C„(«iV n 

="C 0 u n41 i; + ("C 0 4-"CJw n i; 1 + ("CH--<7 a )u n _,t> 2 +. 

+ ( n C T _ x -f .."CMn-^r +.+ n C n UV n+1 

Now n C f _ 1 + n C f =" +1 C r , therefore putting r = l, 2, etc., 

n C 0 + n C x =**'C Xt 
n C x + n C 2 ="+'C t , 

ahd so on. Also n C 0 =\ = n+1 C 0 and n C n — I = n **C„ +x . Hence 

V»n = n +'CdUn+iV + n+1 C x v n v x + n+ 'C 2 u n . x v 2 4-- 

4- n+, C r w n+ ,_ r t; f 4-. +*”C n+x uv n + x , 

which is of exactly the same form as the given formula with n re¬ 
placed by n 4- 1. Hence if the formula is true for any particular 
value of n, then it is also true for the next higher value n-fl. 

But, by actual differentiation, 

Vi =UjV+uv x 

y, =* v 2 v+2u,r, 4-uv 2 =*C> 2 v + 2 C 1 u J v 1 + r C 2 uv 2 

and so the theorem is true for n=2. Hence by the above reason¬ 
ing it is true for n =24-1, t.e., for n =3, and, therefore, for n=3-fl, 

* e , for n= 4 and so on. Hence the theorem itt true for all positive 
integral values of n. 

In practice, the theorem can be gainfully employed if we know 
the formula for the nth deiivative of each factor of the product. If 
x m , where m is a positive integer, is one of the two factors, then 
taking v=x m simplifies the writing of the nth derivative because 

v ™+i =v n+2 — .= 0 . 

Ex. 1. Find the nth derivative of jc 2 sin ax. 

Let u=sin ax, v=x 2 , then v 3 , v A , etc., are all zero and 

therefore 

D n (x* sin az)=x t D 1, (%\n ax) + n C x .2xD*'\i\i\ az)+ n C 2 2.Z)"- , (sin ax) 

=x 2 a n fin (ax4- \nv)-{-2nxu n - x sin {ax 4 £(n — 1 )n} 

4-n(n —l)o n “ 2 sin {ax-\-\[n — 2)rc}. 










98 


Ex. S. Prove that 




Let u =■— and v =log x, then 


and 


9 


— 1 

( 


**7=- 

-1 

1 

m 

H 

11 

sT 


Therefore 

"■ft 


v«= 


aj’M- 1 

(_iy.-i(«_l)! 



X 

n(n-l) (-l)"-»(n-2)! 

—■= +... 

-+- 2 ! x"- 1 

X* 

n(n —1)...(»— r + 1) ( 

~(n-r) ! 

-f r \ X 

f>l 


(—n M (r—I) i . 

-—--r •••' 


1 (—i)-i(n-l) ! 


_ (~l)"(n 1) 


^(log n )* 


x n+ 

Ex. 8. Differentiate n times the equation 

(» -*■)?,-*yi+ ot y=°- ( Allahabad, 1950 ) 

We differentiate each of the terms by Leibnitz’s theorem and 

then add up the results and equate to zero. Here 

D"{( i -x a )y 3 ) ={ l -x*)y w+t +**( -2x)y fl+1 ^+ r2 ~ ( ~ 2,Vn 

D w (—xy 1 ) = -xy«+i—*y- 
D n (a*y) =a*y„. 

Hence adding up and equating to zero, the required result is 

(1 —x*)y n+2 —(2n-r l)xy n+1 +(o*-»*)y„=0. 

5 5. Calculation of the value of the nth derivative for 

x =0. In many cases, though it may not be possible to find a formula 
for the nth derivative of a given function, yet we may be able, with the 
help of Leibnitz’s theorem, to find the value of the nth derivative lor 
z= 0. This is illustrated by the following solved example. 

Ex. 7/y = (sin" 1 x)*, prove that (l —x 2 )y a —xy x ==2 and hence find 

the value of y n at x =U. 

2 sin -1 x 

Since y=(sin x)*, Vi ——x*)’ 

(1 —x* y 1 , =4(?in" , x) , =4y. 


or 
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Differentiating this equation with respect to x, we get . 

(1 -z 2 )2y 1 y 2 -2zy 1 2 =4y 1 
or cancelling out the common factor 2y„ we get 

(i xZ )y2~xyi =2. •••(!) 

we ob^ rCDtiating th,S CqUati ° n n rimCS by Uibai ^ theorem, 

(1 “2 nxy n+l —n(n — 1 )y„ —ary w+1 — ny„=0, 

U—-(2»+1 )xy n+1 —n l y w = 0. 

for x =0! th^i° ^ thiS rClati ° n ^ 1Ct denote the value of y. 

(yn+ 2 )#— n, (y«)o=° or (!/*+*)<> ^n a (y„) 0 . (3) 

This gives us a recurrence formula connecting the values of „ 

for x=0. From this we can obtain the values of the sue* 

ceasive derivatives for s =0, if we know the values of y, y, and y. for 

:„tin 0rU P g7 g * = ° inthe or « ir - al equation, 

(y)o=0, (yi' 0 =0 and (y,) 0 =2. 

wefind^'^ 0 ’ by PUtti " g 3 ’ 5 .in succession in (3), 

(yi)o=(y 3 )o=.=(y 2 m+i) 0 =.=o. 

Again by putting n=2. 4, 6.in succession in (3), we get 

(y«)o = 2*(y 2 ) 0 =2.2 t 

(y.)o=4 , (y 4 ) 0 =22*.4« 


(y*m)o=(2m-2)»(y tm _ # ) 0 

=2.2*4*.(2m-2)*. 

Hence when x=0, y n = 0 when n is odd and v-=2.2* 4* 

(2m—2)* when n is even and equal to 2m. . 

It may be remarked that it is necessary for the validity of th^ 
above process that all the derivatives be continuous for *=0 * 


EXAMPLES XX 

Find the nth derivatives of: 

1. xe**. 2. x x a x . 8. x 2 cos x. 

5. x 2 log x. 0. «■ log x. (Panjab, 1956) 

8. xt** sin bx. 

9. If y=x t e z , show that 


4 r* sin ax. 
7. x tan -1 #. 


d*y 

dx'' 


10 . 


“T +4 (n -■)(—2)y- 

If. , (Delhi, 1955, ; Agra, 1949) 

It y»z*e* cos x, prove that ' 

2 < "”* ,/ * «"{ 2 *(»+*)coi(ar+^nir)+»(2x+n— I) sin(r-f 
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11. If tt=tan -he, prove that 

(‘+* 1 ) £ +2x t =°* 

and hence determine the values of aU the derivatives of a when 
r —q ( M.T,) 

12. If y=x log x, prove that, for n> 1, 

!/•==(—l) w (n-2) l/*- 1 . 

13 . If y=x n ~ x log x, prove that xy„=(n — 1) ! 

14. Ify=4{x+ v(x*-1)}" + jB{x— \/(x 2 -1)}", prove that 

* (a:*— l)y s +xy, — n 2 y=0. 

Differentiate this equation n times by Leibnitz’s theorem. 

15. If y=e x COS a sin (x sin a), prose that .« 

Vn+i — 2y n+1 cos a+ y n = 0. ' 

16. Ify=.sin(m sin" 1 x), prove that 

(1 —x , )y 1 —xy, +m 2 y =0, {Agra, 1^45) 

(1— x*)y B+2 -(2n+l)xy n+I -(7»*-m l )y n =0. (Delhi, 1954) 


and 


a sin _1 x 


17 . If y=t* ai “ show that 
(l-x 2 )y n+2 -(2n+t)xy n+1 -(n* + a 2 )y B =0. {Panjab, 1951) 

18. If y=o cos (log x)+6 sin (log x), show that 

x 2 y z +xyi+y=Q 

and +(2n 4-1 )xy^, + (»* +1)ff- -0. 

( Aligarh , 1948 ; Delhi, 1952) 

19. If y 1/m -f y" l;m =2x, prove that 

(X* - 1 )y n ., 2 + (2n 4-1 )xy n 4-, +(n* —m*)y B =0, 

where y„ denotes the nth derivative of y ^ „ f 

(Panjab, 1959 ; Bombay, 1947) 

20. If y = prove that, for x*0, y B ==(n — l)*yn- 2 * 

21. If y =[log {x+W 1 + **)}]*. P rovc that 

(l+x 2 ,y a +xy 1 =2. 

Hence find the value of y„ at x=0. 

22 . Ify={x4-x/(l-fx a )r, find (y B V _ f0 . f , 

( Lucknow, 1950 ; Agra, 1951) 

23. Show that if 

u =sin nx -f-cos nx, 

then * f =n r { 1 +( - 1)' dn 2nx} l/ -. 

where u r denotes the rth derivative of u with respect to x. 

{Agra, 1943) 

24. If y =«-* cos x, show that the value of y n at z=0 is 

2»/« cos Jnn 

25. Show that the nth derivative of (e*— e~*) sin x vanishes 
lbr»*=0 unlesj n is of the form 4m-f 2 when its value is 

(-1 )« 2 * m4 *. 
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MISCELLANEOUS EXAMPLES I 

1. Explain, giving suitable examples, the distinction between 
the value of a function f(x) for x=a, and the limit of/(x) for z=a. 

(Allahabad, 1950) 

2. Define the limit of a function as x tends to a. Use your 
definition to find the limit of (x 2 — 3x-|-2)/(x — 2) as x tends to 2. 

(Delhi, 1956) 

3. Explain what you understand by the term limit of a function 
at a point. For Ihe functions 

(t) /(x) = sin (l/x) when x^O, /(0) =0, 

(ii) f(x) =x cos (l/x) when x:?f:0,/(0) =0, 

ivestigate the existence of limit and continuity at x=0. 

(Panjab, 1946) 

4. The function y of x is defined as follows : 

y = 5x—4 when0<x^l 
= 4x 2 — 3x when l<x<2. 

Examine whether or not it is continuous at x = l. ( Panjab, 1959) 

5. Let f(x) = [x], where [x] represents the integral part of x, 
show,that fyx) is discontinuous for all integral values of x. Draw its 
graph. 

[Let x be any real number. Write it as x=n-fO, where n is 
an integer and 0 is a positive proper fraction so that 0^0<1. Then 
n is called the integral part of x and we write n=[x].] 

6 Prove that/ix)=x— [x] is dicontinuous for all integral values 
of x. Draw its graph. 

7. Examine whether or not the function 

/(x)=(sin 2x)/x when x^O, 

= 1 when x =0 

is continuous at x =0. (Panjab, 1958) 

8 Find "from definition the derivatives of the following : — 


(i) tan (l/x). 


(ii) v/(u 2 x 2 +fc 2 ). 


Find dyjfU from Ji^st principle when 

ax l +2hxy ±by- — \. 

dy 3 at 3 at 2 

9. Find ^ when 

Find the dcriavtives of : 

10 rnt-» ' /(l + sin £l 

\/( l+*in x) — \/( 1 —sin x) * 

. 7(l-f-x 2 )-\/(l -x 2 ) 

n v'( I-t-* s )+v/( »-**)'* 


n. 


12. sin- 1 


z- 


V( z* + a*) 


(Punjab, 1953) 
(Delhi, 1959) 


13. tan -1 


( 
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14. , m j 2 «an- \/(L_f)j. ,5. lo gcosiSi n«. 

18. Differentiate (») tanh" 1 tv.r.i. log x. 

(•*) logio* u>-r.t. log, 10. 

17. If z=a co,-' v /(-^-) + v' ( oy-y»), find 

18. Find ~ if: 

dx 

(i) »=*+-- l~ . ad inf 

(ii\ v— ^ X ^ X ^ £ i • r 

(») y-j^r f+ 7—.«<*•»/• 

(HOfHeoi^cos *)< cos *>.* ** 

(•*) . " 

19. If sinh x tan y=l, prove that ^-=-sin y 

dx 

20. If z\/(l-fy)+yv/(l +x)=0, prove that 

dy I 

dl =—(T +^j* * M W 

21. If \/( 1 — **) + V(1 — y*)=k\/(x—y), prove that 

v/(!-y 2 ) 

<H = v7(l_i«)' (Punjab. 1952) 

22. Differentiate 

(*) x«*“ • u>.r. to (sin x)«. (Punjab, 1959) 

(n) (log x) »»"•» wi.r. to sin (m cos" 1 x). ( Punjab, 295*) 

(»»•) * u>.r. to sin x. (Detti. 2054) 

(»«0 sin 2 x to r. to (log x) 2 . (Delhi, 1952 ) 

(v) tan" 1 w.r. to cos" 1 x*. (Punjab, 1952 S) 

23. (*) Let/(x)=sin x, find/'(i7r) from definition. 

(h) If /(x)=;x 3 -8x 2 + 13x-6)/(x 2 -llx+10), find for which 
values of x,/'(x) vanishes. 

24. Given (l+x)" = l +"C,x+"C 2 x 2 -f. + n C n x n , (n, a positive 

integer greater than 1), using rules of differentiation, show that 

„ n C x -2 n C t +3 m C 3 — ... -f-( — 1 )"n "C n =0. ( Calcutta, 1958 ) 

25. Prove that the value of the nth derivative of x»/(x*—1) 

for x—0, is zero if n is even, and is — (n !) if n is odd and greater 
than 1. ( Panjab, 1949 > 








26. If cos -1 (y/6)=log ( x/a) n , prove that 

* 2 y* f 2 +(2n +1 )*y M +i+2 n*y H =0 

27. Prove that the nth derivative of tan x is a ploynomial in 
*an x of degree n -f1. 

If/(z)=tan x , prove that 

/ n (0)-"CJ"- 2 (0)+"CJ"-^(0)-...=8in \n*. (;Panjd6. 793(5 5) 


28. Find the nth derivative of 


1 


and show that 


I -fx-fa^+ar 3 

for ar=0, it is zero when n is of the form 4 p f 2 or 4p-f3 and it is 
in !) or —(n !) according as n is of the form 4p or 4p-f-l. 

(Panjab, 1952) 

29. By forming in two different ways the nth derivative of x tn , 
prove that 


, , , n*(n — 1)* , n 2 (n —l) 2 (n—2) 2 , 

^ l 2 + 1* 2* + 1* 2* 3* + 


80. If I n =D n (x n log x), prove that 

/„=»/„_,+(»—I) f 

and hence show that 

/*=» ! (log x+l + £ + 


_ (2n)! 

(» I) 2 * 

( Lucknow, 1944) 


APPENDIX 

A.l. Infinitesimals. A variable which tends to zero is called 
■an infinitesimal. The infinitesimal of the calculus is different from 
the infinitesimal of ordinary speech. In ordinary speech, when 
we talk of an infinitesimal quantity, we usually mean a fixed quantity 
whose value is exceedingly small so as to be almost negligible. 
The infinitesimal of the calculus is not a fixed quantity ; it is a 
variable quantity which is approaching the limit zero. Thus sin x 
when x-+Q is an infinitesimal. Also the increment 8z of x in the 
definition of the derivative is an infinitesimal. 

In order to compare the relative magnitudes of several relat¬ 
ed infinitesimals, we usually select one of them as the principal 
infinitesimal and measure the magnitudes of the other infinitesimals 
by considering the limits of the ratio of these infinitesimals to 
the principal infinitesimal. Thus, if a be the principal infinitesi¬ 
mal and p any other related infinitesimal, theh a arid p are said to 
be infinitesimal of the same order if Lt P/a. is a non-zero finite quantity. 
If, however, Lt p/a = 0, then p is said to be an infinitesimal of higher 
order as compared to a and a is said to be of lower order as compared 
to p. If, further, Lt p/a n is a non-zero finite quantity, then p is said 
to be an infinitesimal of the nth order as compared to a. 
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Ex. 1. Show that as 0-> 0, 6, sin 0 and tan 6 art oil three 
infinitesimals of the same order. 

Since Lt - S - V* ^ = 1 and Lt = l t Jt follows that sin 0 

Q-»0 0 0-*O 0 

and tan 6 are infinitesimals of the same order as 0. Hence also 
sin 0 and tan 6 are infinitesimals of the same order. Hence all three 
are of the same order. 


Ex. 2. Show that as 0->O # 1 —cos 8 uan infinitesimal of the 
second order urith respect to 0. 


For 


Lt 

e-*o 


1 —cos 0 
0* 


Lt 

0->o 


2 sin* *0 

0 * 




Hence the result. 

All. Principal part of an infinitesimal. If an infinitesi- 
mal consists of a sum of several infinitesimals of different orders, then 
the terms consisting of the lowest order infinitesimals arc called the 
principal part of the infinitesimal. Thus the principal part of the 

infinitesimal 5^-j- 7x 3 -|-3;r 4 as x-*0 is 5x. 

\ 

Two infinitesimals a and p are said to be equivalent if 
Lta/p = l. It is easy to see that two infinitesimals are equivalent if, 
and only if, they have the same principal parts For, if 8 be the 
common principal part of a and p, then a — 8 -f-infinitesimal* of higher 
orders and similarly for p Hence 

j _a_j S-f higher older infinitesimals , 

p 5-fhigheroiderinfinitesimals - 

Conversely, if Lt a/p = 1, then we can write a/p = 1-f- c . where 
«->0 and p—0. Hence x=p+p«?. Hence/S e is obviously of higher 
other than p. Hence it follows that a and (j have the same princi¬ 
pal parts. 


In particular, it follows that an infinitesimal and its principal 
parts are equivalent. 

A. 12. Theorems on infinitesimals. (») The limit of the 
ratio of two infinitesimals a and p is unaltered when these are replaced by 
two equivalent infinitesimals and p A . 

For Lt a/aj=l and Lt p/p, = l. therefore 



a. -a ■ . I . 

Pi P « Pi 

=Lt . Lt a. . L , |_ =L( 
p « Pi 


a 



In particular, the theorem is true when 7 and (3 are replaced 
by their principal parts respectively. 
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(»*) In any sum or quotient oj infinitesimals, we can ** 

term by its principal part without affecting the Ixmxts in any nay. 

This follows easily from the previous result. 

A.2. Differential of a function. Let y=/(x) have a finite 
derivative f'(x) at a point x, then 


Lt 

x-*0 


by 

8x 


=/'(*) 


or 


Sy 

8x 


=/'(*)+e. 


where c is a quantity which ->0 as 8x-+0. Hence 

8y= J’( x )8x + e8z- . , , *y ) 

Now 8y is an infinitesimal whose principal p * lt }* 

/'(*) is a finite quantity while e -0 as Sx->0 and therefore. ««£» » 

infinitesimal of higher order as compaied to / . J,, , . i 

part of 8y or the part that is linear in 8x, viz., / (x) 8x, 
differential of y orf(x) and is denoted by the symbol dy. 1 nus 

dy=f'(x)8x. - (2) 


In the particular case when fix) — x, then y x, by 8x and so 
dy =8x. i.e., dx=8x since y = z. Hence the differential of the indepen¬ 
dent variable x is equal to its arbitrary increment Sz. The equation 
(2) can now be written as 

dy — f'{x) dx, ••■( 3 ) 




the differential of y=-^Xthe differential of x. 


The derivative/'(*) is the coefficient of dxm the <lifiei en^f 
of/(x), and is for this reason also called the differential coeffi¬ 
cient off (x). If we divide (3) by dx we get 

dy 


dr 


=/'(*•) 


Hence the derivative of a (unction is also equal to the ratio 
of the differential of the function ro that of the independent vari¬ 
able. Hence, if I he derivative or a function is finite, the symbo 

may be regarded either as one single indivisible entity standing 

for the derivative of y or it may be regarded as the ratio of the two 
differentials dy and dx. 


Ex. If y =r* -f x, find the differential dy. 

Since y =**+*, y -f by =(x + + x + 8x, and so 

by =(z-f 8z> s -f-z-f 8x— z 3 — x=(3r 2 + 1 )bx -f 3x(8x)*H (dx)*. 

Here (Sx)- and (8x) 3 are infinitesimals of order higher than 
8x. Hence the principal part of 8y i$ ('4x- -y1 )8x and therefore 

dy —(3x z -f-1 )bz ---(3x* + 1 )dx, 
since 8x=dx, the differential of x. 


ANSWERS 


1. 

7. 

10 . 


2. 1,J, 0. 6. 2a+A. 

[m) x=nv , n any integer. 

(•») «-l. 


Examples I, 

3. “A 5, (1-f 2x—5®*)/**. 

(.) x-l. (M) *=2. 3. 

M *=0. (») *=2. __ 

t—2, 2], [0. 2]. (*•) —2 and *>2,/(*)>0. 

(m) (—2 f 2), /(:c)>2. 

(»r) All real number* except **1, 2 ; The range is all real 
numbers excepting those lying in the 
(-3-2v2, _3+2 v/2). 

F . Taw sp l— II, Paisi 26, 26 


interval 





Fig. 4 


Fig. 3 
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1—5. Figures 1—9 respectively. 

6. Fig. 6. The right-hand extremity of every segment is not 
a part of the graph. 

7. (i) No ; g is not defined at x =* 1. 

(is) No ; f=g only when | x | ^1. 

8. y = l -+-V(1 — x*) and y = l — \/(l — x % ) ; domain — 1 <x<1 

for both. 

9. (*) Even. (ii) Odd. (iii) Neither even nor odd. 

10. Write f(x) =*{/(*> +/( -x)} +*{/(*) -/( -*)}. 

Examples III, Pages 44, 45 

1. (i) 10. (ii) -10. 

2. (i) 6. (iii 5/3. (iii) (m/n) a m ~ n . 

(it;) a/a, if a^O. If a 1 =0 and 0, then no unique limit. 
If a = a,= 0, then the limit is 6/6,, provided 6,^:0, and 
so on. (v) 1. 

3. (i) 0. (ii) 0, a/a, or infinity according as m >, = or < n. 

4. £. 6. —1. 6. log* a. 

8. (i) cos x. (ii) sec x tan x. 

9. (i) (H) a k /b k . '(Hi) f. 

Examples IV, Pages 52, 53 

8. Discontinuous. 5. Ducontinuous at x=0 and x = l. 

9. (i) Discontinuous, (ii) Discontinuous, (iii) Continuous, 
(it;) Discontinuous, (v) Continuous 

10. (i) x = 1 , 2. (ii) x=±3. (iii) x =0, ±1. 

(tv) X=*2n7T±j7T. 

Examples V, Page 58 

2. (i) 3 z* + 3 hx+h*. (ii) 4(2a? -f-3) -f-4A. 

(iii) -l/(x+l)(x+l +h). (tv) 2x4-6-1/{*(*-}-*)}. 

(«0 1 !{\/x + y/(x+h)). 

(vi) V(*+6){y/x 4- v/(*+6)}]. 

8. (i) 2x. (ii) 4x*. (iii) 2x4-3. 

(it>) 2ax4-6. (v) 3x*{-2x. (vi) Bx 4 . 
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1. 

8 . 


1. 

4. 

6. 

8 . 


1. 

3. 

4. 

5. 

7. 

8 . 
9. 

10 . 


(•*) -1 /**• («) —2/x 3 . 

(iv) (2—2x—x*)/(x 2 4-2)*. 

(w) a/(x+a)*. 

(•) \/2y/x. (ii) -*x- 3 /*. 

(it;} -x(x*4-l)-*'*. 

(v») — *p(px4?)- 3 '*. 


(iit) -2x/(x*+o*)*.. 
(v) (x*-2x-l)/(x-l)*. 

(•it) a/2y/{ax -f-6). 

(t, 


-Examples VI, Page 59 

(i) 2x. (it) —3x~ 4 . (•»») -ix-*/t. (fe) ix-»/*. 

(») 21(3x4-4)*. (it) —(7—2x) -1 /*. 

(iii) -24(3x-f-l)-•. (it,) (5—x) - *. 


Examples VII, Page 61 

4x 3 4-2x. 2. 3ax*4-26x4-c. 3. *ar 1 /*-34-Y* l ' , • 

2x 4-1 -x-» —2x~ 3 . 5. 4x-t-3 -5x-*. 

—3x“ 4 —2x~ 3 —2x~ 8 . 7. lx" 1 /*-!*-*/*. 

3x* 4- 1 —x' 2 — 3x~ 4 . 


Examples VIII, Page 68 

2 *+ 3 - 2. (x4-3)(4x*4-15x4-17). 

6x« 4-Sx 4 4-4X 3 4-61 8 4-2x 4-1. 

4x 3 -f 15x*4-26x 4-17. 

(*P-qr)/(rx+8)*. 0. 2(1 —6x)/(x |-I) 8 . 

2(x* — 1 )/(x* 4x 41 )* 

~(2x 4 4-10x 3 4-6x 2 44x-f6)/(x 3 — 1 )*, 

—-2(x 2 42x-4-5)/(x a 4-2x—3) 1 . 

(1 4 x ) -1 / 2 (1 — x )~ 3/2 


Examples IX, Page 65 

1 . 3(2x41)(x*4-x 4-1) 2 . 2. 2x/{(x 2 -l) 1 / 2 (x , 4-l) :, / a }. 

8. n {x4v , (x 2 4<» 2 )} n /%/(x 2 4-o t ). 4. (2x s 4-a > )/v'(* s 4-a f ). 

5. (i6x4c)/(ax=46x4-c) 3 /*. 0. (1 — x*)(3x-x 3 )-*' 8 . 

7. £x 1/2 cos 8. cos z/2\/ (sin x). 

9. J cos y/xj{\/x •v/isin v/x)} 


Examples X, 

1. 1 It. 2. -I//*. 

4. £m/(ap46). 6. (1) 3x*. 

6. x/y. 7. — 6 2 x/a 2 y 

9. (x 1 — 2axy 2 )/( 2ax : y — y 4 ). 

10. -{ax+hy+g)/(hx-\-by+f). 


Page 67 

3. -6 v /(l-<*)/av'(l+< a ). 

(ii) (1 ~x 2 )- 2 . 

9- -(ax+hy)!{hx-\-by). 


Examples XI, Pages 70, 71 


1. sin 2x. 2. —w sin mx. 

4. —m cos m_1 x sin x. 

6. (6—0) sin 2a. 

8. 4x tan x 2 sec 2 x*. 

10. $ sec 2 Jx. 11. 


3 (x/180) cos x° 

5. nx M_l cos x n . 

7. —cos x sin (sin x). 
9. 1/(1—sin x). 

I cosec 2 ($tt — Jx). 
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12. 2 see 2 x/( 1 —tan x )*. 18. x* cos x-f2x sin x. 

14. (fc 2 — a 2 ) sin xj(a+b cos x) 2 . 

15. 5(3 +2x)- 2 sec 2 {(2 +3x)/(3+2x)}. 

16. \x sec 2 x/(l +**)/[V0+ a;2 )v / {tanv'0 +**)}]. 

17. (») —(6/o cot 6. (it) (6/o) cosec t. 

18. — tan t. 19. cot £ 8. 20. —1. 


Examples XII, Pages 76, 77 


1. 

2x/\/( 1 —x 4 ). 

2. 

-l/2v/(x(l-x)}. 

3. 

a/(a 2 +x 2 ). 

4. 

—6/xv/(a 2 x 2 —fc 2 ). 

5. 

0. 

6. 

-l/l2x 2 -f 10x + 13). 

7. 

8. —1. 

9. 

1 /x\/( 1 —x 2 )— - sin -1 x)/x 2 . 

10. 

(x sin -1 x)/v/(l 

-X 2 ). 

11. *. 12. 3/(1 +x 2 ) 

13. 

2/V(l-x«). 


14. —2/ v/( 1 —x 2 ) 

15. 

2x/(* -f x 4 ). 


16. 1/(1 +x 2 ). 

17. 

2/(1+x 2 ). 


18. \/\a 2 -b x )l(a-\-b cos x). 

19. 

«> *• 

(«> 1. 

(m) 2/x. 


Examples XIII, Page 81 


1. 2(e*“+e- to ). 


3. 


rtx n ~ 1 e X *‘ 


4. (2 log 6)5 2 *' 6 . ' 6. 

7. ax® -1 *!*-f-x^a* log a. 

9. l/v/(* 2 + a 2 ). 

11. x/{(l + x 2 ) log 10}. 
18. 2 ah/(a*-b*x*). 


2. 2(x + l)e a: 

log a)/2\/x. «. (x + 1 )e*. 
8. 6x 2 /(2x»+3). 

10. l/2{V(x+a) x /(x+6)}. 

13. -(log 10)/{x(log x) 2 }. 
x( 1 4- 2 log x). 
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16. 

(l - log 

x)/x 2 . 

16. 

1 /(x log : 

17. 

e*(l -f x' 

log x) 

18. 

x" -1 e *{j 

19. 

2®*/( 1 - 

«•)*. 

20. 

2/{x(l — 



Examples 

XIV 

Page 83 


20 

180 420 

1 _ 

280 

1 • 

(x-1) 2 

(x—2) 2 T (x- 

-3) 2 

"(x-4) 2 * 

2. 

Jv/(x)v/(sin x)v/(logx 

>hr 

-f cot x -f - 
2 


3 . 

6 . 

6 . 


7. 

8 . 


x*( 1 -f x-f x log x). 4. (tan x) cot x coaec t x{ 1 —log tan x) 

(.in-- *)«j log sin-* x j- 

x* 1 n x {(\/x) sin x+cos x log x}. 

(sin x) lc * z {(l/x) log sin x-f-cot x log x}. 

— x* log ex sin x*. 


9. 6*o* log o log 6. 10. x*x* {(1 /x) -f-log x-f(log x) 1 }. 

11 . x*( 1 -4"log x) —(l/x 2 )x^*( 1 — log x). 
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12 . sin x) 003 z (cot x cos x—sin * log x)-j-(cos x) sm * 

X( — tan x sin x+cos x log cos x). 

12. (see x) 008 * 0 x (sec x—cosec x cot x log sec x) -f-( cosec x) 8cc * 

X(sec x tan x log cosec x— cosec x). 

14. (tan x)*(log tan x+2x coscc 2x)-f-x tan x {sec*x !og x 

’ -Hl/x) tanx} 


1- 

2 . 

8 . 


Examples XV, Page 86 

cosh* x, —2(1 +cos x cosh x)/(sinh x-f-sin x) 2 , 

(2 sinh x cos x)/(sinh x-f cos x) 2 

tanh x, 2 cosech 2x, —coth x, o 8m ^ x cosh x log a. 

-1 -1 A l 2 1 , 

aVU-**)’ *V<!+**)■ 1-*’ x ,seCT ' 

Examples XVI, Page 86 


1. See Art. 4*51. 2. 2x cot x*. 8. e x/x f2y/x % 

4. cot x. 6. 2x/(x*-f-3) t . 6. sin x +x cos x. 

7. —sin x . e cos x . 8. 2 tan x sec 2 x. 

Examples XVII, Pages 90„91 


1. (i) 3024x®. 

(•») 4 tan 2 x sec 2 x-f-2 sec 4 x—4 cot 2 x cosec 2 x—2 cosec 4 x. 

m [/_*j j{*+v/(**-D}«. (iv> e ix 

2. The nth derivatives are : 

«) (») (t»s) (-1)" (n Ox-*- 1 . 

(tv) ( ) ! x-", (v) (-1)- n I o"(ax+6)-*- 1 , 

(v») — {(n — 1) !>(3— x)-\ (vu) cos (x+J n»r), 

(iris's ) 5" cos (5x+|nrr). 

11. o=2, n=0, 1. 14. -(6/a 2 ) cosec* 0. 16. -3/2. 

Examples XVIII, Page 94 

1. 2** 1 n(2n —1 )(2n —2).(n+1 )(2x+3)". 

2. (-l)"(n !)/(l+x)"+». 8. n !/(a—x)"* 1 , 

4. 6"(n!)/(a-6x)"+ 1 . 5. (-1 )"(»+n 1 2"/(2x+3y* i 

6. (-l) n ~ l (n !) 3"“ 1 /(3x+7) n+1 . 

7. (-l)*- 1 ^.(2n —1 )2~"(x-|-a) (1-2 " ) /*i 

8. 2( — 1 ) n-1 (n— l) !/x". 9. 2" e 2 *. 

10. 1 cos (x-f Jnrr) —^ 3 n cos (3x + in»). 

11. (6—a)2"* 1 cos (2x-f Jnn-). 

12. i(2" cos (2x+^n7r)-f-4 n cos (4x+Jn7r)-f 6" cot (6x+}nx)}. 

13. i{3 sin (x + inrr)— 3" sin (3x+£n7r)} 

14. £{4" cos (4x-f-inrr)4-2"+ 2 cos (2x + 

16. £e*{ 1 -f (V 5 )" cos ( 2x + n tan -1 2)}. 
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90 . 



a. 

8 . 

4. 



6 . 

7 . 

8 . 

9 . 

10 . 

11 . 

12 . 
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A « to {2(10)"/» cot (*+n oua" 1 i)—(18)*/* cos (3*-f-i»w) 

—(34)*/* cos (5 j c-fn tan -1 f)k 
4€*{2"/*cos (*+i»7t) + 10"/* cot (3x4-» tan" 1 3)). 

Je*{3.2*/* cot (x 4-4*704-10"'* cos (3*+n tan~ l 3)}. 

(V2)"* 1 e* cos {*+iln>l)7r}. 

* cos a_ , , 

e cos (z sin a+nr). 

Examples XIX, Page 96 

* ** | (l-z)"+ l + (2 +*)>+■ f 

(-l)«(nj)| 


1 


-3 


4- 


(X4-l)*+ l 

3 


+ 




f 

(n±U_ J 

-3) n+I } 


(x 4-2) n+1 
35(n4-1) 


x-t-2)" +1 •’ (x —a)«+i 

yj_!__i 2 . '. > 

((x—o) n+1 (x4-o) n+1 a"* 1 9in ( n 4-l)6 sin" +1 0 £ 
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( ~D w (n 

4o* 

where x=a cot 0. 

( —1)" (n !)(2/\/3) ,l+ * sin (n4-l) 0 sin**- 1 0 
where 2x4-1 =v 3 cot 0. 

K-J)" (n !) [(x+!)-"-» 4-{sin(*4-1)0-cos (n + 1 )0}sin" +1 01 

where x=cot 0. J 

( * )" -1 ( n — 1) ! sin n0 sin" 0, where x =cot 0 

(— 1)" (a — 1) ! a-* sin n0 sin* 0, where x =a cot 0 

l( -. 1 L (n W 3 C{ 8in (n+1)6 sinn+1 0 -*in (n41), 
stn" +1 *}, where 2x— 1 =cot 0 and 2 x4- I = C ot « 

2( — 1)"' 1 (n — 1 1 ! sin n0 sin" 0, where x=cot 0 

( —— i) ! 


sin" a 


sin n0 sin" 0. where x -cos a =sin a cot 0. 


Examples XX, Pages 99,100 

e"*(a"x4-no"“ 1 ). 

a"{x*(log a)"4-2nx(log a,"- l 4- n (»—l)(log a)"-*} 

x* cos (x4-ln7r)4-2nx cos {x4-i(n-l)7r} 

**a" sin (ox 4- \nn) 4- 37<x*a" -1 si^ {ix4-i(n-1 j*} + ^ n ” 2 

4-3n(n —1 )xo n ~s sin (ax — $(n — 2)wV 
+ n(n-l)(n-2)a"- 3 sin {ax4-*(n — 3W). 
(-1)- 1 (n!) M 2 1 J o 

*"-* ( n ,fn>2 * 


e.riogx+ — U ■ ”(n—l)(n- 2 ) (-n«-»f»»jn 

L x 2x» 3x* “•”4-—- I 
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7 ( __j )--i(n —2)! sin"- 1 8 cos 0 cos n0{» tan 8 —tan n8}, 

where x=cot 0. 

8 (a 2 4-6 a ) n /* xtP* sin {bx+n tan -1 (6/a)} -i/ai-w 

It. (t*Sn)o = °. ( tt l ,, +0o =( ”“ l 1 .)“d 2 2? ! (9n 0\t 

o t = n v—=( — 0 1 2.2*.4* (Zn— i) . 

s Bjfe 5 WS^^ 

Miscellaneous Examples I. Pages 101 103 

2. 3. 

8 (0 Limit does not exist, discontinuous. 

(ii) Limit =0, continuous. 

14. —*/V0 —**)• . . «• 

15. (cot a: log cos x-f tan z log sin x)/(log cos x) • 

16. (i) l. (»») —(log 10 *)*. 

17. -viay-y^ly- .... . At/a .n 

“• , gi»» «.51 

22. (») * Sin X T “““ +cos X log X J ( ain *)»(x cot x+log sin x) 

tan x 


X 

( logs)^ 1 ** y/(l— a^) f x i og i 0 g x 4 . 

_ < Ml *>/Nfl“"l -V 1 


(**) - 


(«0 « 
28. (i) 0 . 


m cos im co3 x) L 

(»y) x sin x cos x/(log x). 


tan * sec 3 x. 


X log 

(«>) b 


r] 


(u) 4, 16. 





AN INTRODUCTION TO CALCULUS 

PART II 

DIFFERENTIAL CALCULUS 

CHAPTER V 

• • 

APPLICATIONS OF THE DERIVATIVE 

5*1 In this and the following two chapters we consider simple 
applications of the derivative to inequalities, rates of growth of 
quantities, tangents and normals to plane curves, and maxima and 
minima of functions of a single variable. 

5'2 Functions increasing or decreasing at a point. 

Let y=f(x) be a function of x. Give an increment 8x to x and let 
• 8y be the corresponding increment of y. If 8y be of the same sign as 
8x , then_y or f(x) is said to be an increasing function at the point 
x. This means that when x increases, y increases, and when x de¬ 
creases, y also decreases. 

If, on the other hand, 8y has the sign opposite to that of 8x, 
then y or f(x) is said to be a decreasing function at the point x. 
In this case, y decreases when x increases and increases when x 
decreases. 

5 21 Interpretation of the sign of f'(x). Lcly—f(x) have 
a derivative /'(*). Unite or not, at the point x, then we have the 
following 

Theorem. If f\x)>i), then f{x) is increasing al the point x and 
iff'(x)< 0, tfieri /(.v) is decreasing at the point x. 

If the derivative f\x ), finite or infinite, is positive at the point 
x, then the quotient 8y/8x has a positive limit when Sr -*0, therefore 
Sy is different from zero and has the same sign as 8x for all sufficiently 
small values of |&r|. Hence y is an increasing function at the point x. 

If, on the other hand,/'(x) is negative, then 8yj8x has a nega¬ 
tive limit, therefore 8y is different from zero and has a sign opposite 
to that of 8x for all sufficiently small values of |S*|. Hence y is a 
decreasing function at the point x. This proves the theorem. 

Cor. If f\x)>0 for all x in [a, b], then /(*) is an increasing 
function of x for each x in (a, b ) and f{b)>f(a). 

In particular, if/(a)=0, then it follows that/(.r) is positive for 
all x>a in [a, b] and so f(b)>0. 

It should be observed that if/'(*) is different from zero at a 
point x=c, then, in the immediate neighbourhood of this point, f(x) 
assumes always values both greater than as well as smaller than 
f(c). The greater values are, for example, assumed to the right 
of x—c if/(x) is increasing at that is, if f\c) is positive, and 
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to the left of * =c if /(*) » decreasing at * =r, that is, ir/'Mis 
negative. It follows, therefore, that if/»^0, then/'(r) can neither 
be* the greatest nor the smallest value of /(*) in the lmrawliate 

neighbourhood of x—c. 

5 22 Applications to inequalities. The results proved in 
Art. 5*21 can be immediately applied to prove somd simple inequali¬ 
ties. This is illustrated in the following solved examples. 

Ex. 1. Show that x»— 6**-fI5>+ 3 is positive if x be positive. 

Let /(*)=**— 6x*+15x+ 3, 

then /'(*) =3x*—12x + 15—3((x—2)*-+!)}, 

which shows that/'(*) is always positive. Hence/(x) is an increas¬ 
ing function of* for every *. But/(0) =3, hence/(*)>3 when *^0. 

Hence/(*) is positive for all positive *. 


sin * 


1. 


Ex. 2. If prove that — « . ^ 

Let /(*) =(sin *)/*, then 

,,, % * cos x—sin *_ (x— tan *) cos * 

/(*)=-;i- ^ - 

When x is a positive acute angle, we know that *<tan*. 
Also in the given range cos * and x* are both positive. Hence 
/'(*)<0 when 0<*<i7r. Hence /(*) is a decreasing function of * 
throughout the interval [0, f w]. Hence its greatest value occurs at 
x«=0 and least at x=\n. When 

x->0,/(x) =(sin *)/*-*■!» and/(iw> '=2 Jv. 

Hence we get the inequalities 

-- ^ S * n * - ^ 1 where O^x^itr. 
tr x 


Ex. 3. Prove that 


x — J*"<log (l-}-x)<x—; 


2(1 + *) 

Let/(x) =log (1 +*) — *+ J**, then. 


for x>0. 


f'M = T+ 


o 


x I+x 1+* 

when x>0. Hence/(*) * s an increasing function of x for all positive 
values of x. But/(0) =0, hence/(*)>0 for x>0. Therefore 

log (1 +x) —x -f- 2 X ? >0 
x—4x*<log (1-f x) for x>0. 

Similarly we can show that 


or 


log 0+*)<*-• 

Combining these two results, we get 

O 

*—l* 8 <log (! + *)<*- , 


for x>0. 


x') 


for x>0. 



115 


7. 


8 . 


EXAMPLES XVI 

1. Find lhe range of values of at for which the Junction 

* 3 -6.v*-36x4-7 

increases with x. {Lucknow, 1949) 

y=2x t — -9a^4- 12a — 6, find the range of values of x for 
which y is increasing and that for which it is decreasing. 

.. . ?* Show that the function x sin x + cos x -f-cos** continually 
diminishes as x increases from 0 to n/2. 

. If $(*) 1, show that <J>(ai) is possitive for all 

positive values of *. {Calcutta, 1943) 

5. Show that sin x lies between x — |a 8 and x — 

6. If*>0 prove that : 

(0 *-log (!+*)> J * 2 /(\ + x). 

(//) x>\og (l+*)>*/(! + *). 

If at is not equal to zero, prove that : 

(0 */(!+*) <1 — e' x <x for x> — 1. 

(«) *<*■-! <*/(!-*) for at< I. 

If^=2Ar-tan* 1 Ar-log{Ar-f v/(l+;r% show that vconlinual- 
ly increases as a: changes from zero to positive infinity. ' V COn, ' nllaN 

{Calcutta, 1942) 

DifTrrrnn*«t^L l I iV ? tive a rate meas ««*er. Throughout the 
Differential Calculus we are connected with the growth or variation 

of related quantities If one quantity grows or varics or chan^ 

we wish to know the rate oj growth or change of any other related 

In .? thcr J vo . rds » wc are concerned with the rate of change 
so f J n g \r r X y ion e ' a,,Ve an ° ,hCr Wi,h whi ch it is connectedly 

value L of Cihen ° f *' ,he Crease in the 

of j- or /(*), and ,h{ ( ,aTio {j[ j +? ,he Va,ue 

rate of increase in/(a) asVincteises^a Z7+T if* ,???' 
smaller and sma er, this ratio will • 11 h bc takcn 

approximately the rate of increase" f fT.T’TV m ° rC and more 

& iHlfS « 

Hence Mr ienvativc % measu , ls „ lc „J chan&eu j ywM 

to X . 

Mechanics. It a C qSmf l> ^ tl, ^ e ® P ^ t to tim * Application to 

dx 1 H> * bc a function of the time /, then 

measures the rate of change of , with respect to the time 
This is the most important case in practice. 
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As a simple application we consider the case of a particle' 
moving in a straight line. Let the position of the particle at time 
t be fixed by measuring its distance x from an origin O in the 
straight line. At time /+5/. let the distance of the * particle from O 
bex+S*. Then, the total space described in time St is Sx and the 
average rate of description of space or, in other words, the average 
speed is equal to Sx/St. As the rate of description of spac^at 

time t, the velocity at time t is represented by the derivative ~j t • 


Hence if v denotes the velocity at time t, then 

dx 

v= *~di * 



Similar considerations show that if / stands for the accelera¬ 
tion at time t, i.e. t the rate of change of velocity at time /, then 



Since o 


and also 


dxjdt, we can write 





(3) 

(4) 


Equations (2), (3) and (4) may be used according as we are 
given a relation between v and t, x and t, or x and v . 

Ex. 1. Find the rate of change of the volume of a circular cylinder 
of radius r and height h when the redius varies. 

If V be the volume, then V=nr t h and. therefore, the rate of 

dV 

change of V respect to r is =2mh. 


Ex. 2. Water is poured at a constant rate into a conical glass t 
which is filed in 2 minutes , the height of the cone being 12 in. At what 
rate, in inches per min., is the surface of the water rising (») when the glass 
is filed to half its height, (ii) when half the liquid has been poured in ? 

Let a be the semi-vertical angle of the conical glass, then its 
volume is Jrr (12) s tan’a and this volume of water is poured in at a 
uniform rate in 2 minutes. If h inches be the height of water in 
the glass at time t minutes, then 

\vh* tan’a 12*.lan*a, 

whence A = 12(//2) ^ inches. 

Hence the rate at which the surface of the water is rising at 

time i minutes 

= ^-=l2xjxi(//2)-w 

—2(//2) _t/ * inches per min. 
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(i) When the glass is filled to half its height, the quantity of 
liquid poured in is only one-eighth of the whole. Hence min., 
and so 




=8 inches per min. 


(it) When half the liquid has been poured in, /*=1 min. and so 
^ =2(4) =2 * inches per min. 

Ex. 2. A particle moves in a straight line and its distance s in feet 
from a fixed point 0 in the line at time t is given by s=t(t— 1)*. Find 
its velocity and acceleration on each occasion when it passes through 0. 

The particle passes through O when j=0, i.e., when /(/ 1)*=0 

or when t—0 or 1 sec. If v and/ denote the velocity and accele¬ 
ration respectively at time / seconds, then 


o 



=(3t* — l)ft./sec. 


f=~ =(6f—4)ft./(sec )* 

(0 When /=0, p = 1 ft. per sec. and/=-4 ft. per sec. per sec. 
(it) When / = 1, v=0 and/=2 ft. per sec. per sec. 

EXAMPLES XVII 


1. Find the rate at which the following vary with lesp'tct to 
a change in the radius : 

(*) the area of a circle of radius r, 

(ii) the total suface cf a cylinder of radius r and height k , 

(Hi) the curved surface of a cone of radius r and height h, 

(ip) the volume of a sphere of radius r. 

2. The frequency n of vibration of a string of diameter 
length L and specific gravity ®, stretched with a force T , is given by 

\/ ( ™ )' 

Find the rate of.changc of the frequency when D t L, o and T 
are varied singly. 

3. A liiangle has two of its vertices at (—a, 0) and (a, 0), and 

the third (x,y) moves along the line y — tnx. If A be its area, show 

, dA 
that ~JJf =rna ' 

4. Find the value of 0 for which the angle 0 changes twice as 
fast as its sine. 

5. Jf the *ide of an equilateral triangle increases iinifor / 
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at the rate of 0*2 inches per second, at what rate is the area increas¬ 
ing when the side is 10 inches ? 

6. An inverted cone has a depth of 10 cms. and a base of 
radius 5 cms. Water is poured into it at the rate of 1£ c.c. per min. 
Find the rate at which the level of the water in the cone is rising 
when the depth is 4 cms. {Madras, 1943 ) 

.7. A point mom so that its distance s from a fixed origin at 
time t is expressed by 

sin(utf+ a) ; 

find the velocity of the point at any time /, and show that it becomes 
separated by equal intervals v/u>. 

8. If a point moves in a straight line and its distance s from 
a fixed point in the straight line be a quadratic function of the time 
/, then show that its acceleration is a constant. 

9. If in the previous question j* is a quadratic function of /, 
show that the acceleration varies as 1 Is* except in a particular case. 

10. A particle moves in a straight line such that the distance 
travelled from a fixed point in any time t is given by s=a sin (y/pt). 
Find its. velocity and acceleration when it is at a distance s from the 
fixed point. Also find its distance from the fixed point when (/) its 
velocity is zero, (it) its acceleration is zero. 

11. A rod AB, of constant length, slides with its ends A and 
B on two fixed perpendicular lines OX and OT respectively. Show 
that when A moves towards O, B moves away from O and vice versa 
and that their velocities are inversely proportional to their distances 
from 0. 

If AB — 10 ft., OA— 8 ft. and A is moving away from O with a 
velocity of 2 ft. per sec., find the velocity of B. 

12. A light is a ft. above and directly over a horizontal path 
on which a man b ft. high is walking at a speed of x miles an hour 
away fiom the light. Find (i) the velocity of the end of iiis shadow, 
(h) the rate at which his shadow is increasing. 

18. A man, 5 ft. tall, is walking towards a lamp-post at 
uniform rate of 88 yards per minute. The lamp on the post is at a 
height of 15 feet above the ground. At what rate is the length of 
the man’s shadow changing ? Is it increasing or decreasing ? 

(Agra, 1942) 

14. A man on a wharf, 20 feet above the level, pulls in a rope 
to which a boat is attached at the rate of 4 feet per second. At what 
rate is the boat approaching the shore, when there is still 25 feet of 
rope out ? ( Agra> 194f) 

5 4 Application to small errors and approximate 
evaluations. Suppose that_y=/(x) is a function of x and the value 
of y is calculated from the observed value of x by means of this 
relation. Suppose further that there is a small error Sx in the 
observed v^lue of x, and 8? is the consequent small error in the 
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5^ < £ ll f cd V ?. ,ue . ° r ->> i e - the true values of a: and y arc x+Sx and 
A -\-oy respectively, then 

b=f(x+ S.r)-f(x) =/'(*) ix+ t .S, 

by (I) of Art. 2-4 where t -*0 as S*->0. Now if Sx be very small 
then the term t .ix is smaller still and may be neglected in comnari- 

son with the term f(x)Sx unless/'^) = 0 . Hence, when/' W ^0. 

tnc error in the value ofy is given approximately by the relation 

S J> =/'(*) 8 *- ( 1 ) 

It may be emphasised that this is not an exact equation. The 
symbol is very often used in place of '=’ to indicate that the 

relation is true approximately. This approximate relation (1) may 
be obtained from the exact relation 


d y =f' (*) dx 

by replacing the differentials by the corresponding increments. 

The case when /'(*)= 0 will be considered in the second 
volume. 


The quantity Sy/y which measures the error per unit in the 
value of y is called the relative error or the proportional error and is 
obtained most easily by logarithmic differentiation. The percentage 
errur is equal to the relative error multiplied by one hundred. 


If the values of a function f(x) and its derivative/'(*) are 
known for a value x of the independent variable, then the relation 
(I) can be used to calculate approximately the small increment 8y in 
the value of y corresponding to a small increment 8x in the value of 
x. We can thus calculate approximately the value y+8y of^- corres¬ 
ponding to the value x-fSr of x. 


Em. i. 

If we 


Using differentials calculate y/99 approximately. 

Let y = \/x, then Sy^-^Sx. 
take x= 100, and 8x = — l. then 


—v/100 —10, 


8y±z — _L_ 

J • 2x10 


y -f Sy = y/{x 4- 8x) = y/( 99) 
— 10 —27) app 


. . * T f e area S °f a 'triangle is calculated by measuring b, c 

and A. Jf there be an error 8A in the measurtrnent of A, show that the 
relative error in area is given by 

8S 

S =cot ^ 

The area S is given by the formula 

S = \bc sin A. 
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Forming the differentials w.r ~to A, we get approximately 

8S=\ be cos A.8A 

t c 

... =cot approximately. 

u 

EXAMPLES - XVIII 


Using differentials calculate approximately : 

1. V(9999). 2. (342) ly *. 8. (257)^ 4 . 4. (513)V*- 

6. In a tangent galvanometer, ihe tangent of the deflection 
of the needle is proportional to the current, show that the relative 

error in the value of the current due to an error in the reading of 
the deflection is least when the deflection is 45°. 

6. An ellipse has semi-axes a and b. Prove that the relative 
errors in the area A due to errors 8a and 8b in the sides are given 



~ = — and 8 j= respectively. 
A a A b 


7. A triangle ABC is determined from a, b t A ", prove that 
if A receives an increment 8A, the area S receives an increment 8S 
where 


cos C 


sin A cos B 


8A. 


8S 

S 



CHAPTER VI 

TANGENTS AND NORMALS TO PLANE CURVES 


significance of the derivative; Let 


61 Geometrical 

y=f(x) be any function of x. Draw 
its graph and let P(x, y), 
Q,(x 4 - 8x,y-\-8y) be any two points 
on it. Draw PM and QN per¬ 
pendiculars to OX and PL^fifQ,. 
Then 

PL —MN=^x 4 8x -x =8x 
and LQ-N&-MP 

=y-\ 8y—y—8y. 

If the secant PQ makes an 
angle 6 with the x-axis, then 
6 =Z.LPQ, and therefore 



tan 0 = 


/Q. Jb 

PL 8x 


Thus the ratio of the increments of 7 and x is equal to the 
tangent of the angle which the secant makes with the x-axi*. 

Suppose now that the graph is continuous in the neighbour¬ 
hood of P and possesses a unique tangent at P. Ihen.by the 
definition of a tangent, when 8x-*0. Q approaches P and the hunt 
of the secant PQ is the tangent at P. Let the tangent at P make an 
angle 0 with the x-axis, then 

tan 0 =Lt tan 0 =Lt~ = f M* 


Hence f'{x) represents the slope of the tangent to the curve y<=f(x) 
at the point P(x, y). 

Conversely, if/'W exists, the slope of the secant Pd approa¬ 
ches a definite limiting value, namely/'(*). a "d ^refon; the secant 
POhsssa definite limit when Q-+P. Hence, if / (at) exists, the 
curveiias a unique tangent at P. Hence the curvey=f(x) has a 
definite tangent at P{x,y) if, and only iff\x) exists at P. 

011 Equation of the tangent. Let (x„ y x ) be a point on 
the curve, y=f{x), then the slope of the tangent to the curve at 

the point (x^,) is, by the preceding article, the value of d £- at 


(x l ,y l ). If this value be denoted by then from Coordinate 
Geometry, the equation of the tangent at (x„ y x ) is 

-v.J+Ux- 


y-y i 


dx 


(X-Xj) 


0 ) 
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As the symbol is very often used to denote the derivative *m 
of_y w.r. to x, we shall use the symbols X and Y to denote the current 
co-ordinates x andy of a point and use x and y to denote the co-ordi¬ 
nates of the point of contact (instead of x t and in the case of the 
tangent and the foot of the normal in the case of the normal. In 
the equation to the curve, however, we shall continue using x , y 
to denote the current coordination of a point on the curve. With 
this notation, the equation of the tangent to the curve y —/(x) at 
( [x,y ) may be written as 

r-y-% (*-*)• «') 


6*12. Equation of the normal. By definition the normal 
at a point of a curve is the lL.e through the point perpendicular to 
the tangent at that point. Hence the slope of the normal at the 
point (x,y) of the curve y=f(x) is the negative reciprocal of the slope 

of the tangent at the point and is therefore — 1/-^. Therefore the 
equation of the normal at the point (x,y) is 


or 


r ~y=~ ( X ~ x) 

dx 

(.V—*)+ % (r-y) =o. 


( 2 ) 


Cor. 1. If 


dy 

dx 


is zero at the point (x,_y), then the tangent 

u »* 

at the point is parallel to the x-axis and its equation is Y—y=0. 
The normal is parallel to the y-axis and its equation is X —x =0. 


dy 

Cor. 2. If ~j— is infinite at the point (x,_y), then the tangent 

is parallel to the _y-axis and the normal to the x-axis and their equa¬ 
tions are X— x=0 and Y —_>>=() respectively* 

Cor. 3. If the equation of a curve is given in the parametric 

form 

^=/(0.> = y(0 

then, at the point */’ on the curve, 

dy dy f dx f'(/) 
dx ~ dt ) dt -f(t ) * 

and therefore the slopes of the tangent and normal are f , {t)Jf'{t) 
and —f'(t)lfV) respectively. 

Hence the equation of the tangent at */’ is 
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or y _* /(0 

/(0 “ /to 

and the equation of the normal is 

wo—/m,,_ 


( 3 ) 




(x-fO)) 


or 


{ Jf -/(0}/ / (0+{^-f(0)v ,, (0=o. 


(0 


•• !• Find the equations of the tangent and normal to the curve 
y =** at the point (2, 8). 

dy _ 


Differentiating w.r. to x, we have { =3x* 

ax 


At (2, 8), ~~ =3.2* = 12. 

ax 

Slope of tangent = 12. 

Hence the equation of the tangent at (2, 8) is 

r-8 = 12(A'-2) or r=12x- 16. 

Again, equation of the normal at (2, 8) is 

r-8 = —A(A'-2) or .Y-H2r— 98 = 0. 

E** 2. Find the equation of the tangent and normal at any point of 
the ellipse given by the equations : 


« v+ 2 -*- 


C ii ) x=a cos 0, y=b sin 0. 


(») We have —1=0. Differentiating w.r. to x» 


dy 


x-». 


/a 

dx 


• • 


or 


Equation of the tangent at (x f y) is 

r -y=-% I*-*). 

xX yY _ x* y» 
a 1 + b 3 ~~ a 2 + b* * 


b 2 x_ 

a l y 


<0 


(*’S) is a P° int on t,,c cur ve, =1, hence the equa 

tion of the tangent may be written as 

# 4 1 • 


*AT 

a 


+ A 2 


CO 


or 


Again, the equation of the normal at (*,^) is 

at-* 


( 2 ) 
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or 


or 


(ti) Here x—a cos 0,y=b sin 0. 

. . *=- = —a sin 0, =pb cos 0, and ~~ -—— A . 

</0 </0 f/:r a sin 0 

Equation of the tangent is 

r-i sin 6 = (X-a cos 0), 

<i sin 0 

b cos OX-{-a si tiO.T=ab cos*0-f-a5 sin*0=fli 
X cos 0 | sin 0 _ j 


or 

or 


a b 

Again, equation of the normal is 

Y-b sin 6 = a r ^4 (X-t cm *) 

b cos 0 

a sin 0 .X—b cos O.T** («*-**) •* 
a sec O.X—b cosec 0.f**a*— b 9 . 

Ex. 8. Find the condition that the st. line 

x cos *+y sin tt=p 
x m 
a m 


may touch the curve 




Let P(x, y ) be the point of contact, 
tion to the curve w. r. to x we have 


the 


■frt-l 


m 




y*-i ^ . dy _ b m x— 1 

b m dx . dx 


or 


Hence the equation of the tangent at (*,_y) is 

km x m-\ 


i 



b m * 


l.e., 


+ r -y— l =l 
+ /,»/» *» 


fl' 

Zl - 1 
a 

since (x,>>) is a point on the curve. 

But the equation of the tangent at (x, y) is given to be 

X cos a-ft" sin a=jfr. 

(1) and (3) represent the same straight line, 
comparing coefficients of like terms, we get 


A m-1 yta-1 I 


=( 


a m cos a 
a m cos a \ 1/(m ' 1) 


) 


=( 


b m sin a p 
b n sin a_ynMt 


p / n P 

These are the co-ordinates of the point of contact, 


(3) 

(4) 

0 ) 

( 2 ) 

equa- 


(3) 

(I) 

Hence 
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Since this point lies on the given curve, we have 
( a m cos a ^ m/(m ~ 1) (b m sin a 

+' -L> -=i. 

a m b m 

o, (a cos «)"/«—»+(* sin a )-/i—« . 

Note. Putting m=2, we get 

a 2 cos* a-f£* sin* a=/» 2 

as the condition that the line x cos «+> sin a.=p may touch the 

... x* ,y_ , 

ellipse +£T - 1 ’ 

EXAMPLES XIX 

1. Find the equations of the tangent and normal at any 
point of the following curves : 

(,*) y=4e*. (») a*v=x*. («i) 

(to) x=at f ,y=2at. (v) x=a sec i),y=b tan 0. 

. (pi) *=*<*(/+s!n t),y=sa(l—cos 0* (Andhra, 1947) 

2. (i) Find the equation of the tangent at the point (a, 0) to 

the curve x i +a t x7=° 4 ‘ , , 

(«V) Find the equation of the normal at (a, a ) to the curve 

x *y*=fl*. 

8 If a normal to the curve x*'*4 y i '*=a™ makes an angle 0 
with thi x-axis, show that its equation is 

y cos 0 —x sin o=0 cos 20. ( Panjab, 1958 ; All., *39) 

4. Find the points on the curve . y=(x —\)(x-2)(x~3) at 
which the tangents are parallel to the x-axis. . 

5 Show that the tangents at the points where the straight 
line ax\hy=0 meets the conic ax 1 -f-2//xy -f Ay* = 1 are parahcl todie 

* aXIS 0. Find the equation of the tangent to the paiabolay =4x+5 
parallel to the line 2 x—y='3. 

7 . Find the equation of the normal to 3** —y 2 = 14 parallel to 
*+3y=4. 

8 . P v P 2 are any two points on the parabola^ =ax' + bx-\-c. 

M is the point of contact of the tangent to the parabola which is 
parallel to PjP*. Show that the abscissa of M lies midway between 
the abscissae of P, and P t . 

y/9. Show that the tangent to the curve '3xy*-2x' 2 y — 1 at (1, 1) ^ 
meets the curve again at (— a , ~^' 2 l d)- 

10. Prove that the equation of the tangent at the point 
(4m 2 , 8m 9 ) of the curve _y*=x* is y = '3tnx—4m 9 and that it meets the 
curve again at the point («**, —m*). Show that if 9m J =2, the 
tangent is also a normal to the curve. 
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( Panjab, 1951) 


X 


• 0 

11. Show that the condition that the line 

x cos a+jr sin a=*p 
may touch the curve x m j n =a n ^ n is 

p m + n m r *n u ={m -\-n) m +*a m + n cos'" a sin" a. 

12. If A cos a-f> sin a=p touches the curve 

CtJ + (f) =i. 

prove that (a co s «)*+(4 ,i n «)"=/>-. (/>,/«, /955) 

18.' If-f-my = 1 touches the curve Y‘+(~ )"=!, show 

that (a/)"'<"- l »+(^m)" /( "“»=l. ^ 

14. Find the condition that the line A*. _i « 

normal to the curve a »->.y=,.. "* may be 

poi„. S'si* t i5s h “ “»■< ^ 

iin. 

D , (Agra, 1919) 

* rove that all points of the curve v* = 4 /?/* i ^ .; n / _,# 
at which the tangent is parallel to the axis of * he on a parabolic ]/ 

( Panjab, 1959 ; Patna , *35) 

6 2 Angle of intersection of two curves rwM— 
curves^-— /(a) and .y =<$>(*) intersecting at a point P(x y) The 
angle between the respective tai.gents to the curves atth/'LintP 
is called the angle of intersection of the two curves. ^ * 

Let m„ m, be the slopes of the two tangents at P Thi-n kt, 
coordinate geometry, the angle 8 from the line* of slope to the 

line of slope m l is given by tan ft— m \~ m t 

1 +m i m t * 

The supplement of this angle is tan -1 .. w »— w i 

i -\-m 1 tn z " 

Now m 1 =tan 0, =/'(*,), rn 3 = Ian 0,=$'(*,). 

tan 6= .Z1W — 

Inc two curves cut at 
right angles if 

wi,w= — I 

i.r., if/’(*,) ♦'(*!) —1.' 
and we say that the curves 

cut ot thogonally. 

The two curves touch 
each other if 
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1. Find the tingle of intersec'ion of the parabola y*=2x (l) 

and the circle **-f-y 2 =8. (2) 

Substituting for y* from (1) in (2), we get 

**+2*—8=0, or (x —2)(*-f-4) =0 

.*. x=2 or —4. 

When *=2,_y = ±2. When * = —4, the corresponding values 
?*> are imaginary and may be discarded. .-. The two points of 
intersection are P{ 2, 2), QX2, —2). ^ 


Differentiating (1), we find 

2y% = 2 , 

Differentiating (2), we find 
2x+2yf- = 0 , 


• • 


dy_ __ J_ 
dx y 


(3) 


dy x 

dx y 


(4) 

At the point P(?, 2), the slopes of the tangents, from (3) and 
and (4), are j and —1. Hence the angle 0 between the tangents at 
P is given by 

l -(-0 O 

i +*( -1) “ J 

0 =tan _1 3=71°36' nearly. 

At the point 0/2,—2), the slopes of the tangents, from (3) 
and (4), are — $ and 1. The angle of intersection 0' at O is 
given by 

!-(-*) 


tan 0 = 


tan 0' 


3. 


1 +!.(-*) 

0'=tan-» 3=71°36' App. 

We observe that the angles of intersection at P and Q,arc 
equal. This could have been anticipated from considerations of 
symmetry. 

Ex. 2. Show that the curves ax 2 -\-by 2 — \ and l\ 2 +my 2 = \ intersect 
at right angles if 

11,1 

a ~T ~T ~ m ' {Panjab, 1953 ) 

Let (x v y x ) he a point of intersection of the given curves, 


then 


ax l *+by 1 * = l, and /*,*-f my x 2 = I. 

Solving these equations for x x 2 andy,*, we get 

Tx'-^l , y^-^±. 

am —bl am—bl 

Differentiating the equation of the first curve, we get 
^+2*4=9 or£=-“ 


(I) 


( 2 ) 
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Differentiating the equation of the second curve, we get 

dv - dy lx 

2lx+2my -£ =0 or • 


( 3 ). 


Therefore the slopes of.the tangents to the two curves at 
(x v y x ) are respectively, 

ax, , lx. 

—7-*- and — -• 

by x my x 

The two tangents will cut at right angles ii 

= —1. i-f., if alx t * = —bmy 1 *. 

bmyf 

Substituting for x x 9 and y x 9 from (l),"the required condition is 

al(m—b ) __ bm{a —/) 
am—bl am —bl 

j_i = JL_L 

m b l m 


or 


EXAMPLES XX 


1. Find the angle of intersection of the parabola y 1 — 4x and 
the ellipse 

2. Find the angle of intersection of the curves **—; y 9 =a z , 

and x*-\-y 7 = ^ 2a*. ( Panjab , 1956 \ Patna, 40 ) 

3. The curves yx* =c x and xy=c t pass through the point 
(3, 4). Find the angle at which they intersect. 

4. Show that the ellipse **+4y*=8 and the hyperbola^ 
* 2 —2y* =4 intersect orthogonally at four points. 

5. Find the angle at which the curve 

^=16a»+4**-1G;c+5 f u ' 


cuts the A-axis. 

6. Show that the curves 


+ 


r 


y 2 _ 


a 9 +*rb*-t* x 

intersect at right angles. 


1 and jr>'+M±T 
«*+** ** + ** 


= 1 



7. Show that the curves x 9 —3xy 2 = —2 and 3x 9 y —y 9 =2 cut 

orthogonally. 

8. Show that the parabolas **=ay"and y 9 =2ax intersect on 
the curve a* +y 9 =3a.\y. Also find the angles between each pair at the 
points of intersection. 


't/ 

v 
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■ 

6 3 Length of the tangent, subtangent normal and 
subnormal. Let P(x,y) be 

any point on the given curve i 

and let the tangent and J 

normal at P meet the x-axis ' 

in T and G respectively. 

Draw the ordinate MP(=y) 
through P. Then PI is 

called the length of the yr \ \ 

tangent, PG the length of — -^ V' W \ 

the normal at P. TM, the 0 7 M C X 

projection of the tangent on 

the **axis is called the length of the subtangent and MG, the pro¬ 
jection of the normal on the x-axis, is called the length of the 
subnormal. b 

Let the tangent at P make an angle 0 with the x-axis, then 

£MPG is also 0. If we write y t instead of , then 

ax 

*“ “ n and cos ^v(4?) - 

From the figure, we have 

(i) the tangent PT =y cosec 0=>V(1 +J*)I ' y 

(«) the normal PG =y sec 0=>VO 

(m) the subtangent TM =y cot 0 =yly v 

(iv) the subnormal MG =y tan 0 

In the above figure,^ is positive and 0 is acute so that tan 0 
sin 0 and cos 0 are all positive. Hence the expresssions (i) -(iv) are 

all positive. Even if.,, or both, are native, the above expres- 

, S hZlH i H^ hC , nUmerica - 1 !? ,U ? ° f l hc J Va J iom len 8ths. The student 
should draw diagrams indicating the different cases. 

Ex. 1. Show that the length of the subtangenl is constant for the 
cutvc y=a*. J 

Differentiating the equation to the curve w.r. to x, we have 

dy 

>i=-^ s "< 2 * • fog a—y log a. 

Subtangent —yly x = 1/log a, which is constant. 

Ex. 2. Find tfie . length of the normal at any boint P th. 

Differentiating the equation to the curve w.r . to x, we have 


2a-2^=0. 


d* y 
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Length of the normal 

->VK-S) ,+I h\/K7)’ + 'I 

^distance of (x,y) from the origin. 


=v'u*+y) 


EXAMPLES XXI 




1. If the tangent to the curve y/x+ \/y=^a at any point on 
it cuts the axes OX and OT at P and O respectively, prove that 
OP+Od=a. 14 {Agra, 191b) 

v ( a ) In the catenary y=a cosh (xja), prove that the length 

of the normal intercepted Between the curve and the axis of x is 

y*fy 

v/ ( b ) Show that the portion of the tangent to the curve 
\y x 7/ * i-y'* =a a/ * which is intercepted between the axel is of constant 
fcngtb; (Payot,, 1941) 

\_s 3. In the tractrix 

x=fl(cos f+log tan $ t),y=a sin /, 

prove that the portion of the tangent intercepted between the curve 
and the axis of x is of constant length. (Rijputana, 1949 ; Panjab, *60) 



4. (a) Show that the tangent to the curve 

_*+ y/ («* S) _j Wa H- rM 

a 8 ~ y 

is a constant and equal to a. 

(b) Show that in the curve 

x-a+V(b'~S)=b log {4+%/(4*—_?•)} 
the sum of the subtangent and subnormal is constant. 

, 6 Show that in the curve y=a log (x'-o 1 ), the sum of the 

tangent and subtangenl varies as the product of the co-ordinates of * 

the P° lnt ' (DM, 1951) 

x l/ 6 ' PrOVC lhat in the elli P« “*T +Y, =1. the length of the 

I"™* 1 . Varies invTrsc 'y 35 ‘he perpendicular from the origin on the 
, “ ngent - € {Delhi, 1950 ; Panjab, 1953) 

\S. 7 : Pr °ve tnat for the catenary_>.= c cosh (x/c), the perpendi¬ 
cular dropped from the foot of the ordinate upon the taSh„f 
constant length (uZTmf) 

- 8l , Sh °* th f ‘ ln * e exponential curve y=bP”, the subtangent 
is of consfant length, and the subnormal varies as the square of the 

m e L t . (Patna, 1937) 

v/ 9 \ Show that m the parabola y 9 =*4<zx, (i) the subnormal is 
constant and (u) the subtangent is b’ toted at the vertex. Hence 
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devise a method for constructing the tangent and normal at any 
point on the parabola. 

y-w. In the curve x w y , ==$C ,f, \ show that the subtangent at any 

point of the curve varies as the abscissa. ( Banaras , 1944) 

• • • 

Also show that the portion of the tangent intercepted between 
the axes is divided in a constant ratio at the paint of contact. 

{Rajpulana, 1950) 


To find the angle between the radius 




6 4. Polar Co-ordinates. 

vector and the tangent. Let 
P(r t 0) be any point on the 
given curve /(r, 0)=O. Let 
Q£r+5r, 0 + 50) be a neighbour¬ 
ing point on the curve. Draw 
PA'perpendicular to OQ. Let 
the angle between the radius 
vector and the tangent be de¬ 
noted by <f> and let ip denote 
the angle which the tangent at 
P makes with the positive 
direction of the initial line. 
Evidently <f> is the limiting 
value of when Qs*P. 


From the rt. /.d A ONP, 

JlP=OP sin PON=r sin 50 and ON=r cos 50. 
Nil=0(l~0N={r-\- hr) -r cos 50 

=6r + r( 1 —cos 50)=50+ 2r sin* $50. 

_ . NP 



tan0«^ Lt tan NQf~ Lt 

Q-+P n-P 


Q-* p 


i) sin 50 
»r+2r,in>iS0 


. Lt — 

50-*0 5r 


+r 


sin 50 

r --r— 


sin 


;— . sin $50 


ar , , n ar 

«/0 +fJ *° d6~ 


Hence tan $ c=r '^r 
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Cor. Angle of Intersection of two curves. Let two curves 

r =/i( 0 ) and r =/s(0) intersect in P . 
Let 4> v <f >, be the angles between 
the common radius vector OP and 
the tangents PT X , PT t to the two 
curves respectively. Then the angle 
of intersection 



a== l 

For orthogonal intersection, 
a —\tt, and 

tan ^j=tan (^ t +fw) = —cot = — 1/tan 

dO 

Hence th* value of r for one curve will be the negative 

reciprocal of the value of r^- for the second curve. 

The two curves touch if a=0 and therefore tan tan 

dO 

Hence in this cise the values of r~~ - for the two curves will be 

dr 

equal. 


Ex. 1. Show that in the equiangular spiral r=a r® cot a , the tan¬ 
gent is inclined at a constant angle to the radius vector . {Lucknow, 1949) 

Differentiating the given equation w.r. to 8, we have 

dr 0 cot a. 

=ae cot a =r cot or. 

dO 

• • r ~dr s==t an a or tan $=tan a. 

*• $=a, a constant. 

Hence the tangent is inclined at a constant angle to the radius 
vector. It is on account of this property that the curve is called the 
equiangular spiral. 


Ex. 2. Show that the curves 

r n =a n sin nO...(i) and r n =b w cos n0 •••(it) 

intersect orthogonally. ( Panjab , 1952 S ) 

L* 1 (r lt 0,) be a point of intersection. Then 

r i t *=«" sin rfi t =6" cos n0 4 .. 

From (i), taking logarithms, we get 

n log r=n log o+log sin n0. 

Differentiating w.r. to 0, we get 

n dr 1 
r dv sin nV ’ 


J3J 


r~-=tan nO, or tan <£,=tan nO. 

<fi J =n$ 1 at the point (r lf 0 X ). ...(id) 

From (ii), taking logarithms, we get 

n log r=n log 6+log cos rid. 

Differentiating w.r. to 0 X 

n t/r 1 , • A. 

-7 * 30 “coTnO 1 m 

r jr = -cot n© =tan ( n0 + ~ ) 

or tan $ a =tan (n0-fw/2) 

^ f = n 0 1 -}-ir/2 at the point (r lf 0 X ). 

Hence the angle of intersection =«t>* —<^1 =tr/2. 

The two curves intersect orthogonally. 

IX.- 6 41 The polar tangent, polar normal, polar subtangent 
-and polar subnormal. Let 

P(r. 0) be any point on the curve 
/(r, 0) = 0. Through the oiigin 
O, draw GOT perpendicular to the 
radius vector OP meeting the 
tangent PT in T and the nomial 
PG in G. Then the segments 
PTanQPG are called the polar 
tangent and the polar normal 
respectively and the segments 
OT and OG are called the polar 
subtangent and the polar sub¬ 
normal repectively. From the 
figure : 

Polar tangent =PT=r sec $ 

=ry/( I -l-tan 2 <|>) 

='V1 ■+( '!)*! 

Polar normal =PC =r cosec $ =ry/( 1 -f cot*$) 

-Vi ,+ (t- £>'HI" + (*)1 

dO dO 

Polar subtangent *=OT=OP tan $ =r r ~T~ 



dr 

Polar subnormal —00 =QP cot $=r.— • - 


dr 
dr 
dO ' 


Perpendicular 
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p he the length of the perpendicular 
OL from the pole 0 on the tangent at 
P(r, 0); then from the right-angled 
&OLP we have 

p=r tin 4> t (1) 

and ”^ ,c05ec! * 


-hi'+k-sn 

lienee £ = p(a) * 


( 2 ) 


6 43 It is often convenient to nie «=l/r, the reciprocal of the 
radius vector r instead of r itself. The formulae of Arts. 6 41 and 
6 42 can then be expressed in terms of u. 

If u = l/r, then r=*l /*/» 

du 1 dr dr 1 du 


and so 


r* dQ' dQ id dQ' 


dQ 

Hence, we have 

. . _«f8 dQ 

the polar subtangent =r 8 ^- :=e ~du' 

the polar subnormal =^r = —i- 7 ?- 
v dQ u* dQ 


and 


1 1 . 1 ( df 

a* + r 4 (<f0 / HdO/ 


Ex. For the cardioid r=fl( 1—cos 0), prove that (») J0. 

(ii) 2 ap l =r % and (Hi) the polar subtang*nl—2a sin 8 J0 tan $0. 

(Panjab, I960) 

Differentiating the equation of the curve w r. to 0, 

dr . „ dQ _tf(! —cos 0) Ifl 

So =“ • “ d *° r ST -r^Te =tan 19 ‘ 

tan^-tan J0 or ^ = 10. 

(ii) We have sin $=r sin JO 

*=«(1 —cos 0) sin J6=2a sin 8 JO, 
r=o(l —cos 0)=2fl sin 8 JO. 

Hence-eliminating 0 between (2) and (3), 

2/j/) 8 - r* 

(iii) The polar subtangent 

.dQ a*( 1 —cos 0) f 0 . t ltt . .. 

-=r % j- — 0 J —2a s.n* JO tan JO, 

dr a sin 0 


and 


( 1 ) 

fby(l) 

( 2 ) 

(3) 
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A 


examples xxit 

Find the angle between the tad.us vector and the tangent m 

each of the following curves : ^ 

vZl. r =c(l+sin 0) at 0 = 1*. 2. r=c cosec> J6 at 0_i>r. 

r l =a l cos 20 at 0=Jtr. v" 4. '=<■« at any point. 
r . =a »(cos m0 -sin m0) at 0 =0. (Panjii, 1952) 

y u ^Find the angle of intersection of the following cutves : 

✓H. The circles r = | and r=cos0. ,, 

^ 7 The circle r=a cos 0 and the cardiotd r=a( 1 -cos 0). 

8. r —00 and r=o/0. ^ 9. r-o sin 20 andr-o cos 2 . 

JO. Show that the circle r=b cuta the curve r a cos 

at an angle tan -1 (a*/i a ). ., _ n\ 

Prove that the curves r =<j( 1 4-cos 0) and r—a{ 
cut orthogonally on the line 8=J». 

3*3 Show that the tangents drawn at 

cardioidr=a(l 4-cos 0) which pass through the pole are I crpe ^ 

cular to each other. 

Find the lengths of the polar subtangent, subnormal, tangent 
and normal for the following curves . . . 

18. r=o(l+cos0)at0=tan-i !*• r=« .m 20 at 8-K 

y IB. In the cut ve r=o0, show that (s') tan * =0, (it) the polar 
subnormal is constant. . ... , , 

18. In the curve r =o/0, show that (.) tan * = =0, 00 * he P ola ' 

subtangent is constant. 

>17 prove that in the parabola 
^ ’ ?f=l_COS0 

(.) *—p. and (3) %CRS* 

«»2d cosec 0. \ J r 

v 18. Show that for the curve 
* 0=cos _, r—\/(l —t 1 )/'* 

the length of the polar tangent is constant 

19 Show that the locus of the extremity of the polar subnor- 

mal of the curve r=/(0) is r=/'(0-|*>. 1947) 

_ Deduce that the locus for the equiangular spiral r=ar is an¬ 
other equiangular iptrkl 

20. Prove that the locus of the extremity of the polar sub- 
tangent of the curve l/r=/(0) is (l/r)4-/ , (0+i w )=°* 

Hence show that the locus of the extremity of the polar sub¬ 
r[m+n tan W-l+tan JO rs („ =2( I +co. 9). ^ jp<J) 
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6-6 Pedal equations. The relation between p, the perpendi¬ 
cular from the' origin on the tangent to a curve and r, the radius 
vector through the point of contact of the tangent, is called the 
pedal equation of the curve. The pedal equation is also sometimes 
called the “p-r” equation of the curve. 


6 61 Given the cartesian equation of a curve , to find the pedal 
equation. 

Let the cartesian equation of the curve be 

J=*A*)- ...( 1 ) 

Equation to the tangent at any point (x, y) is 

r-J-f «(*-*) or Xf'{x)-r=xfXx)-j. 


The length of the perpendicular from the origin (0, 0) to the 
•angent is given by 


9 

Also 


P * Vtf/'OOP+l) 


or p l 


r »=**+y 


{«/'(*)-■>)» 
r/'(*)p+1 



Eliminating x and y between (1), (2) and (3), the eliminant, 
a relation between p and r, is the required pedal equation of the 
curve. 


Ex. Show that the pedal equation of the ellipse 


X ~ + * 
a ■ b* 


1 is a*-M f —r f = 


a 9 b • 


( Banaras, 1947) 


The tangent at (x, y) is 


_1 * 

if/' be the length of the perpendicular from the origin on the 
tangent, then 

1 J_ 


P= 


V 


X 1 . w~ 
OT -7- -f — 

eP ~ b l 


(0 


and 


Also x*+.y*=r # . . 

Equations (1) and (2) may be rewritten as 

*■&)*-»■ (*-?- 

76* 


( 2 ) 



whence 
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Substituting for x 5 /a* and f}b x in the equation of the 
ellipse, we get 


b 2 


r* . r m a ‘ b* a 


or 


or 


§ j / U IX- (4 

T“Ts" p* b* 

1 1 \ flt b* 1 , , 


Y- 

V b* 


a * / a- /> 

a 4 -£ 4 a 1 — b* 


<fib* 


a*6* 


• • 


a*b 2 

*2+**_,* = 


which is the required pedal equation. 

Otherwise, we know from geometry that if CP and CD be con¬ 
jugate semi-diameters of the ellipse and p be the length of the per¬ 
pendicular from C on the tangent at P , then 

(0 («*) p.CD=ab. 

Eliminating CD between these two relations and replacing CP 
by r, we get the required pedal equation. 

,. + J^ or a'+b'-,>= 

6-52 Given the polar equation ops curve , to find the pedal equation. 

Let the equation of the curve be 

/(r,6)=0. (1) 

Also, we have 

i‘4+7Kfe)‘- < 2 > 

Eliminating 0 between (1) and (2), we get a relation between 
p and r which is the required pedal equation. 

Otherwise , we have 

dd 

tan 4> • (3) 

and P"*r sin $. (4) 

Eliminating 0 and $ between (1), (3) and (4), we get the re¬ 
quired pedal equation. 

Ex. Find the pedal equation of the parabola 


2 a . f, 
— =1 —cos 0. 
r 


( 1 ) 


Differentiating w.r. to 0, we get 

2a dr . A 
-V jf =*“ 6 


or 


dr 

dQ 


• • 


1 L+-Lf*Y= 1 + 

f r* r*„W8 J r f ^ 


r* sin 0 
' 2a 
sin*0 


4«* 


( 2 ) 

(3) 
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From (1), cos* 0=^ 1 —^ ^ , 

and from (3), sin* 0= 4 a*(^ — — t 

Hence eliminating 0 by addition, we get 

which, on simplification, gives 


2 a 


w sin 


p*=»ar 

as the required pedal equation. 

^ . . </0 2« 

Olherwut, tan 4 ='^r — -r. 

1 —cos 8 
= ~ sin 0 

«= —tan \ 0=*tan (w—16) 
and p*=r sin $«=r sin |0. 

Also from (1), — =2 sin* $6. 

Eliminating sin |0 between (4) and (5), the pedal 

p* *=ar, 

EXAMPLES XXm 

Find the pedal equations of the following curves : 

1. /=4o(*+«i). 2. x —a co^e,^«<i sin # 6. 

8 — i D ] 

* «• “ b* V 

6. r*=fl(l —cos 0). 

6. r m =a m cos m0. 

7. r=« 9cot * 

9. r 8 =a* cos 20. 


lby(l) 

w 

(5) 


4- 


8 . r=a 9 . 


10. Find the pedal equation of the conic 

a fr*r il, a .i + « co, e (e> i). 


(Agra, 1948 ; Payot. ’S9) 
(Payot, 19&9) 

(Panjab, 1942) 
(Panjab, 1952) 


11. In the curve 

x=(a+b) cos 0— b cos {(a+b)/b) 0. 
y=(a+b) sin 0— b sin {(a+bybfi, 

show that 

p=(a+2b) sin t=r-l^.d,p=(a+2b) s'n-^^T 

and (r 8 -<i 8 )(a+ 2b)*=4b(a+b)p t . 

12 Show that the pedal equation of a circle of radius a with respect 
to any point on its circumference is r* *2 a}. 
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of a curve be 



Derivative of the arc 

6 6 Length of an arc. Let the arc 
divided into a number of small arcs by the 

points P„ />,.>" ord " as _ a 

point traverses the arc AB from A to#. 

Let S n denote the sum of the chords Ar x% n 

PiPv . P -1 B - 

If S„ tends to a limit s as the number 

of points of division tends to infinity such ^ 

that each pair of consecutive points tends , , as the 

to coincide along the curve, then 5 *? the existence 
i nf the are AB The analytical discussion of the existence 

of g such a Umit and other .Hied topics is beyond the scope of this 

book and will not be entered into We shall, ^re ore snore or less 

depend upon an intuitive knowledge of the length of an arc. 

6 61 Ratio of an arc to chord. If PQ. be an arc of a curve 

supposed to be everywhere concave guards 

chord, we prove geometrically that 

Tt arc =1 
q^P chord Pd * 

Draw QT± PT, the tangent to the arc 
at P. It is assumed that Q,is sufficiently near 
P so that the perpendicular QT does not meet 
the arc in any other point between d an ° * • Wc 
further assume that 

TP +TQ>arc Pd >chord Pd- 

Let /. QPT= *» so that TP^Pd cos «» T d~Pd sm a * ^ cn 
(1) gives 

Pd (cos a-f sin a)>arc PQ> chord PQ,. 

. • ^ arc Pd ^, (Of 

cos «+sin «> chord P q> > 

As Q travels along the curve and tends to coincide with P, 
a->0, .*. sin « -*0 and cos a~>\, so that the first member of the 

inequalities (2)->-l. 

between unity and 
unity as Q~>P- 



|IU — ' ' »-- -—--- 

, . arc PO . . i 

Hence the ratio cho 7 d ~^. ly»ng as it does 

a number which tends to unity, also tends to 


• • 


have 


arc Pd _} 

Q ^P chord Pd 

Symbolically, if 8c denote the chord Pd and 8s the arc PQ, we 

_ 8s , ds - 
Lt -r- = 1 or -r =1. 

We may thus take 8s and 8c as equivalent infinitesimals. 





140 

^ 6 7 Derivative of the arc. Cartesian co-ordinates. Con¬ 
sider the graph of a function y=f(x) as shown in the diagram. Let A 
be a fixed point on the gragh and let P(x,y) be any point on it. 
Let the length of the arc AP be s. Evidently s is a function of x 
or y and we may find the derivative of s w. r. t. x or y by the 
usual method. Let 8x be a small increment in the value of x , 8y 
the corresponding increment in y and 8s the increment in s. Thus 

if d is the point on the curve whose co-ordinates are (x+Sx, v+8y). 
arc PQ,=8s. •sis/* 



Let the chord PQ he denoted by 8c. Tlien from the right- 
angled A PQfl, 

8c i =8x*+8y\ 


or 


• • 


(£)’='+(£)• 


£ 

Proceeding to the limit as 5*->0 and observing that Lt~*=l 
we have 


(=)■-'+(£)'- s-*VI 

If s increases as x increases (as in the figure), is positive 
and, therefore, taking the plus sign before the radical, 

The — sign is to be taken before the radical if s decreases as 
x increases. This will be so if the point A is taken on the other side 
of P in the figure. 


Cor. i. The differential ds of the arc s is given by 
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Cor. 2. Regarding s as a function of y, we may show that 

Wfi 

and that the differential * of the arc * may be expressed as 

rfj =VI ■+(£)> 

Cor. 3. If the parametric equations of the curve be given so 
that x and are functions of a third variable /, we have 

(£-)'“(-«/)’+(■&) 

and proceeding to the limit, aftef slight modifications, we get 


Tt 


VK 

-VK 


l 


6*71 // ^ Sr the inclination to the x-axis of the tangent to a curve 

at a point P(x,/), prove that 

r\ l dx 
(i) cos Ys* 

Using the notation and the figure of the last article, we have 
from the right-angled triangle PQJi , 


(») * *= % ‘ 


8x 


cos » s * n 


*7 

Sr 


When Qj->P, Of approaches the tangent at P so that 

/_QJIP-++. 

8x 


Hence cos — Lt cos QPR = Lt 


Q-+P 


f>c ~*0 


Sr 


tr L ‘IT 

dx . dx 
= ds * 1== * ‘ 

Similarly, bin P= Lt sin QPR = Lt ^ • 

Q-*P 5c-»0 bc 




» <-'1 


_Ji \^ d y. 

~ds * ds 


6*8. Derivative of the arc. Polar co-ordinates. To pro c 

•hat Jor the curve f(r, 0,1=0, 

<*> r ’ + (^) I' p,) S “Vi ‘ +, ‘^‘) i 
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t.e. 


\S Consider the graph of the function f(j, 0)=O. Let A be a 
fixed point on the graph and let P(r, 0) be any other point on it. 
Let arc AP—s. Evidently 5 is a function of r and 0 and we may 
find the derivative of s w. r. to r or 0. 

Let 50 be a small increment in the value of 0, 5r the cor- 

*, 0 * 64 ) responding increment in r and 

f/S \ 8s the increment in /. Thus, if 

Q, is the point on the curve 

r 'If whose co-ordinates are (r-f-5r, 

0+56), arc PQ=8s. Let the 
chord PQ t =Bc. Also OP=r t 

_• /_POPf =50. Draw PN 1_0&. 

0 * From the right-angled £\ONP, 

NP=r sin SB, ON=r cos 59. 

NQ=OQ-ON=(r+8r) —r cos S0=5r+r(l -cos 50} 
=5r+2r sin* *59. 

Again, from the right-angled A PNQ* 

Pd*=NP'+NQ?, 

i. e . t Sc 2 =r* sin* 50+(5r+2r sin* *50)*. 

/8c \* ./sin 50 \* . /5r sin *58 . 50 \* ... 

••• (so ) =r ( ~so ~) + (s7 + ' • _ pr 2 / c,) 

5c _ \ , ds _ds 

A|S0 *« ~£o W • *V • M M ' 

We have from (1) on proceeding to the limit as S9->0, 

='•+ (%)' 

%=±\/\ T ' + (m) \ 

Assuming that s increases as 0 increases (as in the figure), so 
that is positive, we have 

av 

Wl '•+(*)'! 

The — sign has to be taken before the radical if s decreases as 
0 increases, which will be so if A is on the other side of P. 

Cor. 1. The differential ds of the arc is given by 

ds =\/{ f, +(») i j*- 


CD 



Cor. 2. If 5 be considered as a function of r. we Have 
similarly, 

fe-yM?)'! 

and the differential ds of the arc may be expressed as 

*=Vi i+,, (£)*h 

Cor. 3. If $ be the angle between the radius vector and the 
tangent to a curve at the extremity of the radius vector, then 

0) sm # =r^r , u 00 cos <t> =JJ ‘ t 


From £\PNQ, 

sin PQJf 


PN_r sin dO 

Pd 


=r. 


he 

sin 50 50 hs 
59 * 8s * 57 


As Qr*P, LPQF-+' t>- Hence 

sin $ =Lt sin PQN 


(2-»P 




II 

sin 53 

50 

8s “I 

50 

’ 5/ 

’fcj 


sin 50 

_ 50 


3 

• 

II 

50'* 

Lt hJ 

r 

,Lt fc 

=r . 1. 

dd 

. 1 *»r 

</0 

ds 

ds 


Again, cos PQJf 


A r Q,_ «r+2rtin > |50 

Pd 


he 

—r 8r . - sin l 86 W 60 “I5.r 

-Lt, +r - 'si • !m - 2 Ji7 

Proceeding to the limit as Q-+P, 

. V dr . dQ 1 dr 

cos ^ = L 57 +r ' 37 '° J l= rfT- 


EXAMPLES XXIV 


1. 


ds 


Find ^ for the following curves : 

(0 >*=4 ax. 

(iff) x*i*+?l*=.a tn . 


(if) y=*c cosh (x/c). 

(“ 0/(2 
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as 


2. Find for the following curves : 

7* (*) x—a cos t,y=b sin t. (it) x=a cos* t,y=a sin* t, 
(in) *=^a(l+cos /), j>=a(/-f-sin t). 

8. In the curve y=a log sec (xja), prove that 


ds 

dx 


sec 


ds x . , 

-j-—cosec — and x=aib. 
dy a r 


* 


Show that for the curve 

x+y/(a* -y*) a+>/(*-?) 

a 6 y 

j- is inversely proportional to the ordinate. 

5. Find ^ for the following curves : 

(i) The cardioid r*o( 1+cos 6). 

(it) The equiangular spiral r=at* cot \ 
(Hi) The lemniscate r*~a f cos 28. 

6. In the curve r m =a m cos mO, prove that 

ds »-i 

=<i sec mV. 


(Agra, 1951) 


1 


> st'7. Show that in the curve 2j=y*, JL 

8. Show that in the curve jp=*c*+s 9 , the perpendicular from 
the foot of the ordinate upon the tangent is of constant length. 

(Patna, 1945) 

t-9. In any curve, prove that 




dr 


(«) v/(r*-/»)=r ~ 


{Panjab, 1953 S) 


CHAPTER vil 

Maxima and minima 


7-1. Let the graph of the function y=f(x) in .the interval 
be as in the figure below. Wc assume that/(*) is continu¬ 
ous in this interval and possesses a continuous derivative at all 
points except P 2 and Q, 2 - 




R 

1 

I 


0, <?, \ 




0 

A 

1 b X 


Each of the points P k , P z , P 3 is the highest point on the 
graph in its own im¬ 
mediate neighbourhood. 

In other words, f(x ) has 
a greater value at P x 
than at any other point 
sufficiently near P lf and 
similarly for P t and P % . 

In symbols, if a v is the 
abscissa of P l9 then 

/(*)</(<*i) for a, i 

x sufficiently close to 

*«»^d similarly for P 2 and P r Points l.kc P 2 , P 3 arc called 

?/ OI ? t r/N in r aX,ma 0n thc curvc and the corresponding ordinates 
J\ a t)> f( a z) are called maximum values of f(x). 

Again, each of the points Q„ Q 2 , Q , 3 is the lowest point on 
the graph in its own immediate neighbourhood. /(*j has a smaller 
value sft than at any other point sufficiently near Q I n 
symbols, if b x is the abscissa of Q,„ then 

/(*)>/(*,) 

for all x sufficiently close to b x . Similar statements hold for Q 
and 0 . 3 . Points like Q t , Q 3 , are called points of minima 
on the cuive and the corresponding ordinates f{b x ), etc. are called 
minimum values of f(x). 


7*11. Let us consider the behaviour of thc function (or its 
graph) in the immediate neighbourhood of points of maximum 
or minimum values. Immediately to the left of the points 
P v p »> die function is increasing and, therefore, /'(*) i s positive 
and immediately to the right of these points, the function is de¬ 
creasing and, therefore, J\x) is negative. Thus wc observe that 
in passing through maximum points of a curve, the derivative 
changes sign from plus to minus. If the derivative varies conti¬ 
nuously as at P t and P lt then it must attain the value zero in 
passing from positive to negative values. Hence at these points 
the derivative is zero and thc tangent is parallel to the x-axis At 
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P. the derivative does not exist and is, therefore, discontinuous. It 
may even tend to +eo or —» according as a 3 is app.oached from 
the left or from the right. Again, we observe that immediately to 
the left of the points Q.„ Q* the function is decreasing and, 

therefore, /'(*) is negative and immediately to the right of tli«c 
points, the function is increasing and, therefore, /(*I is positive. 
Thus in passing through points of minimum value,/ (at) changes 
sign from minus to plus and if /'(*) varies continuously it must 
vanish as at 0 X and CU and the tangent is parallel to the x-axis. 
At 0 a the derivative does not exist and is, therefore, discontinuous. 
It may even tend to — e» or +oo according as b t is approache 
from the left or from the right. 


From the above discussion it follows that a necessary condition 

for f(x) to have a maximum or minimum 
value at a point is thatf'(x )=0 or is 
discontinuous at the point . That the 
condition is not sufficient can be easily 
seen from the graph opposite. At 
R the tangent is parallel to the 
x-axis and, therefore, /'(*) is zero ; 
at R v the tangent is parallel to the 
r axis and /'(*)-♦©© ; yet at neither 

oi tnese poinis, uic iuhuwu 14 as an extreme (minimum or iMximum 
value. Thus the vanishing of the derivative or the existence of an 
infinite discontinuity or any other discontinuity does not 

assure us about the existence of an extreme value. Wia* *oes 
assure us about the existence of an extreme value is the fact that 
the derivative must change sign in passing through su * 

This derivative itself may be zero or infimte at the point or may 

not exist at the point. 



7 2. The above discussion is based on geometrical considera¬ 
tions. VVe now give formal definitions followed by an analytical 
discussion. 


Def. A function f(x) is said to have a maximum value at x c 
if there exists a positive quantity £ such that 

Xc±h)<f{c) 

jor all positive values of h< t> and a minimum value if 

*Xc±h)>f(c) 

for all positive h< e . 

Maximum and minimum values are also called extremum, 
turning, or stationary values. It is to be observed that at an 
extremum, the differences 

f(c * h)—J (c) and f(c —h) -f{c) (1) 

are both of the same sign, negative at a maximum and positive at a 



147 


minimum. If the two differences (1) are of opposite signs, then 
f{x ) has neither a maximum nor a minimum at x=*c. 

Remark. It should be noted that the definition of an 
extremum value does not imply that maximum or minimum value of 
a function is its greatest or least value in its entire domain of 
definition. The maximum value is simply the greatest value in the 
immediate neighbourhood of the point of maximum. Similarly, 
the minimum value is the least in the immediate neighbourhood of 
the point of minimum. In fact, a minimum value may sometimes 
be greater than a maximum value For example, the 
graph of_>>=sec x in the interval —has a minimum at 
r=0 and a maximum at x—n. The minimum value 1 is greater 
than the maximum value — 1. 

7’2i. Theorem. If f\x ) exists in a^xc^b and f(x) has an 
extremum at x=c, where a<c<b, then/'(c)— 0. 

Let/(.v) have a maximum at x=c, then, by definition, there 
exists a positive number e such that 

f(c+h)-f(c)< 0 and f(c-h)-f(c)< 0 
for all positive values of h<e • Hence 

/M <0 and 0. 

h —n 

Since these inequalities arc true however small h be, we have, 
on proceeding to the limits as h-> 0 and remembering that 
/'(c) exists, 

/'(c) c'0 and also/'(c) ^0. 

Hence/'(c) =0. 

Similarly, if f(x) has a minimum at x=c, then/'(c) = 0. 

Cor. The only points where f(x) can have extreme values are those 
at which the derivative is zero or docs not exist. 

7 3 '1’hc following theorem gives a set of necessary and 

sufficient conditions for the existence of an, extreme value of a 
continuous function. 

Theorem. /(at) has an extremum at x=c if and only iff(x) changes 
sign as x passes through the value c, the value f(c) being a maximum or a 
minimum according as the change of sign is from plus to minus or from 
minus to plus. 

(i) Let f(x) change sign from plus to minus as x passes through 
the value c. 

Then since/'(*) is positive for x<c but near c, an interval 
(c—o, c) exists throughout which fix) is an increasing function. 

Again, since/'(*) is negative for x>c but near c, an interval 
(c, c + 5) exists throughout which/(*) is a decreasing function. 
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Thus /(c) is greater than every value of the function in the 
neighbourhood of c. Hence f(c) is a maximum. 

(ii) Let /'(*) change sign from minus to plus as x passes 
through the value c . 

Then since f'(x ) is negative for x<c but near c, an interval 
(c — 8, c ) exists throughout which f(x) is a decreasing function. 

Again, since /' (x) is positive for x>c but near c t an interval 
(c, c- f-8) exists throughout which f(x ) is an increasing function. 

Thus f(c ) is less than every value of the function in the 
neighbourhood of c. Hence f(c) is a minimum. 

(m) If f'(x ) does not change sign as x passes through c,f'(x) 
is positive or negative in every neighbourhood of the form (c—8, c+8). 
Hence f(x ) is either monotonically increasing or monotonically 
decreasing throughout this neighbourhood. Hence f'(x) cannot have 
an extremum at x =c. 

It should be observed that the proof does not depend upon 
the existence or continuity of /'(*) at x=r, and, therefore, the 
theorem can be applied even when/'(x) does not exist. 

Hence, in practice, to find the maximum and minimum values 
of a function /(*), we have to find all such values of x for which 
f’(x) =0 or is not defined and then test each of these values for a 
possible extremum. 

^fcx. 1. Find the maximum and minimum values of 

x*+\5x*+48x+ 7. 

Let/(x)=x*4- 15**-M8t-f 7, then 
/'(*) =3x* + 30x+ 48 =3(x+ 2)(x+ 8). 

/'(*)= 0 gives x = — 2 or —8. 

There are no points for which f'(x) docs not exist. 

(i) For x slightly < — 8,/'(*)=3( —) (—) = 4-ive, . 

and for * slightly > —8, f'(x) =3( — ) (4- ) = —ivc. 

Hence /'(x) changes sign from -f-ive to —ivc as x passes 
through the value —8. Hence x = —8 makes f(x) a maximum and 
the maximum value 

/(—8) = (—8)*4-15( —8) 2 4-48(—8)4-7 = 71. ' • 

(ii) For x slightly < — 2,/'(x) = 3( — )(4-) = — ivc, 

and for x slightly > — 2,f'(x) =3( 4-)(4-) = 4-ivc. 

• 

Hence f(x) changes sign from —ivc to 4-ive as x passes 
through the value x = —2. Hence x=—2 makes /(x) a minimum 
and the minimum value 

A -2) =< -2 y 4-15( —2) 2 4- 48( -2) 4- 7 = -37. 
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Ex. 2. 


Here 


Locate points of extreme values on the curve 

y =(*-!)’(*+2). 

^=(x-l) 2/s (x+ 2) ,/s , 


dx 


x-l + 2(x+2) 
3(x-l) 1/2 (x+2)«'* 


_ * + l 

(x — 1 ) 1/3 (x-f- 2) 2/# * 


Now 


& =0 when x== —1 and it tends to infinity when Jr = l 


dx 


>r —2. We have, therefore, to examine these three points for 
extreme values. 

(i) Consider the point x = - 1. 

For x slightly <-l, *+l<0, (x-l) ,/2 <0, (x+2) 2/3 >0, 

is positive. 

For x slightly >-l, *+l>0, (x-I) ,/3 <0, (x + 2) a/a >0, 

—is negative. 
dx 

Thus — changes sign from positive to negative. Hence 

* = -1 gives a maximum, and the maximum value =4 ,/s . 

(,*.*) Next consider the point x = l. 

For x slightly <1, is negative ; and 
for x slightly > 1, * positive. 

Consequently, changes sign from negative to positive. 

Hence x = l gives a minimum, and the minimum value=0. 

(Hi) Lastly, the point x = -2. 

It is easily seen that for x slightly <—2, ~ is positive and 


dy 


IS 



for x slightly > 2, ^ 

again positive. Since 
& docs not change sign, 

x L—2 does not give an 
extreme value. 

The graph is as shown 
in the diagram. 

7 4 Geometrical meaning of the sign of the second de- 
. . * * Points of Inflexion. Let y=f(x) be a twice differentiable 

rivaliv . j ct ^ b c t he angle that the tangent makes with the 
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x-axis. We measure 0 as the positive or negative acute angle made 
by the tangent, drawn in the sense of x increasing, with the positive 
direction of the x-axis. 

If /'(*) is positive, then f'(x)*=Vin 0 is increasing. But the 
derivative of tan 0, sec* 0, is always positive, and, therefore, 0 and 
tan 0 increase or decrease together. Hence when/'(x) is -five, 0 is 

increasing and, therefore, as x 
increases, the tangent to the curve 
rotates in the counterclockwise 
sense. It follows that at a point 
where/'(*)> 0 the curve lies above 
the tangent on either side of the 
point of contact and has its con¬ 
cavity towards the positive direction 
of the j-axis [Fig. (»)]• 

On the other hand, if f(x) is 

negative,/'(*) = tan 0 is decieasirg. 

Fig. (i) and therefore 0 is decreasing. 

Hence as x inci cases, the tangent to 
the curve rotates in the clockwise 
sense. Thus when /'(*) < 0, the 
curve lies below the tangent on 
either side of the point of contact 
and is convex towards the positive 
direction of the_y-axis [Fig (ri)]. 

Hence, the curve y=/(x) is 
concave or convex in the positive 
y-direction at a point according as f(x) 
is positive or negative at the point . 

If/”(x) is zero at a point x=c and changes sign as x passes 
through the value c, then the tangent to th<? curve changes its 
sense of rotation from clockwise to anticlockwise or vice versa as x 
passes through the value c. Therefore the curve lies above the 

tangent at x=c on one side of the 
point of contact and below it on 
the other side [Fig. (Hi)]. In other 
words, as the point x=c is crossed 
the curve changes frpm concave to 
convex or vice versa. - Such a point 
is called a point of inflexion on the 
curve. 

The tangent at a point of 
inflexion crosses the curve. It should 
be observed that there is no inflexion 
if f'(x) vanishes at x=c without 
changing sign as x passes through the 
value c. 
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7'41 It follows from the above discussion and a reference to 
the figure of Art. 71, that »//(*) be a twice differentiable function 
then f'(c) is negative if '/(*) has a maximum at x=c and f "(c) is positive if 
f(x) has a maximum at x —c. 

7 42. Alternative criteria for the extreme values. We 

now give two theorem* which enable us to discuss the existence of 
the extreme values of a twice differentiable function in terms of the 
sign of the second derivative. 

Theorem 1. A function f(x) has a maximum value at x=c 

,//'(,) = 0 andf "(c)<0. 

Since/'(c) =0, by Cor. to Th. of Art. 7 21, *=c is a value 
where fix ) can possibly be maximum or minimum. We have to 
r that /« IMS a maximum at *=c. Since/'(r)<0 it follows 
that f'(x) is a decreasing function of * at x=c. But/ (c)~ 0. Hence 
f'lx) changes sign from positive to negative as x passes through 
the value r. Hence, by the Th. of Art. 73,/(*) has a maximum at 

x—c. 

Theorem 2. A function f(x) has a minimum value at x=c 
iff'(c) =0 and f"(c)>0. 

This may be proved in a manner similar to the proof of 
^ Theorem 1. 

rv' 11 Ex. 1. Show that x*-5x*+ 5* 3 -l has a maximum when *=1 ,a 
minimum when x=3, and neither when x=0. (Panjab, 1954) 


Let /(*)=**- 5x* + 5x*-\, 

then /'(*) =5^ - 20x3 + 15 ** = 5x *( x ~ 1 X* ‘“ 3) * 

/'(*) =20a s — 60x 2 -f 30* = 1 0x(2x l ~0x -f 3). 

/'(x) = 0 gives x=0, 1, or 3. 

Hence the possible points of maxima and minima are amongst 
these three. 

(i) Atx = l,/'(l)=-»0<0. 

Hence f(x) has a maximum at x = l and the maximum value 
=f(l)=0. 

(««) At x=3,/'(3) =90>0. 

Hence f(x) has a minimum at x= 3 and the minimum value 
^(3) = -28. 

(iiV) At x=0, f"(x)=0 and, therefore, the test breaks down. 
However we can easily sec that /'(*) docs not change sign as x 
nasses through the value 0 and therefore/(x) has neither a maxi¬ 
mum nor a minimum for x=0. In fact, the curve y=f(x) has an 
Mcxxon at *=0 since /'(0)=0 and /'(*) changes sign as * passes 

through the value Q. 


152 


E,. 2. Examine the function ^ fo r maximum and minimum 


values. 


Let /(*) 


_ log * 

X 


, then 


1 


. — 1 + 2(1 —log *) . 

/«=—^ and / W=-F 

=0 rives 1 — 16b x =0 or log * = 1, so that x =e, 
and /•U) = -V whiuh is negative. Hence /(») has a masunum 

at x=e and the maximum value—/(*} */*• 

Ex. 8 . Examine the function sin *4 cos x for extrema values. 

Let f(x) =sin x+cos x, 
then /'(x)=cos x-sin x. 

/'(*) = —sin x-cos x. 

/'(*)bb 0 gives tan x = l whence x—nn+\w t where n is any 
integer or zero. We have 

/'(nx 4 \ n) = - [sin(nir+*tr)4cos(nir4 in)] 

= ( _iy>+i (sin ^ir4cos Jw) =(—1)* +, V 2, 
and f(nw+\n)= sin (nw+* 7 r)+cos (n»r+Jir)-(-I) V2* 

When n is zero or an even integer, then/'(*w4i") is negative 
and, therefore, x=nn+in makes /(x) a maximum with the maximum 

value +\/ 2 . 

When n is an odd integer, then /'(iwr+W is positive and 
therefore *= 0 * 4 *" makes /(x) a minimum with the mimimum 

value — V 2 . 

EXAMPLES XXV 

Examine the following functions for extreme values : 

1 . 2x*+3x* + 4. 2. 2*»-24**442x410. 

3**-25*» + 60x. ^4. 2x»-21x*+36x-2 oY 

y . ( Calcutta , 1936) 

(x-SHx+l)*.^ V«. (x— 2 ) # (x—3)®* 

(1 —x -f x®)/( 14 * —X 1 ).* 8 . x/(x*+a*)./' 

How do you explain the fact that though 
j« 2 x*—9x* + 12 x + l 'V" 

can be made as large as we please by taking x to be large enough, 
the function has a maximum value when x = l. 

Discuss the maximum and minimum values of: 

1 % P . - - — 


M'e/f 

\f 5. 


7. 

/ 9, 



Xi 1 . sin a x cos 4 x. 


•, 10 . sin x cos a x. sAll. sin a x cos*x. 12 . sin n x sin nx. ^ 
13. a sin* 8 +^ cos’0.^4. a* sec , 64 $ t cosec'O. 
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^ .15. Show that sin x(l +co, *) is a maximum ^ 




/ / 17. Find the maximum and the minimum values pfj \-x)^ 

y is. Prove that *'* has a maximum at x =e. 

J 19. Prove that the function 
' m 1 (x-x 1 ) 2 +m 2 (x-x 2 )*+...-i-m n (x x n ) 

is minimum when x is given by 

(mj + m 2 + • • • + m„)x =m l x 1 +m 2 x 2 +... +»»**„. 

20. Show that the successive maximum values of 
] y =ae~* x sin px 

' -form a series in geometrical progression and that these maxura he on 
the curve 

£ y=ae~ 1cx sin <* where k tan a— p. 

5' - 7 5 Application to problems. We now solve some problems 

,o illustrate SS application of .he preceding theory o .he solut.on 
of practical problems of maxima and m.mma. 

Ex 1. Prove that the rectangle of maximum area that can be ins¬ 
cribed in a circle is a square. ^ 

Let o be the radius of the circle and \ 

PQRS the rectangle inscribed in the c.rdc / ---_\n 

then PR is a diameter of the circle. Let / . 

/ RPO=0 and let A be the area of the 

Tectangle. Then l / 

PO =PR COS 0 =2a cos 0 pV-^- fn 

QR=PR sin 0=2 a sin 8, / 

an( j • PR =4fi 2 sin 0 cos 0=2 a 2 sin 29. 


of 0. 


We have to find the maxima and minima of A as a function 


^- s=4a* cos 20, 

dQ 


d' A 


-8 a' tin 20. 


dA 


0 gives cos 20 =0, and since 0 muit be an acute angle, 


d*A 

we have 0 =i”- This valuc of 0 makca ~d&~ negativc and ' thcrc " 
fore A maximum. Hence the maximum value of A =2a 2 sin 2.|*r 
=2a 2 . 

When 0 = K PQ=Q.R=2fl.l/v'2=fl>/2 and, therefore, the 
rectangle of maximum area inscribed in a circle is a square. 
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' Ex. 2. From a rectangular cardboard whose dimensions are 
24'xl5 ', an open rectangular box is to be made by cutting ou tequal 
squares from the corners and folding up the sides. Find the volume of the 
largest box that can be so made. 

Let squares of side *' be cut from the 
comers and let the folding up take place along 
the inner lines. The sides of the box thus 
formed are *', (15—2*)' and (24—2*)' respec¬ 
tively. If V be the volume, then 

V=x( 15 —2x)(24 —2*)=4** - 78** -f 360*. 

dV d*F 

j- ■= 12(* — 3)(* — 10), =24* —156. 

^ =0 gives *=3' or *=10'. The value 
* = 1U' is evidently inadmissible. When x=3 # . 



X 


x~ 

IS-2X 

24-tX 

3C| 





d*V 

f~%~ i* negative and therefore V is a maximum for *=3". The 

max. value of r=3(15-6)(24— 6 ) =486 cu. in. 

Ex 3. Prove that the minimum intercept made by the axes on the 
tangent to the ellipse 

( Sagar, 1960) 




Let P(a cos 0, b sin 0) be any point on the ellipse. The tan¬ 
gent at P is 

— cos 0 +^ 7 - sin 0 = 1 . 
a b 

Intercepts made by the tangent on the axes are a sec 0 ; 
b cosec 0 . 

the length of the portion of the tangent intercepted between 
the axes is 

L=y/(a * sec* 0 -f -^ 2 cosec* 0 ). 

L is maximum or minimum according as 

/( 0 ) =a* sec* 0 -j-b* cosec* 6 
is maximum or minimum. 

Nowf'(O) =2 a* sec* 0 tan 0 —2 b l cosec* 0 cot 0, ^ 

and/'(®) = 0 at an extremum. Hence for an extremum ^ 

sec* 0 tan 0 __b* ^ i vW 

cosec* 0 cot 0 a* L ' ^ 


/ 




v>7^ v 


or 


tan 4 0 =—r-, i.e ., tan* 0 —— 
a a 


Also 


/'(0)=2fl*(sec 4 0-f 2 sec*0 tan 2 0)-{-26*(cosec 4 0 4*2 cosec*0 cot*0), 
which is essentially positive, 



value 
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/(6) is a minimum when tan*6 =b/a and the minimum 

=„.( 1+ ±-) + *«( 1 + f )=a'+2ab+b'=(a+by. 

the minimum value of L=a-\-b. 

Ex 4 open cylindrical can of given capacity is to be made 

<he height of the can ? . 

We are required to find when the surface area wdl be mini¬ 
mum when the volume ii fixed. 

Let r be the radiu. of the base and h the altitude of the can. 

Then, the surface area ...(0 

W V Of *••(^0 

Also, volume y=vr n 

where V is constant. , 

c is a function of r and h where r and h are connected 

by (ii” From (ii), h =V,(*r*). Substituting in (■) for A, we get 

. -(»*> 

Thus we have expressed 5 as a function of a single variable r. 
Differentiating (in) w.r.t. r, 

dS 


xr- ^ 
dr 


At an extremum, — =0, 


• « 


^ =2wd- which is positive. 


rrrt-V^O, or r=(F/tr) 1/# . 

Again, </ r » r 

5 is minimum for r=(F/7r) ,/8 . 

K rv_ \ lls 

~ niVln)*'* U/ 


r. 


and then 

Consequently, the required proportions are that the base 
radius should equal the altitude. 

EXAMPLES XXVI 

1. Divide 24 into two parts such that 

(i) the product of the two parts is maximum ; 

(,j) the product of one by the square of the other is a 

maximum. . 

(in) the product of one by the cube of the other is a 

maximum. 









2. Prove that a rectangular field of given area and least peri¬ 
meter is a square. 

8. A rectangular area of 20 acres is to be fenced on three 
sides, the fourth facing a river. Find the dimensions so that the 
cast of fencing is least. 

4. If the hypotenuse of a right-angled triangle is given, prove 
that the area is a maximum if the triangle is isosceles. 

5* Find the isosceles triangle of maximum area whose peri¬ 
meter is given to be one foot. e 

\ 

6. A cylindrical box, open at the top, has a bottom which is 
five times as expensive per unit area as the cylindrical side. If the 
volume of the box is given, prove that for the cost of construction 
to be least, the height is five times the radius of the base. 

wl. Show that the semi-vertical angle of the cone of maximum 
volume and given slant height is tan" 1 y/2. ( Agra , 1961 ) 

\-An open rectangular tank, with a square base and vertical 
sides, is to be constructed of sheet metal to hold a given quantity of 
water. Show that the cost of the material will be the least when 
the depth is half the width. ( Aligarh , 1950) 

9. Show that tl e right circular cylinder of given surface and 

maximum volume is such that its height is equal to the diameter of 
,tsbase - {Panjab, 1960) 

10. Show that the semi-vertical angle of the right cone of 
given total surface and maximum volume is sin -1 |. {Panjab, 1956) 

11. Show that the height of the cylinder of maximum volume 
that can be inscribed in a sphere of radius a is 2a.\/3. 

{Annamalai, 1949) 

^2. Prove that the cone of maximum volume which can be 
inscribed in a sphere of radius r has an altitude 4r/3. 

13 F'nd the volume of the greatest cylinder which can be 
inscribed in a cone of height h and semi-vertical angle a. 

' / {Delhi, 1955 ; Panjab , 1951) 


14. At a variable point P of the ellipse —* -f 


V 

b f 


u- 0 . a nor¬ 
mal is drawn to the ellipse Find the maximum distance of the 
normal from the centre of the ellipse. {Panjab 7948) 

15. A ladder is to be earned in a horizontal position round 
a corner formed of two streets aft. and b ft. wide meeting at right 
angles. Prove that the length of the longest ladder that will 
round the corner without jamming is (a z/3 —b* /s yi* ft, ^ 
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MISCELLANEOUS EXAMPLES II 

1. Examine the differentiability of the function 

f(x)—x m sin (1/*) when x^O, m>0 , 

= 0 when x=0, 

at the point x =0. Determine m when f'(x) is continuous at the 
origin. (Delhi Hons., 1952) 

2. If/(x) = 0 has two equal roots a each, show that /'(*)= 0 
has one root equal to a. 

3. Show -’that (sin x)/x continuously decreases and (tan x)/x 
continuously increases in the interval (0, Jn). Deduce that 

— < i f or 0<x<lw. 

7 T X * 


4. Prove that log {x-f \/( 1 +* 2 )} is greater than tan" 1 * for all 
positive values of x. 

5. A man is walking at a uniform speed v towaids the foot 
of a tower of height h ; show that when he is at a distance x from 
the foot of the tower, the rate of increase of the perpendicular ele¬ 
vation of the top of the tower is vh/(x 2 -\-h 2 ). 


6 . A stone thrown into still water causes a series of concent¬ 
ric ripples. If the radius of the outer ripple is increasing at the 
rate of 5 ft. per second, how fast is the area of the disturbed water 
increasing when the outer ripple has a radius of 12 ft. ? 

6 ( Panjab , 1946) 

7. Find the maximum and minimum values of 

a sec x-\-b cosec x, 0 <a<b. ( Panjab , 1959) 


8 . A lane runs at a right angle out of a road 18 ft. wide. 
How many feet wide is the lane if it is just possible to carry a pole 
45 ft. long from the road into lane, keeping it horizontal ? 

( M.T.l ., 1934) 


9 Show that (a—a -1 —x)(4—3x 2 ) has just one maximum and 
just one minimum, and the difference between them is 

t(a +«-!)». 

What is the least value of this difference for different values 
of « ? (M.T.l., 1933) 

10. If/(*)=sin x-fi sin 2x-f§ sin 3x, divide the interval 

(0 tt) into sub-intervals in each of which f(x) is increasing or de¬ 
creasing indicating the sense of variation in each sub interval. ’ Prove 
that f(x)>0 for 0<x<rr, and find where /(x) attains its greatest 
value in the interval (0, n). (M.T.l., 1944) 

11. Prove that the minimum radius vector of the curve 
(a*lx 2 )-\ (b 2 lj>*)=\ is of length (a -\-b). (Delhi, 1957 ; Panjab, 1949) 



Chapter viii 

MEAN VALUE THEOREM 

^8;1. Rollers Theorem. If a function /(*) i s continuous in the 
closed interval possesses a derivative in the open interval 

an df(&)—f(b)= 0 f then there is at least one value x=c between 
a and b such that f\c ) =0. 

Wc shall prove this theorem rigorously in Part III of this book. 
Here we shall only illustrate the theorem graphically. 

• .1 Ifth e&r a pkoO~/(*)be drawn between * =a and x=b , then 

by the conditions of Rolle s theorem it is a continuous curve cutting 
the x-axis at x—a and x==b and having a unique tangent at all 
intermediary points. The theorem asserts 3iat there is at least one 

peat on the curve between the points and *=A at which the 

tangent to the curve is parallel to the x-axis. This is illustrated in the 
figures given below. 



when V!)-m£o "T” “S hc “*> «o <he case 

%;Lr ~ — •-<«»<& 24sr 

Since most curves that we meet with in nractirr ar( . 

and do possess a unique tangent at each point therefore the Roi° e “! 

theorem may be stated s.mplyas : ‘Beeween any two equa ordinates 
of a curve, there is. in general at i- ac f - V 1 * 3 ° rain ates 

where the tangent is parallel to the *-axis\ P ° ,nt ° n thc curvc 

i , A, S ebraic . interpretation of Rolle’. Theorem 

Let f(x) be a polynomial in * and let *=* and x=b be iu« f 

the equation/(*)= 0 . Then Rollc’s Theorem asserts that at l c 2 0 ni 

root of thc equation /(a) =0 lies between a and b. Rolle ^ta2d 

his theorem only for the case of a polynomial. * C stated 

3 i 3. Cases of breakdown of Rnlla'o tl _ 

Theorem breaks down when either (i)f(a)^f(b) or2'Jw7jrV° ^ 
continuous in the closed interval [a, /»] that is fM’ ;« ,s not 

cither at or a, *=A or at sotitc (h 
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• 

derivatives^*) does not exist at some point lying betweeft x and 

x^b. These possibilities arc illustrated graphically in the attached 
figure*. 


01 *.a 


C 0 x 

i-: x-£ 


C] A C 0 * 

* i.a x-c x-(. 


Fig. I Fig. 2. Fig. 3. / 

In Fig. 1 and the tangent to the cur vc/AB is no¬ 
where parallel to the x-axis. / 

In Fig. 2, the function /(xr) is discontinuous at x=c where 
a<c<b, while f(o)—f'b) = 0. The graph is, yrfierefore, disconti¬ 
nuous at x =c, there being a jump from fir to Q. There is no 
point on the curve where the tangent is /parallel to the *-axis. 
Since/(*j) is discontinuous at x=c, the deriy&tive at x = c does not 
exist. y / 

In Fifey.3, f[a)—f(b)=0 and f(/) is continuous in tlie closed 
interval (a, 6 )\but f(x) has no unique derivative at x~c t where 
a<c<b. At thevDoint P of the gram where x=c, the two portions 
AP and PB havh different slopes and hence there is no unique 
tangent at P. OncXagain, thept is no point on the curve where the 
tangent is parallel to tHe x-axi$. 

Note. If/(x) is cotyfnuous in [a, b] and is derivable in (a, b), 
it is said to satisfy R^lleVctmdition in [a, A], f ^ 

Ex. Verify Rol/e's theoYvn for the function /(*) =** — 6* + 8 in 
the int/rval [2, 4J. / \ 

Here (t) /(2)4o=/(4), \ 

‘ (”) /(A being the sum df three continuous functions, is 
/continuous in [2, 4], anu\ 

(iij/)f'(x) exists in (2, 4). 'v 

Hc^ce the conditions of the thcoreha arc satisfied and there¬ 
fore thofe must be at least outpoint inside \hc interval T 2 11 at 

which#' (*) v = 0 . \ ’ 

Now f'{x)=2x—JSC Puttine^(^=0 we get^^ 

s' 2x — 6=^^or x=3. N. 

This is/tf point inside the interval (2, 4) and, thht^fore, the 
theorem isverified. / 


8 2 Mean V.Joc- Theorem. If f(x) is continuous in the 

closed intercut a^x^b and possesses s derivative in the open interval 
a<x<.b, then there exists a value x=c such that 

1 v f(P)—f(a)—(b — a)f\c) where a<c<d. 

J- ' 
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Let f(b)-f(a)=(b-a)M or f(b)=f(a)+(b-a)M. (1) 

We shall show that there exists a value where a<c<b 
such that M=f'(c)» 

Consider the function 

C (*) F(x), being thc sum of tw< ? functiona continuous in 

a^x^b, is itself continuous in a^x^b, 

lii ) since /'(*) exists in a<x<b and (b-x)M has a deriva¬ 
tive for every x, therefore F'(x) exists in a<x<b, 

(iii) from (2), . 

F(b)=f(b) and F(a)=f(a)+(b-a)M=f(b) using (1), 

therefore F(b) =F(a). 

Hence F(*) satisfies all the conditions of Rolle’s theorem u* 
[a, 4] Hcncc there exists a value *=c where a<c<b such that 
F'(c ) =0. But, from (2), 

F\x) =f'(x) —M. 

Hence, putting x=c, we have 

0=F'(c)=f'(c)-M or 

Substituting for M in (I), we get 

f(b)-f(a)=(b-a)f(c) 

This proves the theorem. 

Thl abov^lheorcm is due .to Lagran^e^ There 
form of/ the theb^em due to tJauchy. 

Part II/. 

ince b-a is definite increment ih the vaW of * in changin 
from fx=a' to x=T^lf(b)-f{a) n^ashres thcyfcorrespondmg finit^ 
increment in the ^lue ofNx). the formula U) /W also be called 

the tfcorem of v , . , 

Alternative form i>f tWMean Vain* Theorem. 

If in (l/wc write b-JS*h or b=aA-h, then since a<c< b, 

\a+h)=f(a)fhf'(a+$to, whe/e 0<0< 1, (3) 

form whi/h is very oftoh used. 

8 21 / Geometilcal significance of the Mean Value 

r«*~"tin E L fo rJr Th 

arc r {t P Zji -d Draw ^ Ad J<Ks <» and Q.X±BR. 

If 0 be Abe anglo^vhich QJl makes y 

s Krnr> NR ML^ a) 

6 »= tan /LNQJi^QW^ - 


M=f(c). 
where a<c<b» 


also another 
insider this in 
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By formula (1) above this is equal to/'(c), the slope of the 

tangent to the curve at x=c. 

Hence the mean value 
theorem asserts that there 
is some point P on the 
arc Qfi of the curve y=f(x) 
the tangent at which is paral¬ 
lel to the chord QR. „ , . rr 

8 22 Deductions from the Mean Value Theorem l '. & 
/(*) be a function such that /'(*) =0 for all x in [a, 6], then f{x) reduces 

to <i constant in [a, 6]. . . . 

For, if *, and x, are any two values of * in the interval 

(a 4), then by the Mean Value Theorem 

,ince/'W=0 for all * in ft £ X? 

~ rP anv two values of x in [a, b J, n louowa umi jv / 

value for each * in [a, 4] and, therefo.e, is a constant in [a, »]. 

This result has a corollary which is of fundamental importance 

in the theory of indefinite integrals. 

Cor. // two /««/.»« /(*) o-rf K*) *7 '** Jame 
/or mcA * in [a, 4], then thy differ by a constant in [a, 4], 

For the derivative ol the function/(*)-f(*) » zero for each 
x in fa, 4] and, therefore, /(*)-♦(*) "duces to a constant m [a. 4]. 
M other words,/(x) and «*) differ by a consunt in [a, 4], 

H. If the derivative /'(*) is positive or zero in [a, 4], without 

however 'being always zero, then f(b)>f(a). 

Let x be any value between a and 4 ; then applying the Mean 
Value Theorem to the function/(x) for the two intervals [a, x] and 

[*> A] , we get /(x) _ /(a)=(x _ a)/ , (o>0i 

f(b)-f(*) =(b -*)f'{<:%) >0, 

where c,, c. are suitable values lying between a and *, and * and b, 
respectively. From these it follows that 

/(&)>/(*)>/(*)» i.e. y f(b)^f(a). 

But f(b)^f(a), for, if it were so, then would f(x)=f(b), where 

xb arbitrary, and the function would reduce to a constant, which 

is contrary to the hypothesb that/ (*) is not always zero in [a, *]. 
Hence f(b)>f(a). 
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Similarly, if f'(x) is negative or zero in [a, b], without however 
being always zero , then f\j>)>f(a ) 

In the first case we say that f{x) is increasing in the interval 
[a, b ] and in the second case decreasing in the interval [a ; A]. 

^ Ex. 1. Find the V of the Mean Value theorem when 

/(*)=*(* —!)(*— 2 ), a=0, b=i. 

(Delhi Hons., 1951) 

Hercf(x)=x a —3x t +2x,f’(x)=3x t —6x+2 and so the formula 
(I) § 8 2 gives __ 

Ki-l)tt-2)-0=i(3c*-6c+2), , j£U 

or 12c*—24r-f-5=0, whence c = liiV(21) 6 

Taking the minus sign, we gel a value ofc which lies between 
0 and i and is, therefore, the required value. 

♦Ex. 2. A twice differentiable function f(x) is such that 
f( a )—f(b)—0, and /(c) >0, where a<c<b. Prove that there is at least 
one value £ between a and b for which f m (£)<0. ( Kashmir , 1960) 

Since /'(*) exists in the interval [a, &],/'(*) and/(x) are both 
continuous in the interval [a, 6]. 

Applying the Mean Value theorem to /(*) for the intervals 
[«, c] and [c, b J respectively, there exist numbers and £g such 
chat 

with ,.<«,<*. 

“d /'({.)=—!—— with £<£,<4. 

o —a 

Since/(a) and/(6) are given to be zero, we get 


Again, applying the Mean Value theorem to f\x) in the inter¬ 
val [&, £.], we get 

/'«) = where {,<{<{,. 

Cs Cl 

Substituting for /'(£j) and/'(£*) from above, we get 

But/(c), £ M —£ lt b—c , c—a are all positive. Hence f M (£) is 
negative. 

EXAMPLES XXVII 

{/{. State and prove Rolle’s theorem. Deduce by considering 


ft*) V -)- /(*)- 


x—a 
c—a 


iAO-fia)} 


that /(c) — /(a) =(c — ^)/'(c) where a<£<c. 


(ParfaJ,, 1937) 


vAi Establish, under conditions to be stated, that 

/(*) =f(a )+(x -<«)/'{«+0 (x -«)} 

where 0 is a positive proper fraction. ( Panjab , 1930) 

Discuss the applicability of Rolle’s theorem to the function 
/(x)=2+(x—l ) t/3 in the interval [0, 2]. Illustrate your answer by a 
rough sketch. (Panjab Hons. 1926 \ Bombay, 1936) 

Verify Rolle’s theorem for the following functions : 

(i) /(x)= 8 x-x* in [ 0 , 8 ]. 00 /(*) =sin x in [ 0 , 2 »]. 

/t Hi) f(x) =x® —4x in [—2, 2]. »/(x)=*(x+in [-3, 0]. 

>^6. Verify the Mean Value .theorem for the following functions 

in the specified intervals : 


<«) /(x)=x»-3x+2 in [-2, Sty 

00 /(*) “log * 2]. 

f («*) f(x) =cosh x in [ — 1, 3]. 

. /T 6 . In the theorem/(6 ) — /(<j)=(6 — a)f\c), if 
* I - /(x) =x 5 -3x-l, <3 = 1, £ =3, find r. 


[c = y/(7/3). 

[c=ro8. 

[r = l-5. 


7. Find a point on the curve_y=x 3 at which the tangent is 
parallel to the chord joining the points ( 1 , 1 ), ( 2 , 8 ) and thus verify 
the Mean Value theorem for the function/(x) =x 3 . 

• 8 . Prove that log (x + 1)—log x = l/c, where 0<x<c<xf 1. 


Deduce that^-[x{log(x-f-1)—log x}] is positive, and hence that 

(1 4 - 1 /x)* is an increasing function of x for x> 0 . 

*9. Proceeding as in the preceding question, prove that 


-Jr [(* + l){log (x+ 1 )—log x}] is negative. 

Deduce that (1 + I/x )* 4 - 1 is decreasing for x>0 and hence that 
(1 is decreasing for x> 1 . 

*10. With the help of questions 8 and 9, prove that 

(l + l/x)*<(l-l/x)-* forx>l. 

and that 2<(l + l/x)*<4 forx>'. \ 



CHAPTER IX 


TAYLOR’S THEOREM 


9*1. The Taylor’s theorem is a generalisation of the Mean 
Value theorem and its object is to expand f(a-\-h ) in ascending 
powers of h and the values of the derivatives of f(x) x=a in the form 

/(<>+« =/(<-) +hf(a) + -£ /'(-) +.+ ~y l /"-"(«• 1+R. 

The last term R n on the R.H.S. is called the remainder 
after n terms. The value of R n can be obtained in several differ¬ 
ent forms, the most common being that due to Lagrange. 

911. Taylor’s theorem with Lagrange’s form of the 
remainder. If f(x) and all its derivatives up to the {n — l)lh order 
are continuous in the closed interval a^.x^.b andf {n) (x) exists in the open 
interval a<x<b, then 

m =/(*)+(* -«)n«)+ {b ^ % /\a)+ . 


tb -a)*- 1 
+ ( n - 1)! 7 


X) W -f 


(b -aT 
n ! 


/"•'( c). 



where a<c<b. 

If we write b =a+h, i.e. b — a=h, then c=a+0A, where 0 is 
a positive proper fraction, i.e., O<0<1, and (1) takes the form 

f{a +h) =/(.*)+hf ’(a) +~ ri f’(a) + . 


+ lSy-, /"-“(a)+ /’/«"' 0+<M). ... (2) 

where O<0 < 1. 

We prove the theorem in the form (1) by using a method 
similar to that used to prove the Mean Value theorem in the last 
chapter. It may be observed that the Mean Value theorem is • 

simply the Taylor’s theorem with n=l, i.e., with the remainder after 
one term. 

Let 

I0>) =/(«)+(A-<0 + . 


(b~ a y- 1 
(«- 1 ) ! 


+ (i y M, 

*• . 


We shall show that M =f <H> (c), where c<rb. 
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Consider the function 

K.W (*)+(» -*)/'(*)+-^27^/'W + ~ 


+ < kS' / "‘“ 1 * ,+ 

obtained by replacing a by * on the R.H S. of (3). Then : 

f 0 FM being the sum of a finite number of continuous func¬ 
tions, is itselfcontinuous in the closed interval a<*< 6 . 

(ii) Each term on the R.H.S. of (4) possesses a derivative, 

for the highest order derivative of/M obtained by the dilTetentia- 
if WHS of 141 is f M (*) and this exists by hypothesis. 

Hence F(*)* being'die *311111 ofa finite number of derivable terms, is 

itself derivable in a<x<b. 


o b -*y 


M, 


... ( 4 ) 


(m) From (4), F (b)—f{b) and 

F (*)=/(«)+(* /'(*) +. 


+ 


( b-a) 
n ! 


M 


=f(b) using (3). 

Hence F(a)=F (b). 

Thus F(x) satisfies all the conditions of Rolle s theorem and 
therefore a value *=e, where a<c<4, exists such that F (r)_ 0 . 
But by actual differentiation of (4), 


F , w= (i ( E ) iyi </, ”’ w_M} 


Putting x=c, wc gel 
0 =F'(r)= 

Since 6 -r^O, /. /'"'(c)-M=0 or M =/*•’(<). 

Substituting tliis value of M in (3) we obtain equation (1). 
This proves the theorem. 

The last term 

ftrtf /<«>(,) in (I) or -./'"'(adO/;) in ( 2 ) 

n 1 n • 

u the Lagrange’s form of the remainder after n terms. 

If we change b into x in (1), we get 

/«=/M+(* -<■)/ w+. 


-* >,-■ 71 / , n ' >, w + ( *„- f " ( 5 ) 

where a<c<b. This gives the expansion of f{x) in ascending powers 
of (*— a) and the values of / (x) and its derivatives at x=a. 
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912. Deduction of Taylor*® theorem from the Mean 
Value theorem. If *(x) be continuous in the closed interval 
[a, a-f A] and <p'(x ) exist in the open intetval (a, a-\-h ), then by the 
Mean Value theorem 


<r(a+h) —y(a)-\-hf' (a-J-0A), 

Let f{x)=f(x)+{a-rh—x)f(x)+ ^ a + h 2 


o<e<i, 
/'(*)+. 


+ !£ feS 1 >-"W. 


then 

and 


f(a+*)=/(*+A). 


A* 


*00 =/00 =¥'(*) +fw + 




Also <p\x) 


( n 1) l 

— /"(*)» othcr terms cancelling. 

= h ^[[ l S l Vr / <n) ( a + e *)» 


Hence f(a+h) = f[a)+hf '(.a-fOA) becomes 

/( a +A)=/( a )+A/>) + £,/' (<0 +. 


+(Sh/ ^ + T-oT /M(a +9A)> 


which is the Taylor’s theorem with Cauchy’s form of the remainder 
after n terms. 

This proof is due to Vidya Chandra. 


0 2. Infinite Series. Let u lf w a , u 9 , . be any infinite 

sequence, then 

Mj-f-t/j-f t/ 8 -f-... -f u n -f-. 

is an infinite series, u n being its nth term. The symbol 27 u n , or 

i—l 

simply St/„, is used to denote the infinite series. 

If we write 

s 1 =u I , Sg =u i-+***.••♦» j B =Uj+tff... -fw n , and so on, then we ob¬ 
tain a new sequence (* n ), which is called the sequence of nth 
partial sums of the given series. We have the following 

Definition. The series is said to converge, diverge or 
oscillate according as the sequence (s„) of its nth partial sums converges , 
diverges, or oscillates as n tends to infinity. 

We are concerned only with convergent infinite series. If 
be convergent, then, by definition, the sequence (j,J of its nth partial 
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sums converges to a definite limit, say s. This number s is called the 
sum of the series, and we write 

j=w 1 + w a +.+ “» +. 

It should be noticed that this is not a sum In the ordinary 
sense of the word. The number of terms in the senes being infinite, 
we cannot actually add them up as the process of addition wou 
never come to an end. What is true is that if we take a larger an 
larger number of terms of the series, their sum approaches closer an 

closer to the value s. ^ 

If we write 


w fj+l"h w n+a "4" 


CO 


u 


T9 


....=> 2 

r=n +1 

then R„ is called the remainder after n terms of the infinite series, 
and wc have 

2Wfi ~*n 

If converges to the sum s f then we can write 

S == S n n* | 

When n->oo, s n ->s, therefore it follows that /?n-*0. Conversely, 
if R n -+0, then s n -s-» 0 or, in other words, s n -+s and, therefore, th 

series converges to the sum j. 

Hence the series converges if, and only if, as 

It follows from the above that if for any quantity s, "C have 

an expansion of the form 

S =u x + U t +...... +«« + ^ns 

where R. is the remainder after n terms, then the 

right may be continued to infinity provided R n ->0. We then g 

j=u 1 +« 1 +.+ “» +.. 

an infinite series expansion of s, such that s is the sum of the infinite 
series on the right in the sense defined above. 

9 - 8 . Taylor’s Infinite Series. When f (x) is derivable 
indefinitely, wc can take n as large as we please. U, in addition, R n 
tends to zero as n tends to infinity, then by the preceding article we 
can prolong the series in the Taylor’s theorem indefinitely ; the last 
term R n vanishing in the limit, we get the expansion off{a+h) as 
an infinite series in ascending powers of h, namely, 

^ _ a 


/(«+*)“/W+V , («)+"2i^W+ ■ h * 


+ n ! / C "^ a)+ - (6) 


This is called Taylor’s scries. 


. 1. Prove that 


A* 


2**-l 


/ =&cc_ljc _ljiTT“ 27 


+ 


( Panjab , 1943) 
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Here /(x-fA^sec-^x+A), /(x)*=sec“ l x, and ao 

1 r m e \ —(2**—1) 

/ . 

Hence by Taylor’s theorem, 

h A* 2x*—1 

sec-^x +A) =sec~ 1 x j )1/a Yf *(**-1)*'* 

Ex. 2. Expand sin x in ascending powers of (x — Jw). 
Let f (x) =sin x, then 

/'(x)=cos x, /"(*) = —■ in x, /"(*) = —cos x, .. 

'(t)”v5 , ^*( 4 _ ) = ~V2’ 

By Taylor’s theorem [(5) of Art. 9*11], 




f (x)=f(a)+(x—a) /'( a )+^— 2 ~|- /'C fl )+. 

Taking /(x) =sin x and a =\tt, we get 

> in x=^- 2 +(x-4) ^2 + 2T ( * _ 4") i~Vi) 

+3r( x ~i w )’(“V2) + . 


1 


V 2 + ^( *-T’0 _ 2V2( X ~^ W ) 


1 


-4 •) + 


6y/2 

EXAMPLES XXVIII 

Assuming the possibility of expansion, prove the following : 

1. =<*£ 1+Hyj+f j +.] {Panjab I, 1956 ) 

2. tan -I (x-f- h) =tan“ x x-f- ~ { + . 

h x A* 

J 3. sin“ 1 (x+A)=sin- 1 x+^^^ r ) + (T^i i 7 ?i# TT 

l+2x* A* 


+ 


+ 


(1 -x*) 6 '* 3 1 

4. log sin (x+/i)=log. sin x+h cot x-*A* cosec* x 

-+ ^A* cotx cosec* x -f- 
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6. « o(r+A) sin m(x-f A)—[sin mx+hr sin (mx+t) 

~\h}r % sin ( mx+2<f>) + .] 

where r*=< 3 * —f- m* and a tan <f> —m, 

6. Expand (i) x* in powers of(x — 1), 

L Xii) x n in powers of (x — a), * 

(iii) log sin x in powers of (x—-a).* 

(ix) sin x in powers of (x-$ir). (Nagpur, 19 tl) 

9*4. Maclaurin’s Theorem and Maclaurin s Series. If 

in (2) of Art. 9* 11 we take a= 0, h=x, we obtain 

/(*)=/( 0 )+*/'( 0 > + f^/'<°)+. 


+ *^L f 

+ (^ r >T '■ 


,n -"(0 )+- £ r / l " W . 


(i) 


where 0<6< 1 This is Maclaurin’s formula with Lagrange’s 
form of the remainder after n terms. The expansion (1) is 
subject to the condition that f(x) and all its derivatives upto the 
(n-l)th order are continuous in the closed interval [ 0 , x] and 

y <n, (x) exists in the open interval ( 0 , x). 

When/(x) has derivatives of all orders and the remainder 

after n terms, -^"/'"'( 8 *), tends to zero as then the serifs 

(1) can be continued to infinity, and we obtain Maclanrin’a series 

/w= /(0)+*/'(0)+-Ti /"W+.+ -f]W 

In the following we shall denote/ 1 "- 11 !*) and /<»> (at) simply 
by/"-’(*) and/" (*).. 

9 6. Expansions of elementary functions. 

I e* Let/(x)=e*. then /"(x)=e*. /"(0)=<°=1, and there¬ 
fore Maclaurin’s theorem with Lagrange’s form of the remainder 

gives 


** = !+* + 


2 1 


+ 


! 


+ 


x "- 1 _, x^ Gx 

+ (n-I) 1 n ! 


( 1 ) 


Since e is finite for all finite values of x, and x"/ n !-+0 as 

0 jc 

oo for every x, therefore the remainder R„=(x n / n !) e _->0 as 
n-*oo. Hence the finite series (1) can be continued to infinity and 
we get the Maclaurin’s infinite series expansion of e* as 


e* = l+* + -2-j + 


3 l 


+ 


+ 


n ! 


+ 


( 2 ) 


v^lid for all x. 
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Cor. Chan ging x into x log a in (2), we get 

Iog a+ i*jog^ + + i 1 jog f y L + (2) 

^ I II J 

alid for all x. 

II. sin x, If f(x) =sin x, then =sin (x+|nir), and so 

/■"(0)=sin \mf=0, 1,0, or —1 according as n is of the type 4m, 
4m-j-1, 4m+2, or 4m -|-3 respectively. Thus /(0) = 0, /'(O) — ^ 
/ # (0)=0,/ /# (0) = — 1, etc. If we take n=2m-f I, then 

S tn+l (0*)=sin {0*+*(2m-HM»K-l) m cos 0*, 

and Maclaurin’s formula with Lagrange*s form of the remainder after 
n terms gives 


sin x—x 


3 1 


r + 


5 ! 


-.-f 


( — l) m I**m-1 


(2m — 1) ! 


+ C <2m + l) + ! C ° S 


As for e", the remainder tends to zero as n->oo and .“. m-*<» f<> r 
every finite x. Hence the expansion of sin x as an infinite series 
in ascending powers of x is 


3 


sin x =x — 


+ 


( —l) m 

+ (2m+ 1) ! + 


3 * 5 ! 

valid for all x. 

III. cos x. Proceeding as for sin x, we get 


(4) 


COS X = 1 — 


2 ! 


+ 


4 ! 


(-l)m x lm 

I /O % ■ 


( 5 ) 


(2 m) 1 

valid for all x. ^ 

IV. log (1 -f x). Taking/(x) «=log (1 -h*), we get 

/»(,) =( -1, so that /"(0) =( -1 )-> (» -1) J. 

PuUing n = l, 2, 3. etc., we get/'(0)=.!,/'(0) = -l,/''(0) = 2 !, 
etc. Also/( 0 ) —log 1 =0. Hence Maclaurin’s formula gives 

_.+ ( ~ t J > |~‘ 1 x *~ 1 +R.. 

It is shown in higher books that R*->0 as n->« provided 
I <*< 1. Hence we get the infinite scries 


log (1+,)=,- * +* _. + 

valid for —1 <x ^1. If we put x = I in (6j, we get 

log 2 = 1 —i + i—i-f-. 


( 6 ) 


< 7 ) 
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V. ( 1 -fx)”*. Taking/(*)=(l+*) m , we get 

f n (x)=m[m — 1). (m— n-f-1)(*" 

so that /"(0)=ro(m-l).(m-n+1). 

Hence /( 0 ) = 1 ,/ (0)=m,/^0)=m(m-l), etc. and Maclaurin’s 


formula gives 

m(m —1) 

(1+x) m = l-fmx-f- 2! * + 


+ 


m(m — + 1) 


n ! 


x"-f-R„. 


We shall assume that the remainder R n -*0 as n -»oo provided 
I x | <- i Hence we may continue the senes indefinitely provided 
1*1 - { and we thus get the Binomial Theorem for any 


index, 

m(m — I) m(m-l)...(m-r+I) 

(l-f-x) m = l + mx+ —2l-* 2 +.+ r! 


4- 


(Q\ 


valid for —1 <x< 1. 

In case m is a positive integer, then f"(x)=a constant, / m+, (*) 
and all subsequent derivatives vanish. Hence the <; x P a nsion (8) 
stops with the (m-f l)th term. We then get the inomia 
for a positive integral index m in the loim 

m(m — 1) „ . . m(m-l)...(m-r+l) 

(i+*r=i+i/i*+— 2 —■**+.+- h * +••• 




/n\ 


The series on the r.h.s. of (9) being a finite series, the equation 
(9) is valid for all x. 

It will be observed from the above examples that in each 
case we first obtain the Maclaurin’s finite scries for the given 
function /(x). Next, we try to find out the values of x for which 
the remainder after n terms, viz., R*. tends to zero. For these values 
of x, the finite series can be continued to infinity. The discussion 
of the behaviour of R n as n »oo is a matter of some difficulty except 
for the simplest functions. In the following examples, we assume 
the possibility of expansion in the form of an infinite series, i.e., we 
assume that R*->0. 


Ex. 1. Apply Maclaurin s theorem to obtain the expansion of tan x 


as far as the term containing x 6 . 

Here /(x) =tan x, /(0) = 0, 

f'{x) =sec*x, /'(0)= 1. 

/"(x)= 2 sec*x tan x, J'\ 0)= 0, 

/'"(*)= 2 sec 4 x-|-4 sec*x tan 2 x, /'"(0)= 2, 

f‘*( x ) = 16 scc 4 x tan x-f 8 sec 2 x tan 8 x, f iv iS>)— 

f •(*) = 16 sec 8 x -f 88 scc 4 x tan 2 x / r (0) = 16. 


-f 16 sec 2 x tan 4 x, 
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Hence by Maclaurin’s theorem, 

X* ^ ^ 

tan x=0+x,l + JT- 0 +TT • 2 + TT' ° + 5T- 16 + 


- *+^*+^* + . 

The calculation of coefficients in the Maclurin’s expansion can 
sometimes be simplified by suitable transformations as illustrated in 

the next example. 


Ex. 3. Expand • in powers of x by Maclaunns ™ 

far as the term containing x*. (Delhi, 1954) 

Let /(x) =«* ln *, then 
f'(x)=e 8ln m cos x=/(x) cos x , 

/"(*) ~= -/(*) sin x +f X*) coa x » / 

y"'(x) = —/(*) cos x—2/'(x) sm x+f"(x) cos xW 
/<•(*) =/(*) sin x-3/'(x) cos x-3/"(x) sin *+/"'(*) cos * 


Putting x=0, we get 

/(0) = 1, /'(0) = 1, /"(0) = 1 ,/'"(<>) =0,/<•(()) = -3. 

** Hence substituting in Maclaurin’s series, we get] 

«sl n * = l-f x + $x 2 — a* 4 -f. 

9 6. Calculation of the nth derivative. The practical 
difficulty in the application of Maclaurin’s theorem lies in the 
calculation of/ n fx). It is not possible, except in some simple cases, 
to express the nth derivative in a reasonable form and, consequently, 
the discussion of the remainder R* offer* great difficulties. 

In many cases, however, we can calculate /"(0) with the help 
of Leibnitz’s theorem as has been illustrated by a solved example in 
Art. 4 5, Part I. In such cases, the formal expansion of /(*) by 
Maclaurin’s infinite series can be written down and the infinite 
series thus obtained will, in general, represent the function f^x) for 
such values of x for which it is convergent. 

Ex. i. Expand /(x) = sin ( m sin -1 x) in a Maclaurin series . 

Let _>=/(*)= sin (m sin -1 x). 



then 


m 


y i= 


VO-* 1 ) 


cos (m sin -1 x) 


/. (I —x 2 )y, 2 =m 2 cos 2 (m sin -1 x) = m*( 1 —y 2 ). 

Differentiating again and removing the factor 2y x , we get 
(l — x* ) y % — xy x +m *y =« 0. 

Differentiating this n times by Leibnitz’s theorem, we get 

(1 — **> Jh -f”(—2 x) +< n — 1) (— 1) y. —xyn +1 —ny n +ro%= 0, 

i.e.. U “ 



(•«) 

(») 
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Putting x =0 in (to), we get 

O»n+*)o y m \ J 

where (y n )o stands for the value of y n at *=0, that is, it stands for 
/ n (0). (o) gives us a recurrence relation by means of which we can 

calculate the values of the successive derivatives at x=0 provided 
we know the values of_y, y x and_y a at *—0. Putting x =0 in (»), (w) 
and (m), we get 

(y)o=°> (^i)o="». and(^ # ) 0 =0. 

Now putting n= 2, 4, 6,.in (o), we see that 

(> 4)0 =(2 2 —^ 2 J(__y I )o =£.=( >e)o 33 ••• = (J'w)o* j 
Hence all even order derivatives vanish at x=0. 

Next, put n = l, 3, 5,.. we get 

(^3)o=( 12 - m2 ) (^a)o =m (i*“ m *)» 

( >’ 6 )o =(3 2 -m 2 )( =m( l»-m*)(3 a -m 2 ), 

and so on, the general value is 

( (_)' 2 n+i)o =m(l 2 m*)(3 a m l ) .{(2n 1)* m*}. 

Hence substituting in the Maclaurin’s series 

. 1N m(l*-m 2 ) (3 2 -m») 

sin (m sin ~'x)=mx-\ -g-j- 5 » Jr-t— 


If m be an odd integer, then the expression comes to a stop as 
soon as one of the factors in the numerator becomes zero, otherwise 
it extends to infinity. 


Cor. 1. If we put sin" 1 x=0, so that *=sin 6, we get 

jl m( l 2 —m 2 ) . , m(l s -r/i 2 K3 2 -m 2 ) 

sin m8 =m sin 0 +-Vj-- SIn ' 9 +-5 I sm 9 +- 


Q or 2 Proceeding similaaly we can get 


cos m0 = 1-; 


m 


2 I 


sin^ + ^-W.— sin«6+... 


Ex 


3. Expand e a Sin * in Maclaurin's series. 


Let 


N a sin -1 *, 

y =/« =« 


then 


T a sin _, x 

C 


(Pat\jab, Sept. 1950 ) 

(0 
(*) 


* VO-**) 

(l-^r 1 ^ 1 - 

Differentiating again and removing the factor 2y v we get 

(1 -x*)y t -xy x -a*y=Q. (Hi) 

Putting x=0 in (i) , (») and («*»), we get f 

(>i)o= fl (^i)o=a*- 
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Differentiating (tit) n times by Leibnitz’s theorem, we have 
(1 -x*)y n+t -(2n +1 

Putting *=0, we get (^«+*) 0 — 

Hence putting n=l, 2, 3,., we get 

(> 4 ) 0 =( 2 , + ‘ 1 , )(-)’ 2 ) 0 = fl ^ 2a + aS) ’ 

(jvOo = C3*+a*)(jV3)o=«( I *-V- a *)( 3 *-*-‘*’>> and 50 on ‘ 
Hence substituting in Maclaui in's scries 


a sin x x 


a(l*+a 8 ) . a*( 2 * + ci 8 ) 


! + <*+ YT X '+ 3! * 3 + 


4 ! 


a 4 -}-... 


-l 


Note. It should be observed that e a sm X can also be ex¬ 
panded as 


( a sin -1 *)* (a sin" 1 *)* 


+ 


get 


e a sin x x _ j _j_ sin- 1 *) -f r 3 ! 

Equating the coefficients of a, a 8 , etc. in the expansions, we 


1* 


»- I a .3* 

sin" 1 * =*+ 5 j- x*+ 


(sin- 1 *) 8 * 8 . * „ . JM* . . 

21 " = 2“! + 4 1**+ fi! ** +. 

and so on. 

9 7, The formal expansion of a function can also be obtained 
by the methods illustrated in the solved examples below. 

Ex. 1. Expand tan -1 * in a series of ascending power of X . 
I^t>=tan- 1 *=fl 0 + fl i*+ fl s* t -+-.+ <*«■» \ ^ - 

then y x =-yq—, or (1 -f x*)y x =1. 

Also, differentiating the series term by term, f/ ^ 

y x = a i -f 2a**-t- 3<7 8 * 8 4-.+/w n * n " 1 + .(.w \J I , S 4 

Hence substituting in the relation (1-f-* 8 ^,* 3 !, we get ^ . 

(l + *-X‘'i+2a a * + 3a^=+.+ *-(-1^i 

Equating the constant terms, a x = 1. 

Equating the coefficients of *, a,=0. 

Equating the coefficients of x n on both sides, «>2, 

> "(n-f 1K+!+(«-1 K-i=0 or a B+1 = — f a n-v 

Putting n=3, 5, 7.we see that 

a 4 =fl fl =.=0 since a s =0. 
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Putting n= 2, 4, 6,. 

*3 = — i a x = —i> 

** = —f 

Q-j = —$ a 5 = — 7, and so on. 

Also from the original relation, putting x=0, a o =0. Hence 

, X s x® x 1 , 

tan _1 *=x —j -f y ^ -f. 

The expansion is valid only for j x | <1. 

Ex. 2. iSTiou; Ma/ 

log(l + ^)=io g 2+i*+i**- r ^+. 

(Panjab, 1959) 

Assuming that the series involved are all ‘well behaved’ and 
all the operations used are permissible, we have 

log (l+<‘)=log(2+*+~ + -y r .) 

=log 2-flog .) 

-log 2+(J*+i* # + A**+A* 4 +.) 

.)» 

—. ) + . 

=log 2+U*+i**+A* a +A* 4 +.) 

-KK+A* 4 +2.^.i^+2.ixA.**+.) 

+Ku , +s.i* , .i* B +... v .)-i(A« 4 +.) 

(retaining terms upto and including x 4 only) 

=log 2 + 1*+i**— lil^-f. 

EXAMPLES XXIX 

Assuming the possibility of expansion, obtain the following 
series : 

’ , m-x 1 m*** , 

1. (0 g r + 3 . 

00 ---!+(*• log + I"Llog£)V + . 

(in) log (1 — x) =—x— |x*—J* 3 —$x*-f. 

(*») sin ax=ax 3-j--f yj- - . 

2 . = l + + . 

0 ,1 „ «« 

3. sin **«**+ .... V 

^4. sin (m .in-**)-m*+ ^ 

3 1 5j 

+. 






















t 
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/ 




o~s 4x* 

1 +*+'2T+3T + 


H 






P 

COS X 

6 . tan- 1 x=x—Jx 3 -^* 8 —. 

\^7. (l + x) 1+ *=l+*+* a +i* 8 + 

8. By Maclaurin’s theorem or otherwise find the wcpansion 
of y — B in (*» —1) upto and including the term in x 4 . ( Panjab, 1949) 


(Panjab) 



/ 8 . Find the first five terms in the expansion of log ( 1 +«n *) 
in ascending powers of x. (Panjab, 1947 ; Ag ra, 1950) 


10 Obtain by Maclaurin’s theorem the coefficient of x 4 in the 
expansion of log cos x. Verify .his algebraically by the use of the 
known expansion of cos x and log (1 + x). (Agra, 1942) 

v/ll. Iog,ee,= 1 **+A*‘+A**+. <\°> VM. 1953) 

Y 12. Obtain the first three term, in the 

log(l + tanx). „ _ v . / . 

1». Expand log {1 -log(l-x)} in powers.of x by Mac aunn , 
theorem as far as the term containing x s . (Panjab, kept. 1954) 






15. 


14. Obtain by Maclaurin’s theorem the first four terms of the 
expansion of e0 * 1 in ascending powers of x. (Panjab, 1 5 ) 

If ^=^(sin- , x)*=a 0 + a i^+ a *7T 3"f“^. 

show that a n+a -« 2 fl„=0- Hence expand^. 

If^=sin -1 x=0 o + fl i*+ a ** a + a a* 3- t".* P roVu ***** 

(,) (i — x~) j'z =xy*. («*) (» + !)(»+ 2 ) <, »+« s * ,,,fl *» and 

** .... (Calcutta, 1947) 


V 


k 


16. 


1 ;■* t U 

(m) sin -1 x =x -f- -,y + 


2.4 


+ 


17. Prove that 

I n’x 1 n(rr — 1*) , 

! {x+V0+**)}’ , = 1 +' , *+ "TT+ 3T~ 

n 2 ( n*—2*) 4 + n(n* + _ 

+ —4l 5! T 

and deduce the expansions of 

log {x + v/(H-x*)) and iUoglx+VCH-^)}]*- 

18 Gan sin (1/x) or log x or cot x be expanded in ascending 
powers of x by Maclaurin’s theorem ? Give reasons. 

9 8. Applications of Taylor’s theorem. I. Criteria for 

extreme values. 

Let /(x) be defined in the range [a, b] and let 
(*) /«(*) be continuous in (c — e , c + t), a<i,c<b, 









if {Ui) 

'If (0<0 and a minimum iff "(c) >0. ^ " U am ‘ be, " s a ma *imun, 

/(at) has no extreme value «. v = e „ 0(/(/ 

By Taylor’s theorem, A, =/(c+A) _/(,) 

= A /'M+ 27 /'W +. ,- A ":L . , A” , 

h „ 1 ' (')+ +0h) 


~ n l f( c + 8 h), where C 7< I and A<„, 

i /•/ ■ . 


and A a =/( 6 ^)-/( c) 

= ~~~ h f '(c) -f /'(.') -f-.-j- Cn^) n ~ I /«-!/ ) , ( *) n 

. 1 (n-l)! J W+ ^rf n (c-~6'h 

" C “’ 1)n * n w,i erc O<0'<] and h< * 

have 'he / »ime S sig 0 n n aT7»(r , ) whinT is sufficiC^in^ 

A™' bfevM “od A t , h and ) «* must he of the 

A, is Ae same as that of % “ u«r,* 7* si « n ° f A.and 

nsmimum according as/» W is llegalive ^ or 

if ^ 

cannot haV'an^tremim in thi’cie. ^ ° PP ° Site Signs ’ Hence f(x) 
m«imnm P and C mt r iium are :' he C ° ndi,ions the existence of a 


J W /'(c)=0, 

00 ,hCre " 3 max “mm at a• 

i- Ex e* [ C) thcrc h a minimum at x~c. ' 

. 5*- oW that *«— 5*4 . i , 

42 “*«» neither when xJo! * maximum wh <" . 

Let f(*)=x>-5x*+5x‘-l. < ' Panjab ‘ 1954 • Cal., l 9i9) 

•hen /'C*)=5 x‘-20x* + I5x«=5,»/. , v . 
/;W=20x»-60x. +3 0x, ( X "~ 3; ’ 

f’(x) =60**—J 20 * -f 30. * 
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(«) At x=l, /"(1 ) =20 —60 4-30 = — 10. Hence the first deri¬ 
vative that does not vanish is of an even order and its sign is nega¬ 
tive. Hence/(x) has a maximum at x = l and the maximum value 
/(l) = l-5 + 5-l=0. 

(iii) At x=3, /'(3)=540-540+90=90. Hence the first 
derivative that does not vanish is of an even order and its sign is 
positive. Hence f(x) has a minimum at x=3 and the min imum 
value /(3) =243-405 + 135-1= -28. 

Hence f(x ) has a maximum at * = 1, a minim um at x=3 and 
neither at x=0. 

The example illustrates also the important point that a 
function fix) does not necessarily have an extremum at every point where 

s oo-o. 

11. Approximations. 

Ex. 1. Expand sin (x +A) in ascending powers of h and hence 
calculate the value of sin 31° correct to four places of decimals . 

Let /(*+A) =sin (x +A) ; 

/. /(*) =sin x. 

Differentiating successively w.r.t. x, we get 

/'(*) =cos x, f\x) = —sin x, /"(*) = -cos x, . 

Hence by Taylor’s theorem, 

h * 

sin (x+A)=sin x+h cos x—— sin x—— cosx+ . (1) 


Now 31°=30° + 1°= ~ + n " b radians. 

Hence putting x=-^- and 4 = ^ in (1), we get 



=*5000+ *01745 x *8660 - J( 01745)* x *5000- 
=-5000+*01512— 00007 =-5150. 


Ex. 2. Apply Taylor's theorem to evaluate ./(2‘001) to six places 
of decimals if /(x)=x 3 —2x + 5. 


By Taylor’s theorem. 

/(*+*) =/(*)+*/%»)/'<*)+ 3 -| /"(*) + 


Setting x=2 and h =*002, we get 

/(2-001)=/(2)+(-001).r(2) + i T ( 001)* /\ 2 )+~ (*001)» 

/■"( 2 )+. ( 1 ) 
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Now f(x)=x°— 2a-- f-5 

/'(*)= 3**-2 
/'(*) =6* 

/"(*) =6 
/*(*) =0 =f\x) = 


/(2)=9. 
/'(2)-IO 
/'(2)-12 
/"( 2 ) =6 
/ <c (2)=0 =/ < ’(2) = 


Hence from (1), 

/(2 001)=»9-f-( 001) x lO-f-i('OOl)*x 12-f K'001/x6 
=9010006. 


•HI. Newton’s method. Approximate solution pf 
equations. 

Let c+h be a non-repeated root of/(x)=0 so that f(c+h)=0. 
If A is small, c con be considered as a fair approximation to the 

root. 

We assume that /(*) and its first two derivatives are continu¬ 
ous in every neighbourhood of c. We have, by Taylor’s theorem 

f(c+h)=f(c)+hf'(c)+]p fXc+Q A), 0<6<1. 


Taking A to be so small 


that the last term may be 


rglected. 


we get 

0 =/(c)+A/'(r) so that h = -f(c)lf’(c). 

Hence if c is an approximation to a root of /(*)= 0, then a 
closer approximation to the root is 

, m 

f\c)' 


Denoting this value by c x and repeating the above process, we 
find that a still closer approximation to the root is 



The process may be repeated to obtain further improvement 

in approximation. 

Ex. Find the positive root of jp+x— 3=0 correct to two places 
of decimals. 

Let f{x) =x* +x— 3. 

Since there is only one change of sign, the equation has one 
and only one positive root. 

Again/(l) = — l,/(2)=7. Thus the positive root lies between 

1 and 2. 

Now /'(*) = -f 1. Hence taking 1 as a first approximation, 
we have 


m _. 

f\\) 4 




i80 


036 


Hence a’second approximation is 1 —(—*25) = 1*25. 

. . /*( 1*25) 1* 9531 -f-1*25—3 _ ‘203 

Agam y '(i-25) 3x1*5625 + 1 5*6875 

Hence a closer approximation is 1 25—*036 = 1*214. A further 
.pproximation is easily seen not to affect the second place of 
ecimal. Hence the root is 1*21 correct to two places. 


EXAMPLES XXX 


Examine for extreme values : 

1. x 4 +2x*— 2x — 1. 2. (* —1)*(*— 2)*. 

3. Expand cos (x+A) by Taylor’s theorem and hence calculate 

the value of cos 61°. ( Panjab I, 1947 ) 

Use the above expansion to prove that 

cos (x+^)=cos x cos sin x sin_y. 

4. By suitable substitution in the Taylor’s expansion of 

tan (x+A), calculate correct to four decimal places the value of 
tan 46° 48' taking tt =3 14159. (Delhi, 1949 ) 

‘ 5. If/(x)=x 3 —2x*—5x+ll, calculate /(A) by the applica¬ 
tion of Taylor’s theorem for /(x+A). (Panjab 1 , 1954 ) 

6. Apply Taylor’s theorem to calculate the value of /(io) if 

/(*)=*•+ 3x 2 + 15x—24. (Panjab /, 1951 ) 

7. Prove that a root of 2(x+sin x)=3 correct to four decimal 

places is *7897. 



CHAPTER X 

INDETERMINATE FORMS 

101 The limit of the quotient f(x)/F(x), when x-*a, is in 
/cneral equal to /(a)IF(a) The exception to this rule usually 
® i, r , w hen both f(a) and F{a ) are equal to zero. In that case the 
f CC tinn f(x)IF(x) is said to assume the indeterminate form 0/0 as 
"to aSimilarly, if L./(x)=~ and L. as then 

the fraction f(x)/F(x) assumes the indeterminate form oo/oo. The 

, indeterminate forms are 0x©o, oo—o°, 0°, 1 and °° 0 . 

l{ h "the Object of this chapter to evaluate the limits of such indeter- 
• ate forms The limiting value of an indeterminate form is also 

sometimes coiled its true value. 

It may be observed that it has to be specified clearly whether 
i to > n in any manner whatsover or it tends to a from the 

2h" only or from the left only. Thus, for example L, (tan *)/* 
8 1 when x->0 in any manner, whereas Lt (x log x)=0 when x-*0 
Z mueh positive values only, for the function log * is not defined for 

anv negative value of x. 

7 m2 The form 0/0. L’Hospital’s rule. The rule consists 
hctifutine for the functions /(*) and F{x) their derivatives f\x) 
m 5 r i L’Hospital stated this rule in a geometrical form only 
an j £ lunnosed to^ave borrowed it from John Bernouilli. We shall 
311 h. I in two different forms, the second of which has the 
advantage that it lends itself to extensions to which the first does not. 

Form I If f(a)=F(a)=0 and f\a) and F'{a) both exist and 
e neither both zero nor both, infinite, then the limit (finite or infinite) of 
fZ)IF(x) as x->a is f'(a)/F\a), that is, 

JK )1 It /(*) =/'(*) 

£a X*> * 

Put x=a+h, then h-> 0 as x-+a and so 

T /(*)’_ T r = Lt 

F(x) fZo F\a+h) h _ 0 F(a+h)-F(o) 

f(a+h)-f{a) 

Lt . a _= m. 

7-To F(a+h)-F(a) F'(a) 

h 

which establishes the rule. Here ‘a’ is supposed to be finite and 
the rule cannot be extended to the case when x->co. Also if 
/r'(a)= 0, then the limit is infinite but the sign remains undeter¬ 
mined. 
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Assuming that the derivatives involved are all continuous, the 
rule can be generalised as follows : 

If f(x) and F(x) vanish together with their first (n — I) derivatives 
at x=a, while their nth derivatives are finite , continuous and not both zero at 
x=a, then 

r. /M - /"(«) 

r-(m) ■ 

Since both ./""(*) and F m (x) are assumed continuous at x=a, 
then by the application of Taylor's theorem with Lagrange's form of 
the remainder, we get 

f{a+h)=~ /»(«+€*), F{a+h)^~ F'(a+Vh) 
n i n : 

where O<0<1, 0<6'<I. Hence 

A*) _■ Tt /(«+*) - J. /"(<■+8A) _/■»(«) 

F(x) ~htoF(“+>') F"{a+Vh) F n (.°) ‘ 

f f f(x) and F(x ) both vanish for x=a, then 

Lt f(*) - Lt M 

provided that the latter limit (finite or infinite ) is determinate . 

The proof depends on Cauchy’s form of the Mean Value 
theorem and we shall therefore assume the truth of the rule. 

If f'( x )/F\x) is again of the form 0/0, then this rule can be 
repeated so long as the indeterminacy lasts. Thus 


Lt 


Form n. 




il F(x) 


fix) 


~xh\ F'(x) 


= Lt 


/*(*) 

F\x) 


To 


Lt 

+ 


This rule can be easily extended to the case when x ■* ±<« 
be definite, let x-► 4 - 00 , then 

Ax) It Ally) Jt .f'l ib)x(-ilf) 

nx) -^ + nib)-y%+ Fxii>)xi-'i>') 

- Lt /'(■/>) l. f ' M 
y-> 0 + F'(lfy) = *_>+„ F'(x) • 

It may be remarked that this rule is more useful than the first 
because we can cancel any common factors in the numerator and 
denominator or effect any other simplifications in the quotient 
f(x)/F'(x) before proceeding with a repeated application of the rule. 

. 1. Evaluate Lt 

x-K) * 3 


This is of the form 0/0. Here 

/(*) = 1 — *+!**““ «“*, 
f\x) = \-e~* t 


/'(*) = “ l+x+e-. 
f"\x)=e- 


9 
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so that/( 0 ) =/'( 0 ) =/"( 0 ) =0 and/"'( 0 )=l. 

Again F(x)=*>. F'(*)= 3x ! , F"(*)= 6 x, F"'(*)= 6 , 
so that F{0) =F\ 0) =F"(0) =0 and F'"(0) = 6 . 

Hence by the first rule 

/(*) /"'( 0 ) ■ 

- F"'( 0 ) _ 6 ■ . 




. . r sin 0—0 cos 0 

Ex. 2. Find the limit as 0->0 of gin Q— q 

(M.T.I, 1948) 

By repeated application of the second rule, we get 

s in 0 — 0 cos 0 cos 0 —cos 0 + 0 sin 0 


Lt 

e-*o 


sin 


0-0 


= Lt 

Q -*0 


cos 0 — 1 


0 sin 0 j sin 0 +0 cos 0 
~ tlo cos 0-1 —sinO 


= Lt 
0-»0 


cos 0 +cos 0—0 sin 0 _ 2 


—cos 0 


- 1 . 


- 2 . 


EXAMPLES XXXI 


Show that, when x-»0, 
1 —cos x 1 


1 . 

Lt 

3 * 2 6 



sin ax _ a_ 

2 . 

Lt 

sin bx b 

4. 

T ♦ 

a* — l log a 

LI 

b m — 1 log b 


j 


8. Lt 
• 6. Lt 


(Pb., I960) 

1 —cos X _ 1_ 

X log (1 + x) ~ 2 * 

a sin x— sin ax a 

x(cos x— cos ax)~ 3 




v^ 8 . 

i/9. 



11 . 

12 . 



. , 9 sin 0-0 

ow that Lt as 

G -*0 

x— sin x 


0 * 


\_ 

3 



Jog (J +5*) 
sin* x 

sin x sin" 1 * 


.«_ 


! 1 -x + log x 

tT-e-** 

jlogTH 1 '*) 


(Panjab, 1948) 
(Delhi, 1936) 
(Panjab, 196S) 
(Panjab, 1962 ) 
(Agra, 1941) 
(Nagpur, 1940) 
(Delhi, 1952) 
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^ w. 

Lt log (e+e:' 

- ( Agra , 1943) 


x-*0 * 

w 

Lt x cos X— log (1-f x) 

iDelkx, I960 ) 


x-+0 A ’ a 


■s/. 16. 

Lt log (1 + *) 

{Delhi, 1017 ; Panjab, '49) 

x—>0 x 


17. 

_ t x —2 cos x-f r* 

l^t — • 

x ->0 * sin x 

V Panjab, 1946 ) 

18. 

Lt log ( 1 “A' 2 ) 

X-K) log COS AT 

{Agra, 1950 ) 


10*8. The form . The second rule for the form 0/0 is 

OO 

applicable in this case also under suitable modifications. We have 
the following rule. 

Iff(x ) and F(x ) both tend to infinity as x tends to a and /'(*) am ? 
F'{x) exist in the neighbourhood of a, are finite and do not vanish simul¬ 
taneously, then 


Lt 
x -+a 


m = Lt 

xsa 


/'(«) 

F\x) * 


provided the latter limit exists, finite or not. 

The proof of this rule also depend .. on Cauchy’s form of the 
Mean Value theorem and we shall assume its truth. 

The previous rule can be easily extended to the case when x 
tends to infinity, that is, we can show that 



/(*) _ 

F(.x) 


Lt 

x—* 


/'(*) 

f (*y 


Let x = \jy, then 


f(x) _ 


X^co F(x) 


t * fWr) _ Lt 

>4o **(!/>■) v 

Lt rat*) _ n 

>•-.0 F'V/jy) y->; 


( - 1 !>')/'( 1 ly) 

0 ( — ’ iy*)F\ l/y) 

/'(*) 

* oo * 


Note 1. It can be shown easily that if/(x)—>©o as x-*a, then 
f'(x) cannot remain finite as x -+a. This would appe .r to mase the 
application of the above rule to the from ©o/co useless in the case 
x-*a. Nevertheless the rule is useful for the ratio of the derivatives 
may lend itself to simplifications which make it easier to calculate 
the limit while the same may not be true of the ratios of the func¬ 
tions. 

Note 2. A factor which tends to a non-zero finite limit mav be 
isolated whiie evaluating the limit of ar, indeterminate form. 
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Thus 


_ 1 —COS X j 

Lt -— — Lt 


x-»0 


X 2 CO.' 


x ->0 

= Lt 

X~>0 


I —cos x 


1 —cos x 


Lt -o- 

x->0 cos 


as l/cos n . lends to 1 as x->0. Here we have isolated the factor 
1/cos 3 x which .ends anon-zero finite limit. This device helps in 
simplifying calculations which, at times, tend to be tedious. 

log x 

x 


Ex. 1. Evaluate Lt 


= Lt 

x —* ® 


1 


= 0 . 


This L ol the form oo/oo, therefore 

Lt log -*= • V 

x—* OO X A 

. . log (x — b n ) i . 

Ex. 2. Evaluate the limit of t—- as x- > 3 7r * 


cos 2 x 


tan x 

This is also of the form ©c oo Hence 

log (x-$ tt) = j , Lt 

x _f ln tan in s- x 

T' last iraction is now ol me form 0/0, the transformation at 
me ser .id step being necessary. If we had applied the iule for 
oo/oc a second time vve would have been led to a more diilicu11 
indeteimin tc .Vo' ing new the rule for the form 0/0 to the 

1 st fra' i .cquirca 

—sin 2* 


= Lt 
x-»J" 


1 


= 0 . 


10■ . The calculation of the liting values of other indetermi¬ 
nate forms can be reduced easily io those of the forms 0/0 or oo/oo 
by suitable transformations. 

I. The form 0x®°. 

It i.v/(*)=0 while Li F(x) ~co, then the product /(x)xF(x) 
assumes the form 0 <■-.». 1 1 may be transformed into the form 0/0 

oo j oo by one of tin. ions 


fix) E(x)= f{x) = F{x) 
J{*) i K*) , ,F{ X ) 1 If (x) 


Ex. 1. 67/ore Mo/ Lt x lo 6 x=0. 

x—»0-h 

This is of the form 0x^. We convert it into the form oo/oo 
by taking the factor x into the denominator, so that 

log x _ l lx 

x log X == 1-t ,7—-= Lt — r . 

X -»0+ */* x-»0+ V* 

— Lt (— x)=0. 

*-► 0 + 


Lt 

x-»0 f 
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II The form oo— 


IfL‘/(*)=~ and also Lt F(x)=ao, then f(x)-F(x) assumes 
the form co -oo. i t can fc e reduced to the form 0/0 by the 
relation. ' 1 


I/: 


“* Evaluate Lt (sec x— tan x) when x-^n, 

(Panjab, Sept. 1954) 

This is of the form oo-oo. We have, as x-*\n, 

Lt (sec x tan x)=Lt-^~~- x t which is of the form -5-, 

„ =Lt ° o. 

^ —sin x 1 




III. The exponential forms 0°, oo® and 1* 

o™ n Z takio £.logarithms all the three forms can be reduced to the 
form 0 xoo, which can further be reduced to 0/0 or oo oo, whichever 
may be convement. We illustrate by solved examples. 


Ex. 3. Prove that Lt (l-f-*)U« = l. 


This is of the form oo°. Let u be the required limiting value. 


then 


logw=Iog Lt (!+*)»/»= Lt log (1 -f x) 1/B 

*->-f oo oo 

log(l-fAr) 
x 


1 


= Lt ±Iog(I-fx)= Lt 

X-++-* X x-> + 

(which is now of the form oo/oo) 

= Lt J/tJ+fL. Lt , 

X —* -f- “> * x ^ o, 1 AT 

f/=,®=<* I 

sin x 1 / x * 

x—>0 


f 

Ex. 4. Evaluate Lt ( -iP *.) 

r-»n \ x J 


This is of the form 1 . If u be the limiting value, then 

log m —log Lt (^—Ltlogf—— 

x->0 K * J x-rt *\ X ) 


= Lt 

x -*0 


1 . / sin x \ 

* ,0g (— ) = 


Lt 

x-+0 




(which is now of the form 0/0) 
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COS X 


1 


sin x x „ x cos x —sin x 


-9 -= Lt 

jr—»0 ^ 


x _*0 2 * a sin x 


- Lt - - -z — 


= Lt 


—sin x 


x-*o 4x sm x-\-2x* cos x x _^ 4 sin x+2* cos x 

—cos x 


= Lt 


x-> q 4 cos x+2 cos x—2x sin x 

-l 


_l 

— •• 


u=e 


It should be observed that in the above two examples we have 
assumed that log {Lt/(*)}=Lt {log/(*)}. 

EXAMPLES XXXII 


Evaluate the following limits : 

Form oo/oo. 

^ x* + 3x-\-5 

1 • y '7 • 


3. Lt log, sin x. 

x->0+ 


*2. L, 

*-* 0 + !°g sm bx 

U L, ^, m > 0 . 


, a, b> 0 . 


x—* <*> 


/ X™ 

V> Lt 


6 . Lt - g j. (ftm/ai, 1947) 

x->0 cot ^ 


Form 0x«>. * 

7. Lt x tan (1/*). 

8 . Lt * m (log *) n , m, n are positive integers. 
x-»0+ 

S 9. Lt (1 — x) tan \vx. 

x-+l 

Form oo—oo. . 

L X j 

10. Lt (cosec x— cot x). 11. Lt f—-cot x ). 

-- x —>0 ^ x ' 


{Panjab, 1953 ) 
{Panjab, 1944) 
(Agra, 1946) 


x->0 


12. Lt 

x-*0 


id 


log (1 +*) 


(i=T 


+*) x* 

1 


i 


( Panjab, 1967) 


\LiD. Lt (K-- A )■ 

f x ->o ' ** sm'* y 


log X 


1 


). 14.-it OTt x - (1/r ) . 

1 X^Q x 

( Punjab, 1956) 
{Agra, 1943) 
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Form 0° 

/16. Lt x m . 

x —*0 __ 

17. Lt (cos 0) cos °. {Pb., 1943) 18. Lt (sin *) ,an * 


0-+in-O 
Form oc°. 

19. Lt (tan x) F «n ** 

j x-*l ”—0 

Us21. Lt (—log a:;*. 

1 Ar-> 0 + 

CO 


*—+ 0 + 




(Panjab, 194c 

1 \x n 


20 ^ MT ' m ' n>0 - 

^*22. Lt (coscc x) v io« 


(Panjab, 1952) 

W 

/Form 1 

\/ 23 ' ^ ( 1—Ar ) 1/;8 - (Allahabad, 1942) /sA. Lt (cos *)»'*. 


2 , 

/ 


\y 




v- 


20 . 

27. 


28. 


x-+0 

Lt (sin *) <an *. 

Lt (cos z) co **. 
at-vO 

Lt (**+*)>/*. 
x-» 0 + 

(0 Lt ( ton *) ,/- 

AT—>0+ ^ ' 


AT—*0 

(Agra, 1949) 
(Patna, 1950) 

(Agra, 1945) 
(Patna, 1937) 

(Allahabad, 1944) 

(Sagar, 1949) 
(Agra, 1951) 

10 5. In applying the above rules it should be carefully seen 

that aH the conditions laid down are satisfied. A careless application 

ol these rules may sometimes lead to a false result. We give two 
simple examples. 6 u 

(i) 1 lie fraction is of the form -5- when x-*0. It 

can be written as 

( t > 

The first factor-*0, the second -> 1 and the third remaim bounded 
when *->0. Hence the given fract.on has the limit 0 when .r , 0 
Bi t the ratio of the derivatives is 

2x cos (1 /a) -f- sin (1 fx) 
cos x ’ 


y 00 Lt - r Y'\ 

x—*0 \ * / 

3 

/c"\ j /tan x \ 1/x 

/(in) Lt (-) 

Y/ *-»o+ v x J 


x. -.— . cos 
sin x 


w 


ich docs not tend to any limit as x -+0, for the term sin (l/x) in 
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^enumerator does not tend to any limit. Hence the second rule 
of Art. 10*2 is not applicable. 

However, the first rule of Art. 10 2 is applicable. For i) 

■WA*. COS t 1 /*) when x ^=° and /(0)=0, then /'(0)=0 ; and if 
F(x)=sinx, thenF'(0) = I. Hence 

Lt -M- - fM. =1 -o 
*-*0 F(x) F'(0) 1 ~ U - 

(«) The fraction (x—sin x ) t is of the form oo/oo when *->-co 

and 

Lt Lt 

but the ratio of the derivatives is 1 —cos x which does not tend to 
any limit when *-*oo. 


10 6. Application of Taylor’s Theorem. In many cases 
where the indeterminacy of a given expression disappears only alter 
many applications of L’Hospital’s rule, a careful application of 
'Taylor’s th orem may lead to the result much quicker. Thus if a 
fraction v (x) becomes indeterminate for x—-0 and <p(x) is composed 
of functions which can be expanded in ascending powers of x, 
then substituting the expansions of some or all of these functions 
in the given indeterminate form, and suppressing such powers of x 
which cancel, we make the indeterminacy disappear. 

_ „ , _ sin x — x —a* 8 ,,, . 

Ex. Evaluate Lt - -r - - ( Madras , 1946) 

x ->0 * 


Replacing sin x by its expansion 




in the numerator and cancelling out the common factor x 6 , 



EXAMPLES XXXIII 


we get 


Prove that : 

- ... T cosh x —cos x 

1. (0 Lt- 

x -*0 x 


(Hi) 

x ->0 


tan x —sin x 
sin 3 x 


= 1 . 

1 

2 


(») Lt 

x->0 

( iv ) Lt 


sinh x —si 


sin x 


__ = 1 

a- 3 3 * 

3 tan a — 3 a —a 3 _ 2 
■ ' a 6 5 


2 . 


L( — x i°e a __(i°g <*) f 


x —*0 


2 


o r I » . sin 2 mx— sin 2 nx . ... .. ... 

3. Evaluate Lt ,—--*—when (i) x-*0, (it) m-*n. 


1 —cos (m —n ) x 
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4. Evaluate Lt 2 ^ (x - 2 fM-- 2hf'(x) ~A» f"(*\ 

h->0 HA* +h) -flx) -hf(x)} 

6. Prove that (#) Lt ~f( a ~h) _ r*f„\ 

k->0 2 h W- 


and 


(it) Lt /( a + A )~ 2 f (^)±Jla—h) 

A-» 0 h J v h 


6. Find the limit as x->l of 


provided the right-hand sides exist. (AI.T.1, 1925) 

x—(n + l)x*+i+nx n +* 

, 7 *r If Lt (sin 2x+a sin x)/x* be finite as x-»-0, then find the 

value of a and the lmnt. {Panjab, 1910) 

8. If Lt (sinh 3x+a x sinh 2x+x t sinh x)/x* as x->0 have a 
finite value, then find this value and the necessary values of a 
and a t . 1 


9. Prove that Lt (x—n) cosec ttx«=-— 


and 


Lt (x— n —|) sec nx *=£— 

x—trt+i it 

10. Find the limits as x->0 of 


U' 


. i cosec x—— 

X* \ X 


-M 


} 


,•12. Prove that (i) T * (l+*) t/a -‘ _ ^ 

\y *->0 X m 2 * 


(Panjab, 1947) 
(Pb. t Sept. 1950) 


lift T.t (A+*) t/m —*+iex He . 

1 } - ^- = ~oT- (**/., '950) 


x-»0 


and i” int ' Expand (l +x)V ‘ b y U3in 8 the expansion. of log (1+*) 

XANEOUS EXAMPLES III 


tion. 


1. ( a ) State Rolle’s theorem. Give its geometric interpreta- 
(b) State a sufficient set of conditions for 

f{o+k)~f(a)+hf\a)+^ /"(a-feA), O<0<1. 

(Kashmir, i960) 


191 


2 (a) State and prove the Mean value theorem of Lagrange 
W Deduce that if/'(x)=0 for all x. then/(x) is constant. ' 

(Kashmir, 1960) 

3. Show that ifx>0, and 0<6<1, then 


i°g,o (*+i)=*4°fir e 

1 +9* 


{Panjab Hons., 1969) 


and / wT^ )+A/ ' (0)+,A,/ ' (eA) ’ °< 9 < 1 > find 0 when 

( Calcutta, 1945) 

6. Given/(x)=x ,/i , show that for this fnnrf^r. 
of/^falhwhen^ 0 . hut that Sffl 

/(x+A) =/(x)+A/'(x)+JA»/ '(* +6A) 
holds when x=0. Find 8. 


8 . 


6 . Given/(x+A) =/(x) +A/'(x) +iA ! /'(x+eA) and f(x)^\ ^ 


7. If/'(*) exists in the open interval (a, b), show that 

/(* +h) —f(x ~h) —2f(x) =h*j'(x +6h), 
where 8 is some number between —1 and -fl. 

8. If 4>'(x)>0 for every value of x, then 

M(*i +*i)KiWO,) +<t>(x,)] 

for every pair of value, of x, and x,. (Bombay, 1931) 

9. Assuming f'(x) continuous in (a, b), show that 

/W-/Wj—-/(») i~=i ( c -“) (C ~i)/’U) 

vthere r and { both lie in (a, A). (ft**, 1937) 

[Hint. Consider the function 

f(x) =/(x) - 2 (^A)(x-C) 

a.b.c (o—tXa—cy' ^ 

Now t(a) =«,(*) =*(<0=0, elc0 

10 . State carefully Tavlnr’K 

range’, remainder after a term, i n the ex^nsio^ of^h ‘ hat ^ 


o<e<i. 

n ! 


11 If COs a • / 

II. If v—^ sin (x sin «), prove that 


(Panjab, 1951) 


>*!+* —2y n+1 cos 
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Assuming that y can be expanded in. a convergent series, 
prove that 




n ! 


sin n a. 


12 


. if >=- og ( v(S^ } ’ prove thal 

Assuming that y can be expanded in the form 


a Q + a i *+<* *** +.+ a n* n + 


show that for n>-2 , 


a n =0 if n is even, 


and a„ =( -if? “ ° dd - ( Pan J° b - 1927) 

13. State and prove Maclaurin’s theorem with a remainder 

and show that the Maclaurin expansion of e ^ X is not valid m 
any interval, however small. {Panjab, 1955) 

14. Expand sin" 1 {2*/(l +**)} in powers of x. 

15. Prove that 

f{mx) =/{x) -f-(m -1 )*/'(*) +^ m o"\ /'(*)+ . 


16. Apply Maclaurin’s theorem to obtain the terms upto x 4 in 

the expansion of log (1 -f-sin* x ) {Agra, 1948) 

17. Prove that 

, , , ... sin z /i • sin 

tan -1 (x-|-A)=tan" 1 x-\-h sin z >—j- {h sin z) • — 


> /. • \« sin 3 z ■ 

+(A sin *) 8 . —. 


where r* = l -f* 3 and cot Z=x. 


{Panjab Hons., 1959) 


18. Given \\\<nf{a+h)=f{a)+hf'{a+bh), where 0<G<1. prove 
that the limiting value of 6 when h is diminished indefinitely is f, 
provided (Panjab Hons., 1943) 

[Here/O-f h)=f{a)+hf'{a+bh) 

02A2 

' =f{a)+h{f{a)+Qhf"{o) +^,/'( a +e i 0A)}, 
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Where O<0 4 < 1. Aiso by Taylor’s theorem 

f(o+h)=f(a)+hf\a) + Y\ /"( tf ) + ^|"/ /# (*+M), 

where 0<8,<1. Equating the two value* of f{*+k) and cancelling 
out the common terms, we get 

o0lA> =r! / ^ )+ rr / '" ( ' +9 « A) - 

Proceeding to the limits when h-> 0, we get 0—|.] 

19. In the equation 

An—1 h* 

f(a+h)=M+V’<.‘)+ ./*'*<•)+ ri / ” ( ‘' +0/,) ' 

.how that the limiting value of 8 atiWI i. l/(» + l), provided 
y»»+i( x ) is continuous in (a, a-\-h) and J*+ ( 0 ) 7 = U. 

20. Show that 

* = 1 +sin 0 +27 8in *^+^f *in a 0 +. 

{Panjab Hons., 1956) 

[Hint. Expand e Sm ** in powers of at andput *=sin 0.] 

21. Find a and b in order that 

, x(l 4 -a cos x)—b sin x 

Lt . 

x->0 

may be equal to 1. ( Panjab , 1959 ; Sagar, '50) 

22. Find whether the following limits exist, and where possible 
obtain their values : 

. . r («* + 1 ) sin (n/n\ ... .. sin ^n*n 

W I'Z ■ "-' W nZ -+Telin* 



, S 1 “ sin * 

(c) lim —5 -:-• 

I-../2 lo 8 . sm * 

( M.T.I., 1946) 

Prove that 


_,eln z 

(i) Lt -= 1 . 

v x+0 x ~ smX 

.... r A*+*Y-+~ 1 

( 11 ) Lt . — 

x—*Q x1 a 

(Allahabad , 1943) 

(iii) Lt *(«*'«-I)=Iog a. 

(Panjab, 1945) 


x-+ ® 


w Lt r - 

X-rO L X 


L _ > og ( 1 + *) 


til. 1 

5 J 2 • 


{Agra, 1950 ; Panjab, *51) 
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(v) Lt (-K—c ot*x ') = 

x-*o' ** y 

/ l \tan • 

<•0 Lt (-I-) =1. 




(*•) Lt (j2L?y 

x-#0' * ' 

(mu) Lt M****)} 1 '*^ log (oA) 


24. Evaluate : 




(0 Lt . 

x—»0 x ,m * 

(u) Lt (sec x—t*n i). 


(Pdn/aA. 1042) 




{Delhi, 1958, *49) 
{Punjab, 1958 ) 


{Panjab, 1956) 
{Panjab, 1954 S) 


(Hi) Lt («.. J8«) (*) Lt 

x —>0 ^ 008 * x —>1 

f . v - log (1 +x) —log (1 x) +4 sin x—fix 
v V> 0 ** tan* x • 


(p*„ iMi) 


{Calcutta, 1952) 


CHAPTER XI 

PARTIAL DIFFERENTIATION 

11*1 Functions of several variables. If the values of a 

Quantity u depend upon the values talten up by- several other 
quantity « r . S aid l0 ^ a function of the 

X x ',’\ ":.::;'and we wri"e « =/(*, y. .) or. to economise 

q y z .)• If thc quantities x,y, . .. cjc.. 

S T^o ’ dependent' on^ each other in any way then they are called 
are not depenae and u u called the dependent variable. 

case of functions of a single variable, the terms mdepend- 
Un /k k nd deoendcnt variables are no longer relative. In any question 
^injunctions of several variables, it is of primary importance 
ST n :; g “a“ the independent and what are the dependent 

yariab j t hcory of the functions of several variables is much 

H than that of single variables and we shall be con- 

more , d ;* C ,hL book with only the definition, and the elementary 
cemed m mis . D . We shall give all our aefimtions and 

results concernmg.thetrr^We onIy . These 

sufficiently illustrative of the general theory and extend themselves 
surncien y several variables. 

at once ^ a 8 j ng l c -valued function of the two variables 

L *} / / defined for alf pairs of values of x,y which lie within 
*’* ^Dofthcxy plane. To each point (x.>) of this area there 

an area D ot mexy p of . given by the relation z=f(x,y). 

correspondi a uniq va l ues (x, v, z) by points in space, then 

the relation c -VI *.» , H wo vari ables such a graphical representa- 
functions of more tha , we inay say that functional 

br rbetween more than three variable, can be represented 

graphically by figures drawn in hype,-space. . 

112 Limits of functions of two variables Let/(^) he 

, f. , 1 a ii points in the neighbourhood of a point («, b) with the 

defined at all pot oi * t itself. Then the function 

S tend to the*limit l as x->a,y-+b t if corresponding to 
number „ however small, we can find a posUtoe number 

b such that 

\f{x,y)-l\ <• 

whenever 0 < | x-a | <8 and 0< \y-b | <*. 

In symbols, we write 


T.t f(x.v\-L 


/1 \ 
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As before we are not concerned with the value of the function 
/(jt,y) at the point x=a,y=b. For all we care, the function need 
not even be defined at this point. 

Formally, the definition of a limit given above is the same as 
for functions of a single variable, but in practice it imposes much 
more stringent conditions on the function f(x,y ). The definition 
above means that whatever point (at, y), not ( a , b ) itself, is taken 
within the square whose centre is (a, b), a side is 28 in length and 
the sides are parallel to the axes, then 

| < e . ' 

In other words, in whatever manner x and y tend to the values 
a and b , the function f(x,y) must tend to the same limit/. Two 
particular ways of the approach of the point (x, y) to (a, b) are 
worthy of mention. 


(i) We may first make x-*a and obtain the limit of /(x,y) and 
in the resulting limit make y->b. We then get what we call a 
repeated limit or a double limit. If the limit thus obtained be /, then 

we write 


Lt 

y-*b 


Lt f(x,y)=l. 

x-*a 



(ii) We may reverse the order and first make y-+b and in the 
resulting limit make x-*a. If the limit thus obtained be then we 
write 

Lt Lt /(x, y) =1'. —($) 

x-*a y-*b 


In general /=/', but it is not always so. For example. 


Lt Lt 

x-*o y-*o 


= Lt ~=1, 

*+y x->o x 


whereas 


Lt 

*0 


Lt 

x-+0 


x _-y 

x+y 


= Lt 
>>—+0 



In contrast with the two repeated limits (2) and (3), the limit 
(1) is called the simultaneous limit. 

118 Continuity. A function f(x,y) is said to be continuous 
in the two variables x,y, at the point (a, b) if Lt/(x, y) =/(a, b) as x->a 
andy-*b in any manner whatsoever. 


It follows, therefore, that the function f(x,y) must be defined 
at every point in the neighbourhood of (a, h) including (a, b) itself 
and the simultaneous limit of f(x,y) as x->a,y->b must be equal to 
the value/(a, b) of the function at the point (a, b). 


Like the definition of a limit, this definition also imposes more 
stringent conditions than the corresponding definition for functions 
of a single variuble\ 
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It can be easily shown that if a function /(x, y) is continuous 

in the two variables together at a point (a A) then it is continuous 

as a function of x alone at x=a and also continuous as a function 
of y alone at y=b. The converse of this is not true. 

11 4 Partial Derivatives. Let ^ =/(*, y) be a continuous 
function of the two independent variables * and y. If we keep y 
constant and vary x alone, then £ becomes a continuous function of 
v a lone If this function possesses a derivative, this derivative is 
called the partial derivative of z with respect to x. This partial 
derivative is denoted by various symbols such as 

3/ . /',(*, >). U O.f(x.y), etc. 

3* dx 

In symbols, give an increment 8x to x alone,' t^en the corres¬ 
ponding increment in the value of * is 

/(*-f 8x,y)-f(x,y), 

and the partial derivative of 4 with respect to * is 

dz _ T , f(x+8x, y)—f(x,y ) 

dx Sx _>o Sx 

Similarly by keeping x constant and allowing y alone to vary, 
we can define the partial derivative of z with respect to y. 

This is denoted by the symbols 

^ ,f'fx,y), fv(x,y), f„ D„f(x,y) t etc. 

9v dy 


f(x,y+8y)-f(x,y) 


By definition, 

dZ __ r » 

dy Sy -+0 

Find the first partial derivatives of the following : 


(,) z ~x*y*-a*(x*-y*). (») *=tan-»^y* (««) * 


=x> 


dz 


(0 £=2xf-Mx, =2yx*+2a 2 y. 


9 i-- 
W aT 


1 


1 


(x-^x-^+JV 2 )-! 

•_±g _y ‘ c *-*) 1 




_ x 2 —2xy —y* 

, — X X — similarly; 

(.it) y* =yx'-' and log x. 
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11*41. Partial Differentials. The partial differentials of* 
with respect to x and y respectively are denoted by the symbols 
4c and d*z and are defined by the equations 



Sx and 4^**^ 


It should be observed that the partial 




symbolic expressions and 
ratios of differentials. 


they cannot be regarded as the 




partial 


The partial 



of Z**f(x,y) can also be given a geometrical 

interpretation. If we put 
y=b, a constant, then we 
get the section of the surface 
Z~f{x,y) with the plane 
y=b. This section APB is a 
plane curve given by the 
equations 

*=/(*» *)• 


The slope of the tan- 

S ent to this curve is given 
y the derivative of z with 
respect to x, keeping y con¬ 
stant at the value b. Hence 
the partial derivative of z with 
x respect to x gives the slope qf 

the tangent drawn to the curve qf intersection of the surface Z=f(x t y) with 
a plane parallel to the zOx plane* 

In the figure, the plane PMNB iay=b. It cuts the surfree in 
the curve APB whose slope is tan the value of dz/dx at P(«, b). 
Similarly, the plane x *a cuts the surface in the curve CPD whose 
slope at P is tan p t , the value of dz/dy at P(<r, b ). 


11*48. Partial Derivatives of higher orders. The first 
partial derivatives of z =/(*, y) aie themselves functions of rand y 
and can therefore be differentiated partially with respect to * ory. 
The four derivatives thus obtained, called the second order partial 
derivatives of z or f(x,y), are 


3 Sdz\ 8 /8*\ a JL(*±\ 

RA57/ d}\5ZJ’ dxKdyJ 9 djKdjJ 9 

and are denoted as 

a *Z d 9 Z 8 *Z d'z 

d**' 8 ylx* My 9 df 
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or as /«(*» y)* fvA x »y)» #»*(*•/)» fvA x *y)* 

or simply as fn* /**» /**» fm» 

The distinction between 0**/3>0x and d'zldxdy should be noted 
carefully. The first is obtained by first differentiating * partially 
with respect to x and then differentiating the result so obtained 
partially with respect to y ,‘whereas the second is obtained by per¬ 
forming the two operations of differentiation m the reverse order. 
It was pointed out in § 112 that a reversal of the order of two 
limiting operations need not give identical results. The two denva- 
tives, d % z/d ydx and d'z/dxdy, may therefore be different. But in 
almost all the cases that we meet with m practice, we have 

d*z _ d*z 

dydx 3x3 y 

: e in general, the two differentiations w.r. to * and y may be per¬ 
formed in any order. There are. therefore, in general only three 

distinct partial derivatives of the second order We shall not give 
here the condition- under which the two mixed partial derivatives 
of the second order are equal. 

We can similarly define partial derivatives of the third and 
higher orders. If we assume that we can perform the differentia¬ 
tions with respect to x and y in any order we please, we obtain the 
following four distinct derivatives of the third order : 

d'z J*z_ d ** 

0x *' dx*dy 0x0/’ 3?’ 

* E* 1. Find all the second Older partial derivatives of z. where 
^=log(^4->). 

dz _ * ** - . , 

Hcrc j* ty «■+* 


0V_ (**+ *) eF— eTu_ e a .c' 

fx• («•+<*)* (*+‘ 9 P * 

d*z __ d * z r. *** 

0x0.y dydx (*•+**)** 


, 0 T U 

Ex. 2. Prove that 


d*u 
d ydx 


- for the following functions : 


(i) u=ajc*+3bxb+3cxS+djr*, (it) COS by 

7\U _ . . . n a 3*^ L _ I 


?“ =3^+64ry+3 £ y, 


3^3x 


■6b x +6 cy. 


|l=34^+6«^+3<//. 
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Hence 


dhi 


dhi 


dydx 
du 

3* 

du 


dxdy 


(u) —— cos by, 


3*u 


Hence 


dj 

dht 

dydx 


= — be*" sin by, 

. d% " 


dydx 
d’u 


= —abe? 9 sin by. 


3*3 y 


= —abe ax sin by 


dxdy 

EXAMPLES 


1. Find dzldx and dzldy in the following cases : 

(*) z =** +yp —3<jj xy. («i) z=sin («**• 4-***). 

(«0 4=»sin~ , (x/)>). ' (to) £ = 1 / /(**+.?*). 

2. If**=log (tan x + tan_y), show that 


.in 2«g+* 2&=2. 


8. Verify that 


a r u 


3** 


for the following cases : 


9*3 jr 3.J3* 

(0 u=a*r*+2A*y-f£y. («) t/=»log{(**4-y)/(*>0}. 

(Aruihra, 1937 ) 

(») «= tan -1 (*/>>). (to) u=t** sin 

I, If 1 / =** -f 3*y-c, show that 


3w . . 3« „ 

* 3 T+W*aT =3 “- 


(Dstti, 2052) 


5. If u=e myt , show that 


a*w 


(i+^+^V. 


3*3 >dZ 

( Lucknow, 1949 ; Panjab, ’60) 
If z=x* tan - l (ylx)—y* tan ~\xly), prove that 

d** -=**-Z2*. {Delhi, 1953 ; Aligarh !f *50) 

**+y 


7 . 


3* 3^ 

If 1 /=**—3*y*, r=3* 2 ^—_> 3 , prove that 
3u 


(0 


3* 


3r , du _ 3» 

: - and --—— . 

3 y dy dx 


r .~ d*u , 3*u _3*t> , 3*» _ n 

00 a? + 3 y^ + ay“ 0 ' 

If *=£ log (**4-_)» t ) or tan -1 ( yjx ), prove that 

«‘®)’+©-*V w g+g. 


0, 
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/ 


If tt*sin- | Wj»)+tan- l (j'W. show that 


*i+j!L=0. 


{Allahabad, 1047) 


J 


0. If wisin' 1 . show ,hat 

x/x-tvy 


IX 


du __y du 
dx x dy 
-x'l(4a*0 


prove 


{Kashmir, 1954 ; Sagar, '48) 

0o j0 2 o 

that — 


V 


£2/The equation -|jrefers to the condition of heat along 


a bar without radiation ; show that if 

u—Ar" sin {nt— gx), 

where A, g, n are positive constants, then g-=y/(nl 2m). 

13 If 0=rr rI/4 ' , find what value of n will make 


00 

01 




_L 

r 2 Or V 9r ) 

14. If P=(* 2 + >•+«*) show that 

= -K, 


{Allahabad, 1934 ) 


and 


3P , 3F 0P 

® V +J ’ aj + * ^ 

a»r, an'’, 3!E =0 

' a„a 1 


{Allahabad, 1943 Panjab, *51 ) 


( ,i) a** r ay 1 a** 

16. If u=e*(* cossin .y), prove that 

S +5 =°- 

11-5 We now proceed to establish a formula which is of 
r.irwlamental importance. 

‘ un fj j e3 x a n d y and let the two partial derivatives f x and/„ exist 
^dl e continuous lor all the ranges of values of.t and^ under 
311 iteration. Let x and y vary simultaneously and receive the 
tnelements bx and by respectively and let bu be the corresponding 

increment of u, then 

bu =/{x+bx, y+by) -f{x,y) 

=f{x+bx,y + by) —f{x, y -f by) +f{x, y -f by) -f{x, y). 

Now bu has been written as the sum of two differences, in the 
f st of which>> remains constant at the valuer-f-8y and x changes 
* ir x lo x+bx, and in the second x remains constant and^> changes 
fom y to y+by- We can apply the Mean Value Theorem to each 
oT these differences as the partial derivatives are supposed to be 
Continuous. Hence we get 

f{x+bx,y + by) -j{x, y +8y )=bx /,(*+0j5x, y+by) 
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• nd /(*» y +*y) -fix, y) =*yf 9 {*,y+*fb), 

where 8, and 0, are positive proper fractions. Carrying these values 
into the value of 5k, we get, 

Su = &x / X (x -f e^x, y+8y) +8y ffct, y +0 a 8y). ...(1) 

This formula may be called the Mean Valoe Theorem for 
functions of two variables. 


Since f K (x, y) is supposed to be continuous for all values of x 
and y under consideration, we have 

Lt /*(* y +*r) —fJi*>y) 

when Sx and 8y both tend to zero. Hence we may write 

fm(x -fV*. y +8y) =ff** y)+ «i» 
where when 8x, 8y both->0. We have similarly 

/fix, y+*£y) =f 9 (x, y) + e „ 

where e% also tends to zero with 8x and 8y. Substituting these 
values in (1), we get 

8u =3*f.(x, y)+8yf£x, y) + e x dx+ r B ** —( 2 ) 

or Sy-{-•••(3) 

where ei and Ca ->0 as 8x and 8y-+ 0. This is the formula referred 
to at the beginning of the article. It expresses the increment 8u 
resulting from simultaneous ^increments 8x and 8y in x and y respec¬ 
tively, as a sum of two terms one of which is linear in 8x and 5y and 
the other which tends to zero more rapidly than 8x and 8y when 
these tend to zero. 


11 51. Total differential. Let K*=/[x,_y) be a function of 

the two variables x and y. Let 8x t 8y be the increments of a, y and 
8u be the corresponding increment in u . Then by equation (2) of 
the last article 


Su = dt 8x +^y Sy+ Bl8x + 

When 8x and 5y-*0, 8u also tends to zero and is, 

infinitesimal. Since ei , ef -*0 as 8x, 8y-+ 0, and ~ 

quantities, therefore the principal part of 3 m is the sura of the first 
two terms on the right-hand side. This is called the total differen¬ 
tial ol' u with respect to x and y and is denoted by du. Hence 


are finite 





du 


du 


If, in particular, we take k=*x, then — = 1, =0 and so 

Similarly dy =5}. 


du—8x. Also du=dx, since u ■=*. Hence dx=8x. 
Hence (I) becomes 


<*# — 


8u 


d* 


du_ 

dy 




( 2 ) 
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Form (1) of the total Cch 

the independent variables, but the ( diffcren ,; a i of « is 

even whenVanT^are not the independent variables. 

Equation (2) may be written symbolically as 

It may be observed fet the total differentia, of a, i * • * - 
the sum of the two partial differentials 

~ dx and ^ dy. 

Gnedin ^ Jft" 

total differential of u is given by^ 

Tli, lofal difl*ra,«j“l.°f *. *.»- •*(£)■ jf^fculalU ,, °’T 

rs,'5 - i * “ * 

as constants. Thus 

x J 3 tf 
d*u —d{du) =d[- 




du 


=< a, 2 


. , du 
dx Jx+ dy 

dy> 


dy ) 


)*+d( 

^dy)dx+{^ 


<S^+T* 


. u 

My* + Zj 






L_ 


..•( 2 ) 


a* u _ a*** 

on the assumption that 0X0J , = 3 ^ 3 * * 

Formula (2) may be written symbolically a, 

^<fx Jx+ h i ^ v 

Proceeding similarly, we can calculate higher order total dif¬ 
ferentials of «, and we have in general 

*-*-Q-x ix ^ iy ') u ' 

b«n madrTorf the —I 

riahlei and therefore their differentials dx and dy may be treated 

In case * and y are not the independent variables, 

hu^arc dependent thcmsclvei on some other variables, then their 
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differentials dx and dy cannot be regarded as constants and tlieir 
second differentials d*x and d*y will enter into the expression for 

d 9 ti. In fact, we have 

d'u=J(Ju)=d(\ldx y+d (| u -dy ) 

M f x ) Jx +K d Q dytPx+ 

The expressions for d*u, d 4 u, etc., will be much more compli¬ 
cated in this case. 


K J Ex. If u=x 2 y+xy 2 , find d*u (t) when x and y are the indepen¬ 
dent variables , (ii) when x and y are functions of t . 

We have, in both the cases (0 and («), 

du =(2xy+y*)dx +{*?+2xy)dy. ...(ij 

(0 If.randy are the independent variables, then dx and dy 
are to be treated as constants for the second differentiation. Hence 
from ( 1 ), 

d 2 u =^d{2xy +y*)dx -f d(x 2 -\-2xy)dy 

=[2ydx +(2x + 2y)dy]dx+[(2x +2y)dx+2xdy]dy 
=2[y(dx)*+2(x+y)dxdy+x(dy)>]. 

{ii) If ,r and y are functions of t, then dx and dy are no longer 
to be treated as constants. Then from (1) 

d'u-rd&xy+y*) Jx+tfxy+y 1 ) d{dx) 

+ </(** -f 2xy).dy -f-(x* +2xy)d(dy) 

=--[2ydx+(2x \~2y)dy]dx+{'2xy+y l )d t x 

+ [( 2 * + 2y)dx +2xdyYy+(x* +2xy)d*y. 

=2[y(dx)' + 2{x +y)dxdy+x(dy)'] 

+ (2 xy)d*x +(x* +2xy)d*y. 


1153. Differentiation of composite functions or fun- 
tions of functions. 

I. Let u =f(x, y) be a function of the two veriables x and y 
possessing continuous first partial derivatives and let x,y be them¬ 
selves functions of a variable t possessing finite derivatives, then u 
is a composite function of the variable t possessing a * derivative. 
Let t receive an increment 8t and let 5.x, Sy and 8u be the corres¬ 
ponding increments of x, y and u respectively, then by formula ( 2 ) 
of Art. 11-5, 

S«=|-" 8 *+|^ 8 j-+., Sx + ', Sy, 



where 0 „ e a ->0 as 8x, 8y->0. Dividing this equation by St, we 

get 

8« 3u Sx , du Sy dx jb. 

*r®i *7 tci 


St ~dx St + a y St 
Now when 8/-»0, Sx and Sy both tend to zero, for x and y 
are buth differentiable functions of/. Hence ei and £j ->0 when 
5/->0. Also Sx/St and 8y/8t-+dx/dt and dy/dt respectively. Hence 
proceeding to the limits when 8/-+0, we obtain 

du __ T Su 'du * 0« dy 

~ fit fix' dt + av dt 

Sr-»0 


8 / 


8 / 


( 1 ) 


dt >0 8 / dt dy 

It may be observed that the rule for the differentiation of a 
function of a function is applied twice—firstly, considering u as a 
function of* alone and x as a function of/; secondly, considering 
u as a function of^ alone and y as a function of t, and then adding the 
two results so obtained. 

If u== f(x,y), x — <p(t) and y=ip(t), the derivative of u with 
respect to / can also be obtained by'first expressing u directly in terms 

of f in the form ' „ =/{f(0 , 0(()}> 

but this method is not always suitable, particularly in theoretical 
work. 

A special case of importance occurs when we take t=x itself. 
In this case 

u=f(x,y), x=x,y=^j(x), 

i.e., u is a function of x, y, and y is a function of x so 
that u is a function of x. Then u has two possible derivatives with 
respect to x, one a partial derivative calculated from the relation 
u =f(x y) on the assumption that y remains a coi.stant, and the 

second an ordinary derivative when we take u=f(x,y ) where y is 
supposed to vary with x by means of the relation y=p(x). This 
second derivative which may be called the total derivative of u 
with respect to x, is obtained by using formula (1) above and is 
given by the equation 

du _ du dx du dy_ du du dy 

~dx~dx dx^dv dx “ax 'dy dx 

l^are obtained from u =/(*, y) and & from >=«*)• It 

is this case which necessitated the introduction of separate notations 
for ordinary and partial derivatives. 

Ex. 1. Find the total derivative of u with respect to t when 
u =cosh ( yjx) where x=t t ,y = e t . 


( 2 ) 


, du 
where -- 


We have 


du 

dx 

dx 


= SiDh (f)(-^)’g-nh(^)(l). 


2/, 



Hence 
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du __du ' dx du m dy^ 


of 


dt 


dx dt ^dy 

=-^ sinh (ir )- 2,+ T sinh ( * )•** 

2. If £=V (** “h?*) and ** +y *+3oxy =5a*, find the value 


when x=a,y*—a. 


Here ~ =* y / ? t i k • , and differentiating the 

* V(«*+y) 3j> v(**+y) 

given relation between a and jp, we get 


{Panjab, 1963 ) 





Hence by formula (2) of Art. 11*53, 
dz 

dx 


dz_ a* fy 
a* + ajr dx 



_ .?*+ 2 .. 

v<**+y) y+« 

Putting a =a _v =<i the required value of 

*_-L_JL- 0 

d» V 2 V 2 

II. Let u =/(:r, y), where a, jp are themselves functions of the 
two variables r and s given by the equations 

a— f (r, s), y^{r, s), 

then u is a composite function of the two variables r and s. 

To calculate the partial derivative of u with respect to r, 
give an increment fir to r keeping s fixed and let Sx 9 fiy, fiu be the 
corresponding increment of x,y, u respectively. By (2) of Art 11*5, 

ox ay 

Divide throughout by Sr and proceed to the linvts making 
Sr-vO, then by a reasoning similar to that of case I above, we get 

9 m dt± dx dy . 

dr *“ dx dr ' dy dr 


(3) 


Proceeding similarly, we obtain 

du du 
ds a dx 


dx ^ du dy 
ds + dy ds 


( 4 ) 
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The formulae (1) and (3), (4) can be easily extended to the case 
when u is a function of several variables x,y, . .which are them¬ 

selves functions of one or more independent variables. 

Ex. 1. If u=yfa*-b'*), prove that- : — =* :y. 

Let z =** +J>*. then u =/(*), where z =** +f. Hence 


and 


Hence 


du _du 
dx dz 
du_ 

dy dz 
du 
d* 


=/'U)*^=2x/V+y), 


dZ 
dx 

|£ =f(z).2j=W(**+f). 

du_ 
dj> 


■x :y. 


Ex. 2. If z=£ ax ** 1 ' f (ax—by), prove that 

-2 abz. 


b^+ap- 

dx dy 


and 


Let u—ax+by, J=ax—by, then Z=e u f(o). 

••• 

W-zr-W 

and the given relation is easily verified. 

1154. Differentiation of Implicit Functions. If/(*,_y) be 
a Junction of the two variables x,y and y itself be a function of x, 
then by formula (2) of the previous article, the total derivative of 
f(x y) with respect to x is given by the equation 

d LJ$L+?L 4 l 

dx dx dy dx * 

Now consider the implicit relation between x and y given by 
the equation 

f{**y) - - 0 » 

and suppose that this relation defines y as a differentiable function 
of x, then differentiating this equation totally with respect to x by 
the above formula, we get 

b L 

dx 


a. *f dy 


0 . 


dy dx 

iL—UHL—ts- L 

dx df dy /, * 


0 ) 


( 2 ) 


whence 

provided f^f-Q. 

Differentiating equation (1) again totally with respect to x, we 

I;ct jL(SL\+*(9L 4m = 0 

dx \dx ) <& \dy dx ) ' 






or 


d_ 

dx 


/ dx \3y )dx dy dx 3 1 


^ ^£a- £l+(*ZL +?*f iL\k-+$L f6„(j 

3 x* d xdy dx \dxdy ~dy* dx Jdx dy dx 1 * 

. ay , 2 a V_ £+3’/ S? =0 

*•' ’ a** ^ 3*a? </*£>>* w*y a? dx * * 

whence, after substituting the value of from ( 2 ), 

fV\' V JELjJiJXm 

d* y \ dy) dx* dx dy dxdy \dx ) dy 


/ a /, 1 -2/^/,+/ w /y 

/.* 


( 3 ) 


(4) 


(4) 


By differentiating (3) further, we can obtain the higher deriva¬ 
tives of> with respect to x in terms of the partial derivatives of 

/(*» -> 0 - 


Ex. If x*+y—3axy=0,find £■ and 


and 


Here /(at, y) —** —3<ury, and so 

f x =3x*—3ay, f 9 ='b >t —3ax, 

fxx —6x, fx*— 3a, f n =6y. 

_ f x _ 3x*—3ay ay — x* 

dx f y 3y 2 —3ax y*—ax* 

d l y __ _ f„ U* -2/x/ y /- +/„/** 
dx * ff 

_ 2a(x 2 —qy)(y 2 — ax) -f 2y(x 2 — a y) 2 + 2x( y* — a x) 2 

~ ( y*-ax )* 

+>* — 3a*y+ a 2 ) 

~ (y 2 -ax) 3 

_ 2a 3 xy 

_ (a.v—y)» * 


11 55. Cosinder the two equations 

f(x, y, u, v) = 0 , <t>C^. y, u, *0 = 0 . 

Here we have four variables connected by two equations. W c 
can consider these equations as solved for any two of the variables 
in terms of the remaining two. Thus we can think of any two of 
them as functions of the remaining two. Hence we may regard (»') u 
and v as functions of x and>, or (ii) u and y as functions of x and 
v t or (tii) o andj» as functions of x and u, and vice versa . 



209 


In case (i), when we differentiate u partially w.r. to x, we treat 
y as a constant, whereas in case (ii), when we differentiate u partially 

w.r. to x, we treat v as a constant. The two values of thus 

obtained are not identical. To avoid confusion regarding the choice 

pf the independent variables, we denote in case (i) by 


— ^ where the suffix y in case (r) and v in 
9 * h 

case (ii) indicates the choice of the second independent variable. 
When, however, there is no ambiguity regarding die choice of the 
second independent variable, the suffixes outside the brackets are 

dropped. 

Ft If x=r cos 0, y=r sin Q,fnd the value of 


and in case 


0*0 by ( 



For (i), we have to express x and y as functions of r and 9 
This is already the case with the given equations. Hence • 

(ff)o =cos0> (l)e- in6 > 

(a'0)r=- rsinO - (a#)r =r cos0 ' 

For (ii), we have to regard r and 0 as functions of the two 
independent variables x an <1 y and have, therefore, to solve the given 
equations for r and 0 in terms of x and y. Squaring and adding the 
given equations, we get 

x 8q-y*=r* whence r = y/(x* +y*). 

Also, dividing one equation by the other, we get 

yIx =■ tan 9 whence 0=tan” 1 [yjx). 

/dr \ * (*L\ — y 

Hence )y~ VW+S) ’ WA v (*'+>’) ' 

/a® \ = _ j > r3®. ^ = *_ 

idx )y x'+jf' W )x x*+y 

For (iii), we have once again to express r and 0 as function of 
x and y. Hence using the results of (ii), we have 

a "-0 9 3 ( -y 2 *y 

g? g*\aw dx\*+yJ {* i +yy' 
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g a e_ a (db y a ( x \_ - 

ay dr / a? vr'+yy (* a 


Hence 


8y 

0. 


— —2*y 

(* a +y)* • 


vl. 

~ a. 




8. 

show that 


V/i 


ay dy \dy 

a^e, a^e 

• Examples XXXV 

If «=tan -1 prove that du % 

Iff* ~A0, k constant, show that 

dp = ~ J ~ do+A dO. 

lfx=r cos 6, ^=r sin 0, where r and 0 are independent, 

(i) dx= cos 0 dr-r sin 0 </0. (,i) dy=nn 0 dr+r cos 0 db. 

{Hi) xdy-y dx=r*dd. (jo) *</*-*-> </,«=„/,.. 

(») = —2 sin 0 dr dQ —cos 0 J0*. 

(pi) d*y =2 cos 0 </r dO —r sin 0 </0 a . 

If cos G,_y =r sin 0, show that 

« &)e=&)y « (SWfi, 


V 


and 


(m) 

(w) 

(*> 


av av 

a** ay 


av 

,3** 

a z 0 


• — 


-muui 

-(£) • ■ 


av 

dy* \ a xdy 

__ cos 20 


(/>tfn/a6 a J$*/) 
{Panjab, 1953) 

{M.T.I., 1945) 


dxdy r * 

a par S L e . I /r',7h“ J ,how1hat in ®* '* ® Bre ' hemselv “ function, of 

(0 *; =co» » . r*-r sin 9 . 9'. (,,) y =sin fl.r'+V C o, 9.9', 

(m) , =(r -r0 cos O-(2r'0' + r 0') 8 in 0, 

(«0 y ■=(r'-r0'») sin 0+(2r'0' + r0') cos o’ 
where dashes denote differentiations with respect to /. 

v 6 - Find the total derivative of « *,. r . to t when 

(0 u =* m si ay, where x=log t,y=t*. 

(ii) u= tan" 1 {yjx), where x=lopt, y= e *. 

V 7 Find the partial differential coefficients of * 2 y with respect 

to X andj’, and ns total differential coefficient with respect lo whe 
x and y are connected by the relation y wxicn 

**+v+y=»i. 


(Aligarh, 1946) 



8. If a =**'•, where *=r cos 8, ^=r sin 0, find , ?if 

dr 30 

9. If Z=f(x, y), where x=e u +r 9 ,y=r M -e*, prove that 

3* dz 3 z 3 z 

dL~do =X dx~^- ms ) 

10. If u=x x +4xy, where x =re*, y **rg-* % find 

3 7 u 3 2 a 

3r‘ ’ drds ds' * 

i 

11. Find and from the following implicit relations : 

CO x*+S=a*. (,7) x *la*+y/b* = 1. 

(mi) */+**.y=a 3 . (iv) x*+y 6 —5a*xy=0 


12. \lf(x,y, <)=0, show tha. ( g).(-§£) ( 


g)—■ 


[Hint. Considering z as a function of x and>» ?nd differenti¬ 
ating partially w.r.t. x treating y as a constant, we get 

sM-%r)r° solha ' (£).—£'*• J 

w 18. If x,y, z are connected by two equations of the form 


dx 


J\x,y, .c)-»0, f{x t y, 4 )= 0 , then determine the expressions for 
# 

(h 

and regarding^ and z u functions of x. 

14. Find and for the following : 

(0 **+y+« # -3*«. «= a . 

(«) «*+>•+/x+m^-fn4=^. 

16. Find dB\dA, where A, B, C, the angles of a triangle, satisfy 
# 2 sin B sin C=h. ( Andhra, 1936) 

16. If u=f(y+ax), prove that 

du du 3*u d 2 u 

T* “ By- and a? =a -sp ■ 

17. If u=f(y+ax)-\- 9 (y — ax), prove that 

3 \ = , 3»a 
3** 


(dgrfl, 7.94.?) 


y 


18. If u =/(** +y*+z*) t prove that 


0*w j 3*« 3*a A , . , . . 

3 ]? + 


+V'(«*+^+<V 


(«) y/{xy) sin. degree 1. 
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il'6. Homogeneous functions. A function fix, y) of the 
t%vo vat tables x and y is said to be a homogeneous function of degree or 
order n tf, for all values of /, 

f(lx,ty)=t n f(x i y). 

Thus if u=zax*-{-2hxy-\-bf, then u is a homogeneous function of 
degree 2, for 

2h{tx)(ty) + b{ty) % =<*(***+2 hxy+by*). 

Again if u=x tan-*( y/x ), then u is a homogeneous function of 
degree 1, for 

( tx) tan -\tyltx)=t.x tan ~\y!x). 

The definition can be extended to a function of any number 
of variables. 

Es. 1. Prove that the following are homogeneous functions of 
the degrees indicated : 

(0 2 - . 

(.70 - i , degree 0. (.V) (^ f. ***-*• 

Es. 2. Uf(x,y) and y) are homogeneous of degree m 
ai*d n respectively, prove that 

(i) f{x,y)4{x,y) is homogeneous of degree m+n. 

(w) f(x,y)lty(x,y) is homogeneous of degree m — n. 

11-61 Euler’s Theorem on homogeneous functions. If 

jXx.v) be a homogeneous function of degree n, and possesses continuous 

partial derivatives, then 

■ x %< +y % =n/( *’ y) ‘ 

Since /(*, y) is a homogeneous function of degree n, therefore, 
for all values of t, 

/(*, ty)=tf(x,y). 

’ Put tx=u and ty=o, then 

f{u,v)=t n f(x,y). vU 

Differentiating both sides with respect to / and noting that 
^ and =y. we get 

3u dt dt at 

iZ + y 3L=nt n - 1 f(x,y). 

3 u ' dy 


or 


x 


(2) 
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But this relation is true for all values of t. Hence putting 
/ = !, (2) becomes 




"tfii 


since u=x and u=y when / = !. This proves the theorem .\ 

The Theorem can be easHy^CxlenHecl to homogeneous func¬ 
tions of any number of variables. 

The converse of the above theorem is also true. Iff (x,y) is a 
function such that 

x-% +7 T 3 -=''/(*.>) 


for all values of x,y then f(x,y) is a homogeneous function of degree 
n. The proof of the converse is beyond the scope of this book. 

If we differentiate equation (2) again with respect to t, then 


noting that 


¥ . *L 


• - are themselves functions of u, o, we get 


/ 7 \*f du d L f do \ f d*f du a 2 / du \ . 

(g T, +Mu 7TJ + Amv IT, 57 ;=»('— !)<"*/(*■ 7) 


du do _ , a 2 /_ a 2 / 

or, since ~7T= X > anQ do'du~dudo 


a 2 / 


X + 2 *>f£ + =n(B - 1 >"■*/(-. 7). 


<*> 


Putting t = \, (4) becomes 

I X- g +2^ +y g ="(n -1 )/(*, 7). 


(5) 


Dl/lerentiatuig (4) again with respect to t, we obtain other 
similar equations involving higher order derivatives. 

ex. l. v u =jtL • vni f>< ,hat * a7 + 7-|r =“. 


am/ 


A. 2xy ■ 4- =0. 

3* a + ^ a Xdy df 


9 

Since u is a homogeneous function of degree 1, these results 
are immediate consequence of equations (3) and (5) of the last 
article. To verify these, we have to calculate all the partial deriva¬ 
tives upto the second order. Here 

a u y* _ • a u x* 

dx x+yy • a y ~W+y)*' 

d 2 u —2y 3 a *u 2 xy § d 7 u _ ~2x* 

dx * 9 ^ (x+y)* ’ dy*~ (at +y)*' 

and the given equations are easily verified. 


i 



£ 
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.2. If u =tin-'U** +./)/(* 4 j)} prove that 

stan u. {Delhi, 1968 ; Panjab, 1968) 


du . du 
*3* +> dr 


From the given relation, we have sin v = *^y - , I*t o(x, y) = 

then r(/*, <y)= =< “^ *»"<*. J>) which »h°w* that o U « 

homogeneous function of degree 1. Hence by Euler's theorem 


or 


t.r 


or 


do, do 

dx^ y dy 

x4~ (ain u) +y-%- (sinti)-sin a. 


dx 

du 


du 


cos u+y~ cos y=sin u, 
dx oy 


du , du 

X li +J dj 


tan u. 


9 

/ 


yt. 

2 . 


du 


du 


and 


If u-flylx), show that x ^+y~^ “° 
If u mc * n f{ylx), show that 

k 

<nu 

% 

0*u 


{Delta, 1967) 


du . du 
■dx +J ’ dy 


x, ^ +2j *~S 9 =»(»-«)«• 


dx* 


8. 


Show that if z**xf{ylx)+p{ylx), then 

a*?!? 

a*» 




4. If t^xyf(j/x), show that x y : 
Show also that if z is a constant, then 

, A’-tVA) <’+■%);(i) 

f 5. If u=tan _1 {(^*-f y*)/(jr •—^i)}, show that 
(' x d ±+y*L-ein 2u. 

\ <tf\P / dX dy 

\ » 8* If ««~sm- 1 {v'(* i 4*.y*)/(*+.?)}> prove that 


* 0 . 

2 *. 

{Kashmir, 1967) 
{Panjab, 1988) 


{Panjab, 1959) 


x 7T- +J -X- —Oe 
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7. u =f(H n ), where H n is a homogeneous function of the nth 
degree ; also suppose that we get from this relation H n =F(u), then 
show that 

du , du F(«) 

1 aT +* ay 'VW 

8. If u=f(x,y, z ) is a homogeneous function of *, * of degree 
n and possesses continuous partial derivatives, prove that 

du - du 9?/ __ 

* -—hy 5—h trr =rm * 

a.t a z 

[V f(x,y, z) is homogeneous of degree n, we have 

/(/*, (y, /(*.*«)• 

Now proceed as in Art. 1161.] 


X 


H -7 Applications to small errors. Suppose that the 

value of a quantity miscalculated from the observed values of two 
quantities x andy by means of the formula u=fx,y). Suppose 
further that there are small errors of amounts dx, by respectively in 
the observed values ofx and 7 so that their true values are x+Sx 
and y + Sy then the true value of u u/(x + 5x, y+oy). U 8u be the 
consequent small error in the value of a, then 

6 u «/(*+ lx , y + by) -/(x, y) 

+|“ fy + ei&* + 

by equation (2) of Art. 11*5, where e, both tend to zero as 8x8y 
tend to zero. If now lx and By be very small, then the terms 
8x ef by are smaller still and may be neglected. Hence the error 
£ the value of u is given approximately by the formula 

lu^lx+^y- 0) 

It should be observed that (1) is not an exact equation and 
therefore gives the value of lu only approximately. Equation (I) 
can be obtained from the equation of the total differential by merely 

writing lu instead of du. 

The quantity 8u/u which measures the error per unit in the 
value of u is called the relative error or the proportional error and 
is obtained most easily by taking logaritlun.c derivatives. The per- 
centage error is equal to the relative error multiplied by one hun- 

In case u is a function of a single variable x, then equation (I) 
becomes 

SuJ'f 8 *. 

dx 

The generalisation of formu a (I) when u is a function of more 
than two variables is almost evident. 
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Ex. 1. The area S of a triangle is calculated from the lengths of 
the sides a, b, c ; if a be diminished and b be increased by small amounts x, 
prove that the consequent change in the area is given by 

8S _ 2{a-b)x 
S c'-(a-b)*' 

We know that the area S of a triangle is given in terms of its 
sides by means of the formula 

or 1 6S* «=(<»+ b +0(* +c-o)(c+a -b'fia+b -c), ( I ) 

since 2s=a+b+c. 


Here only the sides a and b change and c remains constant. 
Let 8a, 8b represent the changes in a and b and let 8S be the conse¬ 
quent chage in S. We arc given that 8a = —x and 8b =x. Hence 
8a-{-8b— 0 and 8a ~8b=—2x. Keeping these facts in view and 
differentiating (1) totally, we get 

2 8S __ 8a±8b , 8b-8a . 8a-8b . 8a-{-8 b 

S c+£+c b+c—a c+a—b . a+b—c 

= 2x _ 2x _ 4 x(a-b) 

b-\-c—a c+a—b c* — (a— b)* 


Hence 


8S _ 2 x[a-b) 

S c*-(a-b)* * 


Ex. 2. In a triangle ABC , the sides b, c and the angle A are mea¬ 
sured. If small errors e and ? are made in measuring the sides and 'angle 
respectively , show that the error in the calculated value of a is 

(cos B+cos C) e+bf sin C. 

Jfb—c =4 inches, d=*/3, *=0'1 inch , f^O’Ol radian, find the 
error in a . 


By the cosine formula, the value of a is given by 

a l =b*+c*—2bc cos A. (1) 

Differentiating totally, we get 

2a8a=2b8b+2c8c — 2 K c cos A 8b +6 cos A 8c—be sin A8A) 

or aba^b—c cos A) 8b+(c—b cos A ) 8c-{-be si nASA (2) 

But b “f cos A +s cos C, c=cb cos A -fa cos B and c sin A sin 
C, therefore 

a8a«*a cos C.8* + a cos B.8c+ab sin C.8A 

or &j=coa C.8b+cos B.8c-\-b sin C.8A . 

But we are given that 8b=8c—e and 8A—f, hence the error 8a 
in the value of a is given by 

&r~(cos B+cos C)e+bf sin C. 

For the numerical case, since b =c=4 in. and 4 “ir/S. hence 

from (I), 

fl s~4*+4*-2.4 4 cos 60°«-32-32xi = l& 


217 


or 


Hence a= 4 in. Also $6=$r=OI In., and 8A =0 01 radian. 

Therefore substituting in (2) above. 

Aha =2(4 -4 xi) x0*1 -f 16x|\/3 x0*01 

8a =0-1 +0-02 x 1 * 732 =0-1 +0*3462 
=0*1346 in. approximately. 

EXAMPLES XXXVH 

1. The error in the area A of an ellipte due to small errors in 
the lebgths of the semi axes a, b is given b" 

8A 8a , 8b 

+ T* 


2 . 

c and A 


A a 

The area of a triangle ABC is calculated by measuring b, 
show that the relative error in area is given by 

iA « -f -ii+cot ASA. 

A be 

8. Two sides of a triangle are measured and found to be 
32*5 in., and 24*2 in., the included angle being 57* ; find the area of 
the triangle. If the true lengths of the sides are really 32 6 in. and 
24*1 in., what is the percentage error in the area ? 

4. In measuring two sides of a triangle which include an 
angle of 30°, one side is found to be 27 inches with a possible error 
of 0 1 inch., and the other 13 inches with a possible error of 0 05 
inch. What is an approximate value for the largest possible error 
in the area of the triangle due to the errors in measuring the sides ? 

{Panjab, 1945 ) 

6. The area A of a triangle is found from measurements of 
the side a and the angles B, C. Prove that the error 8 A in the 
calculated value of the area due to small errors 8a, 8B, 8C is given 
approximately by 


S_A 

A 


8a 


+ i 

a 


8B 


sin B a 


8C 

sin C* 


{M.T.I., 1945) 


0. The sides of an acute-angled triangle are measured. Prove 
that increment in A due to small increments in the sides a, b, c is 
.riven bv the equation 

given uy ^ ^ ^ ^ c u +cos B Sc 

Supposing thAt the limits of error in the length of any side 
are per cent, where M is small, prove that the limits of error in 
A arc approximately 

degreM - 


{M.T.I., 1927) 

7 . The side a and the opposite angle A of a triangle ABC 

remain constant ; show that when the other sides and angles arc 
,lightly varied, _u_ _u_ 

cos B Icos C ** 
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8. If the sides and angles of a plane triangle ABC vary in 
*u~h a way that its circum-radius remains constant, prove that 

1 ik . * m0 

where da, db, dc denote small increments in the sides a, b, e respeo 
dvcl V- (Agra, 1944 ) 

9. A triangle ABC is determined from observed values of b, e 
and A, but it is afterwards found that there are small errors 8b, Sc 
and 8A in these quantities. Prove that the consequent error in 

the radius of the circle ABC, is given approximately by 

SR _cos C 8^-f-cos B 8c _j_ cos B cos C t j 

~7T a + —SI— SA - 

10. If the density p of a body be calculated from its weights 
fK w in air and in water respectively, show that the relative error 
in P due to errors 8W, 8w in W and w is given by 

Sp —w 81V 8w 
P ~ W-w "1|T+ W=w * 


11*8. Extreme values of implicit functions. 

Consider^ as a function of x given by the equation 

K x » y) = o« 

tv.r. to x, we get 



whence 


<b_ 

dx 


= 0 . 


At an extremum. 


d >. 

dx 


fa 

0, 


•*. fm —0. 


(0 


<*) 


(.*.«) 


Let (x v _>•,), (x 9 ,y g ) .be the simultaneous solutions of (i) 

and (m). Then the values of x which make extremum are included 

in x lt x t , . ., it being assumed that is not zero at any of these 

points. The corresponding extrema values ofy ar -ey x ,y t . 

Differentiating (i») again w.r. to x, we get 

7xi = * + /”(s) JA - 

At extreme points *0, .V 

dx dxr f 9 

y is a maximum or a minimum according as is negative or 
positive. 

“ zcro » wc proceed to find 5^, etc., and proceed as 
indicated earlier. 
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Find the maximum and minimum values of y when 

x'+jF— 3ary—0. 

Let /C*..?)=**+/— -Sassy =0. (») 

Here / X =3(x*~ qy). 

At an ex'.remum, f x =0, (ii) 

Solving (») and («i) f *—0, or *^2<i 

The corresponding values ofy are 0 and #4a respectively. 

possible extreme points are (0, 0) and ($2a, $ / 4a). 

Again, / v =3(_y*— ax), which vanishes at (0, 0). Hence at this 

point -j? fails to be determined by the equation 

/«+/*£• “°* 

Differentiating this equation again wjr. to x, we get 

+/ "dr) +/ 'S‘ = ° 

which, on substitution for the various derivatives, reduces to 

6x-6 a f x +6 > (^) , +3(y-«)g=0. 

dy 

At (0, 0) this gives ^=0. 

Differentiating (m) again u;.r. to x, we have 


m 




At (0, 0), this gives 
6 _ 9a ^ =0 


or 




2/la 


Here 


~dx* ~ 

which is positive. Hence there is a minimum at (0, 0). 

Now consider the other point (^2 a, #4a). 

= “ ~ Q/ - V* —r = , which is negative. 

dx* /, Xjr-ax) a 

Hence there is a maximum at (-^2a, i/4 a). 

EXAMPLES XXXVIII 

\ Find the maximum and minimum values of y given by the 
following equations : 

1. y+,*=3(*V+l)- 2- *«-y-4*y+2=0. 

9. ** — 4xy+y + 8*—16»0. 4. sP+y*— 9*y+6x-f 7y—6«0. 
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5 ■ *+^- 30 *. 6. **--2*y+2y-4*--3y==16. 

7. If ay*—^***-f* 4 =0, show that the minimum value of j» 

is 4a. 

8. If x* sec*8—4ax tan 8—4aA=0, show that x is maximum 
when ta n, Q =y/ {afta+h)} and the maximum value of 

/ x=2y/{a(a+h)}. 

^ 1181. Conditional maxima and minima. 

Let u=f(x,y ) be a function of two variables x and y which are 
connected by the relation 

F(x,j 0=0. (0 

Fiom (i), y (or x) may* be considered as a function of x (orj>) 
so that u may ultimately be looked upon as a function of one vari¬ 
able, say x (or y). 

In certain cases, it may be possible to solve (i) for one of the 
variables in terms of the other, say y in terms of x. If the solution 
he =?(*), we have 

«=/[*, *(*)]• 

We may r.ow piocccd to find the extreme values of u by the 
methods indicated earlier. 


At times, however, this method is cumbersome and impracti¬ 
cable. We then proceed as follows : 


“=A*.y) 



where F(x,y) = 0. (m) 

V u is ultimately a function of x, say, for u to be maximum 
or minimum. 





From .(«*’), 
and fiom (Hi), 


d JL = f iL 

dx J *+ J *dx' 
F x -fF„^-=0 whence 



From (ii>) and (v) 

du - f* F * ~ 

dx F t 



For extreme values, 

fxF* —f\F U = 0 . ...(*») 

Equations ( tii) and (ai) are now solved for x and y. The simul¬ 
taneous solutions of these two equations give the pairs of values of 
x and y for which u can have an extreme value. 

In order to find out whether a particular pair of values deter¬ 
mines a maximum or a minimum, we find the higher derivatives 
of u w.r. to x and apply the results obtained earlier. 
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The method indicated above when u is a function of two vari¬ 
ables which are themselves connected by a relation is perfectly 
general and may easily be extended to a function of n variables 
which are themselves connected by (n — 1) relations. 

Ex. Find the maximum and minimum values of 


a* . b* 


u =Zz +-* 
x 2 y z 


(0 


where 

• 

VJ 

11 

$ 

* 



We consider^ aa a function of* as given 

by the second rela- 

tion* 

Differentiating w.r. to x, we get 



du _2_o* _2_£ dy 

dx x* y* dx 

(i») 

and 


(») 


At an rxtremunv 


du __2a*2b* 

dx * y * 
— =0. 


2 a* . 2 b' a 1 A* 

-7+T"" 0 - or ? 7~* 

Solving (#i) and 00 for x and y, wc get 

x _ *+y 


00 


X — 


b" 


oM+b*' 9 * 


+b *'» 


y= 


c6 2/ » 


Again 


jt u 6 a* _6b* dy _6a 2 ^66* 


dx 3 


which is evidently positive. 

Therefore u is minimum for the above values of x and y, and 

the minimum value 

a t( a t /%+**/»)* j b^aW+b*'*)* 

=- ~ c *0*'* + ^ 4/ * " ** • 

[ EXAMPLES XXXIX 

I. Find the maximum and minimum values of 
(i)xy, 00 x? +/, 

where (x/a) -b (yfb) = 1 * ... . f 

2 Find the maximum and minimum values of 

u =ax-\-by when xy=c l . 

3 if ax+by = \, find the extreme values of 

(0 ** -hr*. 00 (* “ fl ) 2 +O' -*) 2 - 


Where a&+2hxj+bjp=*\, are given by the roots of the equation 

( *”* )( b ~ 7 a ) “<**• {Panjab, Sept. 1950 ) 

6. Find the maximum and minimum values of 
(i) u =sin a 0-f sin* f , where 0 + f =a. 

/ (») “°3 *-M sin*_y, where .y — x=±v. 

^ 11*0. Greatest and least values. From the definitions of 
maximum and minimum values it is clear that these values are only 
the relatively greatest and least values of the function in the imme> 
diate neighbourhood of the points concerned. They may not be 
the greatest or the smallest values of the function in a given inter- 
val. To find the absolute maximum and minimum values of a con¬ 
tinuous function /(*) in a given interval [a, b], we must find all the 
points of maximum and minimum values in the iuterval (a b'i and 
also calculate f{a) and f{b). Then 


(*) the greatest of the maxima values and/(a) and /(b) is the 
absolutely greatest value of the function in [a, b\. 

(«) the least of the minim a values and/ (a) and /(b) is the 
absolutely least value of the function in the range [a, b], and 


E*. Find the greatest and the least values 0 / 2**-f 3**— 12*+4 
in the range [ — 3, 3J. 

Her»* /(*)=2*M-3**-12*+4. 

/'(*) =6(** +* -2) =6(* -1 )(*+2). 

.*. /X*) for x = —2 and 1. 

Again / # (*) = 12x + 6. 

.*. /'(1) is positive and/'( —2) is negative. 

Hence x=l gives a minimum and the minimum value = —3 , 
and x=*>2 gives a maximum and the maximum value =24. 

Again,/(—3) = 13,/(3)=49. 

Hence maximum value of the function =24. 


Minimum value 

= —3. 

Greatest value 

=49. 

Least value 

= —3. 


EXAMPLES XL 


Find the greatest and the least values of the function 

1 *»_18* 2 +96* in the interval [0, 9]. 

( Delhi , 1956 ; Panjab, 1948) 

2. ** —12^*4-45* in the interval 0<x<7. 

3 . ** — 9 **-f 24* +1 in the interval 0<x<5. 

4. **/(**+ 16 ) fo --<*<«* 



chapter XII 

ENVELOPES 


12 1. Consider the equation /(*, y, a) =0. The form and 
position of this curve depends upon a. The different curves 
obtained by giving different values to a are said to constitute a 
family and a is called the parameter of the family. Considering the 
totality of curves, a is variable but, for any particular curve, a is a 
constant. 

Two curves whose parameters differ by an infinitesimal are 
said to be consecutive or contiguous members of the family. The limit* 
ing position of a point of intersection of two consecutive members of 
a family of curves is called an ultimate point of intersection of two such 
curves. 

Def. The locus of the ultimate points of intersection of two 
consecutive curves of a family is called the envelope of the family of 
curves. 


Ex. Let the equation of a family of straight lines be 

x cos a+y sin a =p, 


where a is the parameter. Consider two consecutive members of 
the family : 

x cos a~\~y sin a=p t (,') 

and x cos («-f 8u)+y sin (a+8a)=p. (**) 

Solving these simultaneously and simplifying, we get, for the 
point of intersection, 

_ p cos (g+t 8a) £ sin (o+j ^So) 

cos $ da cos £ 8a 

When 6a-*0, we have for the ultimate point of intersection 
x—p cos a, y=p sin a. 

Eliminating a between these equations, we get 

x*+y*=p* 

as the equation of the envelope. 

Note. It may be verified that the equation of the tan-ent 

to the envelopes at (/> cos o, p sin a) is the line rcosa+y sin a=b 

As this tangency relation holds for all values of a, it follows that 

every member of the given family of straight lines is a tangent to the 
envelope. 


12 2. Equation of the envelope. 

envelope of the family of curves f(x,y, a)=0. 

Let a)=0, 

and JX x *y» «+5o)*0. 


To find the equation of the 


(0 

(«) 
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where Sac is an infinitesimal, be the equations of two consecutive 
members of the family of curves. 

The co-ord'nates x, y of a point of intersection of these two 
curves satisfy both the equations (*) and (ti) and therefore also the 
equation 

fix, y, a-fSa)- fi*,y, a)=0, 
or K*.y. «+*»)-/ {pj,. 

OX 

As we observe that the co-ordinates of the ultimate 

point of intersection satisfy the equation 


T t fix, y, cc+8x)-f(x, y. df 


5a-»0 


(Hi) 


The equation of the envelope is thus obtained by eliminating 
a between the equations f\x,y t o)*=0 and =0. 

Cor. The two equations representing the envelope may be 
solved simultaneously for x and y in terms of a. Let the solution be 

*=$(*). 0 («)« ( A ) 

The equations (A) may be taken as the parametric equations 
of the envelope. 

Ex. 1. Find the envelope of the family qf lines 

x cos a-fy sin a—p, (1) 

a being the parameter. 

Differentiating (1) partially w.r. to a, we get 

~~x sin a +y cos a =0. (2) 

To eliminate a between (1) and (2), square these equations 
and add. Then \ 

(* cos a-f y sin a)*-f (—x sin a-f y coi ac)*=p f 
or **(cos* a-f sin* a) -fy* (cos* a-f sin* a)=»^* 

or x*+y*=p*. (cf. Ex. § 12*1. 

Ex. 2. Find the envelope of the family of circles 

(x-a)*+y*=r\ (s> 

a being the parameter. 

Differentiating partially w.r . to a, we get 

—2(x—a)=0, or a=x. (ii) 

Substituting for a in (i), the equation of the envelope is 

y—r*. 

which represents the pair of parallel straight lines_y=rtr. 

12*21. Every family of curves need not necessarily have an 

envelope. The following example demonstrates this fact. 

• • 

Ex. Find the envelope qf the circles (*—a)*-fy* ■ea*. 


7 


225 


On simplification, the equation to the family of circles may 
be written as 

/(*,;•, (i) 

Differentiating partially w.r. to a, we get 

—2*=0. ($i) 

It is not possible to eliminate x between equations (i) and (ii). 
Hence the given family of circles do not have an envelope. 
Note. The eliminant of the equations 

a)=0 and —■ —U 


is the condition that the first of these two equations may have a 
pair of equal roots. Hence 

(i) A family of curves in which the parameter appears linearly 
will not have an envelope. 

(if) In order that a family of rational algebraic curves may 
have an envelope, the parameter must appear at least in the second 
degree. 

Ex. Find the envelope oj the family of curves. 

AT\ 2 -\-F}\ +C= 0, (|) 

where A, B, C are functions of x and y, and A is the parameter. 
Differentiating (r) partially w.r. to A, we get 

2/1A -\-B =0. (2) 

From (2), A = —Bj2A. Substituting in (1) for A, we get 

which is the required equation of the envelope. 

It may be observed that ( i ) is precisely the condition that 
equation (1) in A may have a pair of equal roots. ( Cf. Note above) 

12 3. Tangency property. In general, the envelope qf a family 

of curves touches each member of the family. 

Let the family of curves be 

J(x,y,<x)=0. (J) 

Consider any particular member of this family for which <*<=/, 
a constant. Then the equation of this particular curve is 

f{x,y.c)~ 0. (2) 

Ld Fx,y) be a point common to this curve and the envelope. 

Th»- nlopr of the cur ve at P is given by 



?[ -L 

by dx 


~0 whence 


it 

dx Ox I by 


where a «c. 


(3) 
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Now the envelope of the family of curves is given by 

/(*> J* *) =° and ^=0. 

Solving these two equations for x and y in terms of a, we get 
parametric equations of the envelope as 

* = f(°0» _>’=0(a). 

Hence the slope of the envelope at P is given by 


dy dy ( dx 


dx da. J da 


(4) 


, Differentiating equation (1) totally regarding x, y as functions 
of a, we get 


M ±x df_ dy^ df_ . 

dx da. ~^dy da 'da 


dy 

but =0 for the envelope, hence we get 
da 


=o 

dx da' dy da 


or 


dv_[dx =3 _ dfj df 

da • da 


dx dy 


...(5) 


Comparing (4) and (5), the slope of the envelope at P(x, y) is 

equal to which by (3) is also the slope of the curve 

f{x, y, c) =0 at P. Hence the envelope touches the curve (2) at 
By giving different values to a, it follows that the envelope 
touches all the members of the family. 

Note. The above argument fails if both vanish at 

ox cy 

dy 

the point P(x,y). In this case is indeterminate and we can* 

not assert, without further examination, that the envelope touches 
the curve. 

EXAMPLES XLI 

Find the envelopes of the following families of curves 

1. y—mx^-{ajm), m being the parameter. 

2. y = mx-\-\/(a*m t -\-b % ), 

3. y=mx-\-cm n , 

4. X cos tna -\-y sin ma=a (cos na) m ' m , a being the parameter. 


1 » 


!» 


>» 

>• 


»* 


• # 


6. 


a 2 cos 0 


a- sin 0 


x . v a 

f /(*•>) cos8-f- ? (x, y) sin 6=0(r, y), 


0 being the parameter. 


t > 


»> 
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7. (*—a)*-fy 8 =4a, a being the parameter. {Panjab, 1951) 


8 . 


0. 


— T- =1. a being the parameter. 

2 yl 

j 4* = I. where a is the paramete 


{Allahabad, 1946) 


10. y=x tan a — 




_-—. where a is the parameter. 

2U i cos 1 a r 

{Panjob, 1956) 


12*4. Envelope of a family of curves involving two 
parameters connected by a relation. Let the equation of a 
family of curves 

A*. v. a, p) =0 (I) 

contain two parameters a and p connected by the relation 

*(«. P)=0. ( 2 ) 

To find the envelope, we may eliminate one of the two para¬ 
meters between (1) and (2). The resulting equation will now con¬ 
tain only one parameter and the envelope may be found by the 
usual method. 


At times, however, elimination of one of the parameters is not 
convenient In such a case, we may consider one of the parameters, 
say p, to be a function of a given by the relation (2). Then differen¬ 
tiating (I) and (2) w.r. to a, we get 


da dp 
d$ ,d$ 
fa ' 


dp 


dp_ 

da 

dp 

da 


0, 


0. 


(3) 

(4) 


dp 


Eliminating a, P, — between the four equations (I)—(4), we 
obtain the equation of the envelope. 


The process of elimination is sometimes simplified as follows. 
From (3) and (4), 


jr/lt jr/ft. 

dJia “ ap/ ap 




"K, say. 

fa 
h dp' 



Now eliminate a, p, * between equations (1), (2), (5). We get 
the equation of the envelope. This is called the method of intermediate 

multipliers. 

Ex. 1. Find the envelope o system of concentric and coaxal 
ellipsei of constant area. {Panjab, 1946) 
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The equation of any such ellipse is of the form 




The ar;a of this ellipse is -nab. Since this is constant, -nab is 
constant, i.e.f ab is constant. Hence 

ob=c i , a constant. (2) 


Differentiating (1) and (2) w. r. to a regarding b as a function 
of a, we get 



2x« 2j* db 

~ a* ~ b* da ’ 

(3) 

and 


(4) 


rora (3) and (4), on equating the value of —, 



From (1) and (5), x , = Ja* and y*~\b % , whence 

a*=*y/2x, b~=\/ 2y. 

Substituting these in (2), the envelope is 

which is a rectangular hyperbola having the axes for its asymp¬ 
tote's. 

Ex. 2. Find the envelop* of the lines — -f.— «=>!, (1) 

wherf a and b are connected by the relation a n +b n =c n . (2) 

( Panjab . 1954) 

Differentiating (1) and (2) w. r. to a regarding b as a function 
of a, we get 



y db 
~ a' ~~b* da 

-0, 

(3) 

ana 

na n ~ x -f nb^ 1 -^- 

db 

-0. 

(4) 

Equating the value 

c db 

of da , we get 



* _ y 

or *J; =. >1? 

„ *!« +j! b 1 


f 1 o' 1 * 1 

a n 

“ “ c n 


by ( ’ i rfence 





and ' ^ 5 -- 




or 





l. 


J 
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Substituting in (2) for a , b ihe envelope is 

ft ft 

(c”x) n+1 -f-(*"v) n+1 =c", 


or 


x n +*-\- y 


n 

*+1 



12 2. Further examples. We add a few more examples. 


Ex. 1. Find the envelope of the circles drawn on the semi - 

a* r 2 

diameters of the ellipse —^ = l diameters. 

(Agra, 1948 ; Panjab, *68) 

The origin 0 is the centre of the ellipse. Let OP be any 
radius vector drawn fiom 0 to any point P of the ellipse and let 
the co-ordinates cf P be (a cos 0, b sin 0). Then the equation of the 
circle on OP as diameter is 

x(x—a cos o )-\-y(y—b sin 0)=O, •* 

or x t +y i =ax cos 0-f by sin 0. (I) 

We have to find the envelope of the circle (I), 0 being the 
parameter. Differentiating (1) w. r. to 0, we get 

0 = — ax sin 0 -\-by sin 0. (2) 



Squaring (I) and (2) and adding, the equation of the envelope 


Ex. 2. Find the envelope of the straight lines drawn at light 
angles to the radii vectores of the cardioid 
rt=a (1 -1-cos 0) ihrtugh their extremities. 

(Aligarh, 1930) 

Let P (d, a) be any point on the 
cardioid, therefore, 

d=a(l+cos <x). (1) 

Taking the initial line as the x-axis 
and the pole as origin, the equation of 
the line through P perpendicular to OP is 

x cos Oi+y sin a=d=a(l H-cos a) 
or (x — a) cos a +y sin a =a (2) 

Differentiating w. r. to a, we get 

—(x— a) sin cc-f^y cos x=0. (3) 

Squaring (2) and (3) and adding, the equation of the cm dope 
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Ex. 3. Find the envelope of the circles described on the radii 
vectores of the curve r =a(l -f-cos 0) as diameters. 

Let P (d, <*) be any point on the curve, then 

d=a( \ -f-cos a). 

The equation of the circle on the jadius vector OP as diame¬ 
ter is 

r — d cos (0—«) 

or r=a (1 -f cos a) cos (0 —») (1) 

Differentiating (1) w.r. to a, we get 

0=a[( 1 -f-cos a) sin (0—a)—sin a cos (0—*)]. 
or sin (0—a)-f-sin (0— a) cos a—sin a cos (0—a)=0, 

or sin (0—a)—sin (2a—0)=*0. 

or sin (0—a)=sin (2a—0), 

0—a«=2a—0 or a =f0. 

Substituting this value of a in (1), the. equation of the envelope 
is 

r = a(l -f-cos §0) cos JO or r =2a cos* J0. 

EXAMPLES XUI 

1. Find the envelope of the straight line x/a -\-y/b 1, where 

(») a-\-b-=c. (ii) a*+ £*=**. 

(Hi) a m -\-b n ==c n . (Panjab, 1954 S) ( iv) ab=c 2 . 

(u) a m b n r=c m+n , c being a constant. ( Panjab , 1949) 

2. Prove that the envelope of the ellipses, having the axes of 
co- ordmates a? principal axes ar.d the sum of their axes constant an 
equal to 2 c is the astroid 

x a/s_pj,*/s ( Panjab, 1941 ) 

8. Show that the envelope of a ciicle whose centre lies on 
the parabola f 2 =4 ax and which passes through its vertex is 

2a ) .*+*(**-f- y *)=0. C Agra, 1947 ) 

4. Prove that the envelope of the circles which pass through 
the centre of the ellipse **/a* +>■*/£*= 1 and have their centres upon 
its circumference is the curve 

(**+>■*)* =4 (a* x *+b*y). ( Bombay, 1947) 

6. Show that the envelope of the family of parabolas 

V(x/a) + V(jlb) = \ 

under the condition is a hyperbola. ( Panjab, Sept. 1950) 

6. From any point on the ellipse x i ja}-\-y 2 /b t = 1, perpendi¬ 
culars are drawn to the axes, and the feet of these perpendiculars 
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arc joined. Show that the straight line thus formed always touches 
the curve. 

(x/a) 2/3 +0’/£) ?/3 = I. {Punjab, 1957 ; Lucknow, 1945) 

7. Through a variable point P(at 2 , 2 al) of the parabola 
y—4 ax a jjne is drawn perpendicular to SP, where S is the locus. 
Show that the envelope ot this line is the curve 

27qy 2 =x(x-9a)*. ( M.T.I, '46) 

8. Show that the envelope of the family of circles whose 
diameters a,e double ordinates of the parabola ^ yhe 

parabola y=4a(x -\-a). \ 

9 Find the envelope of the straight lines drawn through the 
extremities of. and prependicular to the radii vectores of the following 

curvcs : ... m6 

(0 rcos(6-«)=f. (it) r=ae . 

(tf/i r n = a n cos nO. {Lucknow, 1950) 

10 Find the envelope of the circles described on he radii 
vectores of the following curves as diameters : 

• m / //r)== i + , cos 0. (ii) r sin a 0=4* cos 0. 

(m) r n =fl" cos n0. (Banaras, 1949) 


CHAPTER XIII 
CURVATURE 



18*1. Curvature. Consider the arcs PQ. P'Q of two differ¬ 
ent curves and let the length of 
each arc be s. As is clear from the 
diagram, in traversing the arc PQ, 
the direction of motion along the 
curve turns through a greater angle 
than it does in moving along P'Q, 
i,e., the average rate at which the 
tangent deflects is greater along 
PCI than along P'Q. In common 
language, we say the curve PQ is sharper than P'Q. In mathe¬ 
matical language, we say the average curvature of the curve PQ is 
greater than that of P'Q. If the angles turned through be </■ and </«' 
respectively, the average rate of bending in the first case is if/Is and 
in the second case if/'fs. 

Thr measure of the rate of change of direction along a curve is called 
its curvature and is obtained by comparing the angle turned ) 
through with the length of .arc corresponding to whicli this change 
of direction has occurred. Evidently if the angle is measured in 
radians and (lie arc in inches, curvature will be measured in radians 
per inch. It is the object of this chapter to measure this rate 01 
change of direction per unit length of the arc. 

13 11 Curvature ai a point. Let P be any point on the 
curve and CL a neighbouring point. Let 
the arcuul distance <»f P Lorn a fixed 
point A on the curve be s arid let the arc 
PQh? b Let S</< be the angle between 
the tangents at P and CL so that htp 
measures the deflection ol the tangent 
as the aic PQ is traversed. 

Average curvature of the arc PQ 

* 


curvature of the curve ut f 





\ l{ k(~ Greek ‘kappa’) denotes the curvature at P, we ha\e 


, _ # 

»» - » * 

as 


Note 1. The curvature of the curve at P depends only on 
the position of P on the cur ve and is independent of any svstem ot 
co-ordinates. 
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Note 2. The deflection of the tangent can be measured with 
respect to any fixed tangent to the curve or with regard to any fixed 
line in the plane of the curve. 

Note 3. 8<J> is called the angle of contingence. 


1312. Curvature of a circle. Let us 
radius r. Imagine a point P to move along 
the circle. As P moves along an arc P'QJ of 
length 8s, let the tangent turn through an 
angle 8Jj. Then the average curvature (i.e , 

, 8tfi 

average rate of bending) along P'Q =-^ 

(measured in units of angle per unit length 
of the arc). To find the curvature of the 
circle at P', we take the limit of this ratio as 

Ql+r- 

curvature of the circle at P' 


consider a circle of 



• • 



Tl us the curvature at any point of a circle is ct» stant and 
equals the reciprocal or its radius. Consequently, the greater the 
circle, the smaller is its curvature. In covering equal arcual dis¬ 
tances l along two different circles, the tai gent deflects by a greater 
amount in the case of the smaller of the two circles. 


13‘2. Radius of curvature. The radius of curvature at 

any point P on a curve is defined as the radius ol the circle S which 
touches the cut v at P and has the same curvature as the given 
curve at this point. Now for a circle, the curvature at a point is 
constant and equals the reciprocal of the radius. Hence if P denotes 
the radius of curvature of the curve at P, then 



and p = ~r 


The circle S is called the circle of curvature at P and its 

centre is called the centre of curvature at 



the point. 

Since the curve and the circle S 
have the same curvature at P, they must 
bend away from the (common) tangent at 
P in the same direction. Hence the centre 
of curvature at P must lie on the normal at 
P on the concave side of the curve, i.e , on 
the positive direction of the normal at P. 

At a general point P of the curve, the 
curvature is either an increasing or a decrea¬ 
sing function as P moves along the curve. 
Since the curvature of a circle is constant and 
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at P the curve and the circle of curvature S have the same curvature, 
it follows that on one side of P th^urve has greater curvature thin 
the circle S and on the other side of P, the curve has smaller 
curvature than the circle. Hence, the curve will, in general, cross 
the circle of curvature. 

As a point P where the curvature is a maximum, the circle of 
curvature lies within the curve and at a point P where the curva¬ 
ture is a minimum, the curve lies within the circle of curvature. 
Examples are the circles of curvature of an ellipse at the ends of the 
major and minor axes respectively. 


dp 


13-3. The expression for curvature or ^ 


or ( ~r~: for the radius 


of curvature are suitable only when the equation of the curve is 
given in the intrinsic form. We now proceed to find expressions for P 
when the equation of the curve is given in othe/* forms. 


13*31. Cartesian coordinate* — Explicit Form. When the 
equation of the curve is given explicitly in the form y =/(*)• 


Here 



=yi, .*• 4> =tan -1 y v 


Differentiating w.r. to x, we get 

dp _ 1 

dx l+j-,* •'*'* 

dp __dp dx __ y % 1 

ds dx ' ds ’VO+V) 


dx 


<1 +*•)•'■ * 

d. = (l±y^ (I) 

dp y, 

It has been assumed that s increases as x increases so that 


is positive. The sign of p, therefore, depends upon that ofy%> 
ds' # # 

P is positive or negative according as_y, is positive or negative, t.e., 

according as the curve is concave or convex in the positive y- 

direction. 

Cor. At a point of inflexion, (i) the curvature is zero and 
changes sign, and (») the radius of curvature is infinite. 


13*82. Cartesian co-ordinates—Implicit Form. 

the equation of the curve is given implicitly in the form f(x, y) — 0. 

d _y_ = -Jl and d 2>= /~/« a - 2 /~ f'fw+fmfm ' 

dx d * X /•* 


When 


Here 
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Hence substituting for-jr and ^ in (I) above, and simplify¬ 


ing we get, in magnitude, 

P=- 


(f x * 4 W' 8 




(II) 


13 33. Cartesian co-ordinates. Parametric form, (i) 

When the equations of the curve are given in terms of a parameter t in the 
form x=f K t), y=g(t). 

Let dashes denote differentiations w.r. to t, then 

dy dy j dx __y 

dx dt! dt x ' ’ 


and 


d 2 y 

dx * 


L( d I\=L(iL'\- 

dx \dx) dt\x'J dx 
xy'-yx' 1 _xy-y'± 

- *7 - # -- # 

* 9 V X 


Hence substituting in (1) above and simplifying, we get 


P = 


JM/i 


y f -yV 


(III) 


(ii) When the length of arc s measured from a fixed point on the 
curve is taken as the parameter and the equations of the curve are taken 

as x=f(s),y=g(s). 


We have 


=co» 0 and j^=sin 0. 
ds ds 


and 


# 

Differentiating these equations w.r. to s, we get 

d‘x . , difi ^ sin 0 

— => —,in ’P.jf p ■ 

J2 y . </0 _COS 0 

cos ^ ‘ "37 ~ • 


Hence from (1), (2) and (3). 



dy 


dx 

sin 0 _ 

-*I and 

, COS 0 

also P—rsn — 

=r C * 8 

d*x 

d*x 

d*y 

d 2 y 

ds* 

ds* 

ds* 

ds* 


Again, squaring and adding (2) and (3), we get 

P* ldi‘ i / ' 


( 1 ) 

% 

( 2 ) 

(3) 


(IV) 


(V) 
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Ex. 1. Prove that if P be the radius of curvature at any point 

P on the Parabola y l =lax and S be its focus, then p* varies as ( SP )*. 

{Panjab, 1952) 

The co-ordinates of the focus £ are (a, 0). If F[x, _>') be any 
point on the parabola, then 

SP = \'{{x-ay +>*} = \'{x* ~2ax +<** +/') 

='V(* 2 + 2ax+a i )=x+a. [\\y l =4ax] 

Also from the equation of the parabola, 

y=2d lli x xlt and y^a^x' 1 ' 1 , y t = -\a y !i x~^ 

Hence by formula (1), 


and 


. jj±zi^L_(i+«cM2_Ibw 1 . 

f>'=— <*+«)» =4 

Hence p* varies as SP 3 . 

Ex. 2. Find the radius of curvatuu a t any point of ih curve 

x=a(Q — sin 6), > = ,j( ! — cos 0). 

dx 


Here 


=„( I-cos 6), ^ 


d*x . n 
M‘ =a ,,n B ' 


d‘v 

,fr..=o co, U. 


by formula (III) above, 

{,r(l —cos 0) 1 -fa* su\ L c jf_ _ 

P ~a‘ I — cos 'Of . a cos 0— a sin h . a sin <) 

_ f!'2l I -cos 0V >™_ 9 /9 „n- w 0)0' 

—t 1 —co: 0) 

% 

=4 a sin A<> in magnitude. 

Ex. 8. Find the pointy of maximum and minimum curvature 
cm the curve v = lug sin x. 

We s h -ii first find t.ie cuivaturc at any point (a, v) and then 
Hu- value i fl x which make curvature numerically greatest or least. 
.(Jillticut i.itirig the equation ol the curve we have 

—cot x, _v 2 = —cosec'Or. 


y a —cosecvr 

<m vature * “* (1 +cot*xj* /S 


- —si Hi x. 


We have now to find the numerically greatest and least value. 

o! ( —sin a). 

The numerically greatest values are attained ut 

X =irr/2, i W/2, . 

where curvature — 1. and the numerically least aP) 

v—0, ±rr, i2ir, ... . 

where curvature >=0. 





-i 
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EXAMPLES XLIII 


v/ 


3. 

4. 




6. 
v 7. 
8 . 


Find the radius of curvature at any point of : 

1. The catenary s=c tan 0. 2. The cycloid s=4a sin 0. 

The tractrix s=c log see 0. 

The parabola s=*a log (tan 04-sec 0)4-* tan 0 sec 0. 

^ ( Calcutta ) 

y=c log sec (x/c). (Calcutta, 1955) 6. xy=c*.(Kashmir, 1956) 

x=a cos t,y=b sin /. (Allahabad, 1950) 

The catenary x*=*c log'{r4- 

Find the radius of curvature of the curve : 

V^e. x*+y=2 at(l, 1). 10. (**+y)*=a , (y-* 1 )at(0, a). * 

v/ 11. Find the curvature at any point of the catenary 
y=c cosh (x/c) and show that it varies inversely as the square of the 

ordinate. 

1/12. In the cycloid x=a(04-sin 6)," cos ° } ', 3 P? VC 
the radius of curvature is 4 a cos £0. (Delhi, 195J , Agra, 4J) 

U jA/ 18. Prove that for the ellipse x*la 2 +y*/b 2 = \, P=a 2 r/p\ p 

being the perperrdilular from the centre upon^rc 

/ 14 if CP, CD be a pair of conjugate semi-diameters of an 

hu&z&z*** • w-' 

•f.n IfP P. be the radii of curvature at the extremities of two 
conjugate diameters of an ellipse, prove that 

J g (pV»-t-p t *'*)(ab) l/3 =a--\-b 2 . (Panjab, 1947) 

[ The extremities of a pair of conjugate diameters are 

(ac o 5 l M»M0)and(- flS ine,»co S U,. ] 

' L H5. Show th^t the radius Of curvature at the po.nt 

(a cos 3 6, a sin 8 0) 

, „ Mf# . va.aa-v a/3 =fl 2/3 is sin 0 cos 0. 

on the curve * 1959 ; Utkal, '50) 

V ^0. F^d P for (0 **=cos x, (ii) y=f at the points where the 
curve crosses thc_y-axis. 

^ l7 . Find the points on the parabola x^al ,y-2at at which 

the radius of curvature is equal to the latus rectum. 

j 8. Find the points of maximum and minimum curvature on 
the curves : (i) y -sin x, (ii) y—e . 'i 

(ts'i Show that the radius of curvature of tire envelope of the 


n/ 






i„eaW«+7.in «=/(«) »/(*)+/>)■ 


anjab, I960) 

20. Prove that at a point of inflexion, the circle of cuivature 

degenerates into a straight line. 
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18*34. Polar form, («) To find 
the radius of curvature of the curve 

r=/v6>. 

Let iJj be the angle which the 
tangent at any point P(r, 0) make* 
with the x-axis. Then from the 
figuie, ' 

^=0+<$>- . 


1 


dJ> \ J0 


dd 

ds 


+ J0 J ds 

dQ 


Now tan 4>=r ~ = — and .*. ^tan" 1 (- Y where r x stands 

dr r x \ Jf / 


dr d 2 r 

for -ja' Let r » stanc ^ f° r Ik? 1 l ^ cn 


J0 


d$ 1 

dQ ~ 1 +(r/r 1 )*' 


r, 2 —rr a 


r i* n t 


r*+r,‘ 


Also 


Hence 


1 


ds J0 

-J d = V(r'+ r l ') and so y 
1 /, , ^ \*1 (x . f i a - rr Q _!_ 


• • 


(VI) 


r 2 -f 2r l > —rr a 

“ ( r *+ r i*) ,/a 

(,*+rW . 

'r* + 2r 1 *-rr i 

(ti) To find the radius of curvature qf the curve u =/(0), where 
u = l/r. 

Since r = l/u, therefore 

dr 1 du n, 

,8 * 


r '~ dQ~ u* dQ 


u 


and 


r * “ Jo* “ 


d*r u , u t —u 1 2 uu x 2 u l l —uu M . 

u* ^ «* 

Hence substituting for r, r L , r a , in (VI), we get, after simplifi¬ 
cation, 

P = i u ;+.“.‘)‘f. evil) 

u 8 (u+u t ) 

Cor. At a point of inflexion, curvature vanishes and changes 
sign. Hence 

, <Pu 

u-\-u t , t.e., u ~r jQt 

vanishes and changes sign at a point of inflexion. 
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13 35 Pedal form. To find the radius of curvature of the curve 
where r=f(p). 

tfiv -j - •-( 

ciy* 

- H 

* 


Wc hive p =r sin therefore 

dp ... . d<p dO dr dip 

r sm Hrcos <f Tr =r-^+r s - ^ 

\ / dQ dip 


K 




dtp _r 

T ~ds ~~ P 


• • 


P =r 


dr 

dp 


(*.* 9 + 4>=0) 

(VIII) 


13 88. Polar tangential form. To find the radius of curva - 
lure of the curve p=f(*p). 

Let ip be the angle which 
the tagent at any point 
P(x,>>) on the curve makes 
with the x-ads, •- Let p be the 
length of the perpendicular 
from the origin on the tan¬ 
gent and let a be the angle 
which this perpendicular 
makes with the x-axis. 



Then 

Also 


a =ip—\-n. 

P=x cos a+y sin a 


x cos W—W+y sin (0HW 
== x sin p —y cos ip, 


cW . hr' t| 

J 4 


Y*v' ^ 

dP ' ^ 


4>M 


% =X C ° S * + ‘"" * ‘ ^ 0_COS * ‘ 

Bu * % J h-% = p cos *• and % 5in +■ 


Hence 


d JL =x cos ip+y sin 0-f-6in ip . P cos ip —cos ip . p sin ip 

dp 

=x cos Ip+y sin ip. 

Differentiating again w.r. to ip, 

Tp =“* sin * + cos * ■% +> C05 * + sin * % 

= —(x sin tp —y cos 0)-fp(cos* p + sin* ^) 

= -p+P. 

d*p 


• • 


P=p + 


* 


(IX) 




bold 
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Ex. 1, Find the radius of curvature at any point of the para- 

2 a . 

— = 1 —cos 0. 

r 

Writing u for 1/r, we get 

2au = 1 —cos 0. 

Differentiating w.r. to 0 we have 

2au 1 =sin 0, 2<J!/,=cos 0. 

/ 

Hence substituting for w, u t in (VII), we get 

(I —cos 0)* sin 2 0 ) ,/2 

4 a* 4o 2 ) 4v/2a_ 

(1— cos 0) 8 ( 1 — cos"0 cos 6 ) — (l —cos 0)*'* 

+ o- 


p=. 


8 a 8 

4\/2a 


2a ^ 2 a 
=2a cosec* $0. 


(2 sin 3 i0) 8/> 

Ex. 2. Find P for the ellipse p*=a* cos 2 0-f£* sin 2 0. 
Differentiating the equation twice w.r. to 0, we get 


</0 


= — (a* —b 2 ) sin 0 cos 0, 


and 


+(■%)* “t*-**™ *-"**>■ 


«(.._»•)(sin^-co,* - 


(a t —b*) i sin* 0 cos* 0 


• • 


</0 


:(a* — £ 2 )(sin 2 0— cos* 0j — 


(a 2 -* 2 ) 2 sin* 0 cos* 0 


a' 4 cos* 0 + 4* sin* 0 
(c* cos 2 0-f sin 2 0) 2 <J*A* 


a* cos* 0+ A*»in* 0 


/>* 


~/' 2 


• *L-*»-p. 

</0* />* 

d'p_a'b' 

Hence P^+^/f*-^* 

Cor. 1. P is minimum when p has its maximam value a at 
an end of the major axis and P is maximum when p has its mini¬ 
mum value b at an end of the minor axis. 


Hence 


i n 


b 2 , a*b* a- 

o am Pmar ^~~ty b 


Cor. r.c ci- ature : the e11»j.»-c* is m;:' a mini at the ends 

ol the major axis and minimum at the end- ■ f tlv. minor axis. 
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EXAMPLES XLIV 

Find the radius of curvature at any point of the following 
curves : 

'■'1. «■=«(!—cos 0). (Allahabad 1942) 

-A 2. r=o cos m9. <- Pan J ab ’ 1938) 

^ 8. r*=a~ sin 20. 4. 0 = x /(r i -a t )!a—cos Ha/r). 

^ 5. (i) The cardioid 2ap’ = r\ (») The lemniscate^ a =r». 

^ 6. (i) The ellipse r 2 =a 2 +b 2 -(a 2 b f /p'). 
tf<z/) The hypeibola r 2 =a--b ? + 

7. (») The hypei bola />* = a 2 cos : p-b 3 ninV' 

(iz) The parabola /> sin 0=a. 

(«ii) The circle p =*( 1 +sin 0). 

^ 8 Show that the radius of curvature at any point on the 
cardioid r=a( 1 -cos 0) is f V<2«). 

y* 9. Show that in the rectangular hyperbola. 

^ r 2 cos 20 =a 2 , P « /*/**• 

^10 Show that for the curve t n =a u cos nO, the radius of cur- 
vatureiscV-'/Cn+l). (Patna, I960) 

, 11 . Show that for the curve = P varies inversely as the 

(»-I)lh power of the radius vector. (Delhi, 195S) 

12. In the conic (f/r) = 1 +e cos 0, show that 

/(I +2r cos 0 -f c 2 ) 3 2 


Y 


H (1-f^cosO) 3 

Ifd> is the angle which the. radius vector of the curve 
r «,/(0) makes with the tangent, prove that 

r cosec <f> 

1 



where P is the radius of curvature. 

^ Apply this result to show that the radius of curvature of the 

circle/=<* cos 0 is i*. 

y/\K. Show that at any point of the equiangular spiral 

0 cot * Pss . r coxc a and tha t it subtends a_ righ t jingle at the 
r-.o# ,P rBW 5 *~\Delhi, 1950) 

pole. 

in iff) be the pole and C the centra of curvature at any 
point P of the curve r^y/2p, show that the triangle OCP is 

isosceles. 

13-37. Radius of curvature at the origin. When a curve 
through the origin, the value of p at the origin may be 
P f tained from formula (I) after calculating the values of the 

derivatives^! and y t at the origin. 



242 


In the case of the curve/(x,_y)=0, if the origin is a double 
point on the curve, then at the origin and therefore 

formula (II) fails to give the value of P at the origin. The following 
method is useful in such cases. . 

Let y=px+\qx'+\rx ! ‘ + . (0 

be the Maclaurin expansion of y in ascending powers of x for any 

one branch of the curve through the origin, p, q, r, .denoting 

the values ofv v y 2 ,y 3 .at the origin. The values^, q .can 

be calculated by substituting the value of y from (t) in the equation 
of the curve and equating to zero the coefficients of various powers 
of x in the identity thus obtained. Then the radius of curvatuie at 
the origin is given by 

r J 1 +/>»)»/» 

9 

It has been assumed in (i) that the _>»-axis is not a tangent to 
the branch unde» considcr'.aon. If it be so, we can use an expan* 
sion of the form 

*=/ , i;+i?iy+oh> a +. 

where p v q t ., etc., denote the values of-^-, .etc., 

at the origin. The radius of curvature of the corresponding branch 
is then given by 

(i±pjTL 

9i 

Cor. i. Newton’s Formulae. If the x-axis is a tangent to 
the curve at the origin, then/>=0 and, therefore, p 

Also, fiom (i), + ., and so 

Lt n ^ =q ' 

x-*0 * 


P = 


Hence at the origin 


Lt 

9 x-+0 


2y • 


(X) 


It may similarly be shown that if the j*-axis is a tangent to 
the curve at the origin, then 

y* 


P= Lt 
x -+0 


2x * 


(XI) 


The formulae (X) and (XI) are called Newton’s formulae. 
Cor. 2. In polar co-ordinates, if the initial line is a tangent 

to the curve at tire origin, then from (X), 


Lt 


r* cos* 0 


Lt 


n-,0 2rsm0 tl _ 0 20 


0 

: /, . COS £ 0= Lt 

;,n 8 8 -,0 


T 

28 # 
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Ex. 1. Show that the radii of cu'DJture of the curve 

y\a —x) =**(<* 4-x) 
at the origin are 2 . 

The tangents at the origin are y* —x 2 , if., >«■£*, showing 
that the origin is a node on the curve. Sustituting 

y= = P*+ii* i + . 

in the equation of the cu; ve, we get 

(a—x)(px+ {qx 2 + .) J ==Ar*(a-fx). 

Equating coefficients of x l and x 3 , we get 

ap l *=m and apq —p 2 = \. 

From the first p' = 1 giving p = ± 1 . 

(I _|_ 1 ) 3/ a 

vVhen p= !, <7=2/* and so P = ——— =a v/2, 

(1 -f 1)3/* 

and when p— —1, q = ~ 2/a and so P — _ 2 jf~ = * — a v/2. 

Ex. 2. Find the radius of curvature at the origin for the curve 

2* 8 4-4 x 2 y +xy*+5)* +** —2xy 4 -y* —4* = 0. 

The tangent at the origin is x=0, i.e., the >-axis, and there¬ 
fore, using formula (XI), p= Lt (y 2 /2x). 

x-*0 

Dividing the equation of the curve by 2x, we get 

x , +2xy+iy t +5y^- )+1*-J’+(^j)-2-0. 

Making x-+0, v-*0, when yf2x-+p, we get 

p— 2=0 whence P= 2. 

Ex. 8. Apply Petition's formula to find the radius of curvature 
at the origin for the cycloid 

x=a(0-f-sin 0), y=*a( 1—cos 0). 

The origin corresponds to 0 =0. Also 

dv _ a sin 8 1A 

dx a( l 4-cos 0) = ^ 

Hence dy/dx—0 at the origin and, therefore, the tangent at the 
origin is the x-axis, and so 


Lt 


fl *(0 4-sin 0)* 


P “iq 2y e^o 2a( I —co« 0) 

2a(04-sin OKI 4-cos 0) 

*oio 2 bin a " 

_ Lt a ^ "^ co * 6 )*~fltQ4-»in 0) sin Q 
“a-O £os ® 


(t) 

av 
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Ex. 4. Find the radius of curvature of the curve r=a sin nQ at 
the origin. 

Since <|>=0 when 6*0, the initial line is a tangent to the 
curve at the origin, hence by Newton’s method, the radius o» 
curvature at the origin. 

r , a sin «0 _ an sin n9 _ an 

” ^ “off = Lt oo *** Lt 2 ’ n0 2 

0-*O 20 6-»0 ^ 6-»0 

EXAMPLES XLV 


Find the radius or radii of curvature of each of the following 
curves at the origin U' 

1. ^»+y_2**+6y=0. 'S. {Calcutta, 1948) 

8. y=x(x+y). 4. y*—2xy—3x*+x*+x*y*—0. 

5. Apply Newton’s method to find the radius of curvature at 
the origin for the curve 

*=»/— 

6. Find the radius of curvature at the origin of the two 
branches of the curve given by the equations 

x =» 1 —t a , y*=t—t*. (Panjab, 1936 ) 

7. Show that the radius of curvature at the origin of the 


curve 

{ ax + by ) +(« i * B + 2 h \* X + b i f )+••••••"' 0 

(a*+b*)™ _ 

... 1 dr 

8 . Prove that the radius of curvature at the origin is -g- -jjp 
and apply the result to the curve r~c(0-fsin 0). 


' 18*4 Length of 

a 



where P is the radius of curvature at P. 


chord of curvature. Consider the circle 
of curvature at a given point P 
on the curve. Let PQ, be any 
am chord of this circle through the 

point P. Then PQ, is called a 
chord of curvature at P. 

Let PQ, make an angle a 
with the tangent at P and let 
D be the other end of the dia¬ 
meter through P. Join QJ). 
Then 

£PDQ=<i and /_PQP= 90°. 

Hence from the right-angled 
tiiangle PQD, 

PQ=PD sin a,=2P sin a, 
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Wc now calculate this length in some particular cases. 

(a) Cartesian co-ordinates, (i) If C a denote the length of 
the chord of curvature PL parallel to the x-axis, then and so 

C„=2f>sin<4-2 - y - • yx 

(,V) If Cy denote the length of the chord of curvature PSi 
parallel to the^-axis, then a=^n—ifj, and so 

„ Oo m , _ 9 (i +j‘i 2 ) 3/a _i_ m±2i). 

Cy=2p COS fp—2 ^ 

Ib ) Polar Co-ordinates. If C 0 be the chord of curvature PN 
through the origin, then a =?, the angle between the tangent and 
the radius vector, and so . 

C 0 =2 P sin^2- J;^^ 

2r(r 2 + r 1 ’) 


(r' + r,*) 1 ' 4 


r 2 -t- 2r 


2 _ 


rr, 


(r) Pedal equations. If the pedal equation of a curve is 


given, then 


C n = 2p sin <J> = 2r 


ir .-L- 2b d ’ 

r 


dp ' r dp 

EXAMPLES XLVI 

Prove that the chord of curvature parallel to the axis of 
p nr t t' rurve v=s log sec (x/a) is of constant length. 

y for the curve ** 6 ( Lucknow, 1949 ; Panjab, I960) 

n if r C be the chords of curvature parallel to the a*es 
. n'th/curve y=*ac x,a , prove that 

at any point on the cuive^ ,v 

J_ , J-=—V . ( Panjab, 1940 ; Agra, 1943) 

c;- ^ cy laC* 

A Prove that in the catenary >=c cosh (x/r). 

C X =C 9 s\nh(x/c). 

v 4 Show that the chord of curvature through the focus of a 
ahola is four times the focal distance of the point and the chord 
of curvature parallel to the axis has the same length ( Danaras1943) 

/ 6 Show that the chord of curvature through the pole of 

the equiangular spiral r=ac U is 2r. ( Punjab , 1939 ; Patna, 1949) 

7 b Show that the chord of curvature of the cardioid 
f ifl(l +cos 0) through the pole is 4r/3. {Sagar, 1949) 

rj if C 0 and C p denote the chords of curvature of the car- 
.. 'd r—a{ 1-fcos Q) along and perpendicular to the radius vector 

through any point, 5hov, ^+ Cy > ) =8 a C,. 

- / a Show that the chord of curvature through the pole of the 

_ A • I 1 \ 


curve r 


■,a m cos mO is 2r/(m-\-l). 
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13*11 Centre of curvature. Let C(£, *7) be the centre of 

curvature at any point P(x, y) 
on a curve. We proceed to 
obtain the values of £ and V. 
Draw PM and CJV perpendicu¬ 
lars to OX and PK perpendicular 
to CJV. Let PT be the tangent 
at P. Then 

/_PCK=/_PTX='p. 

From the figure, 

£ =OjV=OM-NM=OM-KP 

=* —P sin ip, •••(0 

and r,=jVC=XK+KC 
=MP-\-KC 

*=y + P cos ip. •••(2) 

But 

, n4-v,*)»" 

and P «*=— 



Vi 


V * +.>!*) 


ft 


where y x and y t stand for the values of -j! and y-j- a t P(*,y)> 


Hen^e substituting in (1) and (2), we get 

S = x- y ' (l + y L>, 7 = y + ( i±^- ) . (3) 

* y. y* 

18 0 Evolutes and involutes. As the print P(x,y ) moves 
on the curve, the centre ol curvatuie C will move and describe a 
second curve. We define : 

The locus of the centres of curvature of a curve is called its 
evolute. The curve itself is called an involute of its evolute. 


13 01 Evolute as envelope of normals. We now show 

that the evolute of a curve may aLo be regarded as the envelope of its 
normals. 


The equation of the normal to the curve y=f(x) at the point 

(*, y) >* 





dy 

where y x stands for the value of at the point (t,_y) and X, Y 

are the current co-ordinates. Since y, y x arc functions of x, x may 
be taken as the parameter. To find the envelope, we difTeientia»e 
(1) w.r. to the parameter x and get 

(Y-y)y,-j *>-1=0, (2) 


d l y 

whers y % stands for —. 


Solving (1), (2) simultaneously, the co- 
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ordinates of the limiting position of the point of intersection of two 
neighbouring normals are given by 


v_ r=- 11 ^ yx% 

A —A? » A 


,r=y+-^f-. ( 3 > 

rrsi i™ normals is the locus of the point (X, T) 

The cnv ® P Since this point has the same co-ordinates as 

ig>- 

to° U ches’ S thc evolute at*the corresponding centre of curvature. 

The evolute of a curve may, therefore, also be defined as the 
envelope of the normals to the curve. 

13-62. The result of the preceding article may be proved m a 
different way as follows by proving the 

Theorem. The tangent to the evolute at any point on it xs the 
normal to the curve a, the corresponding potnt on the curve. 

The co-ordinates «. -7) of the centre of curvature C a. 

pointed.,) of ^cmveare ^ ^ 

Since 4 and P are function, .of x. dtese may ^'"parameter, 
parametric equations ot ti.e 

Fr ° m(1) dfi . ,d?_ 

- *■ =1 -P cos 0 f 77~ sm ^ Jx 

ds_ ^L # ^L-sin0x 
dth ' ds ’ dx dx 

dP • , dP ( 2 ) 

= 1—1 —sin 0 y— =* ”' sin • 




dx 
‘ d 0 


dp 


and 


(3) 


4H.J4.-p sin^+cos^- 

dx dx a * 

dy _ di iL . d *- 
°dx df ' ds ’ dx 

Jr Jf +COS 0 ~ =0OS * 

Hence the £ of' -He tangent to ,e evoiute a, the point 

C(£, V) 15 41 =-cot <l< by (2) and (3) 

d l J'c lh e normal at P(x,y) to the curve. 

at c to lhe evolute is 
theorem. 
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18 7 length of arc of the evolnte. The arc of the evolute , 

corresponding to an arc of the original curve for which P constantly increases 
or decreases , is equal to the deference of the radii of curvature touching its 

extremities. 

Let AB be an arc of the curve and ab the corresponding arc of 

the evolute, so that Aa=P k and Bb—P R 

are the radii of curvature of the curve at 
A and B respectively. We prove that 

arc ab =P —P 



A' 


dP 


%A w • 

prov'ded maintains its sign along the 
arc AB. 

Let P(x,y) be any point on the arc 


point on the evolute corresponding to the 
point P on the curve, so that />($, 7) is the centre of curvature of the 
curve at the point P. Let arc op = o, then a is evidently a function 
of s. As P moves to a neighbouring point Q on the curve, let 8s 
be the increment in s and 8a the corresponding increment in a. 

From Arts. 13’5 and 13’62, 

£=x—P sin ip, . 7 =y+P cos ip. 


d£ . , dp 

dx r dx 


dr) dp 

— -cos i 


whence, sauaring and adding, 

i )* =(£)* 

and do = -j^dp. 

Since dp maintains its sign along the arc AB, so does do along 
ab. Assuming that P increases,- we have 

do=dP and <r=p-fC, 

where C is the constant of integration. But o=0 when P=P A ; hence 
C=— P ^ and so 

o =P—Pa. 

In particular, arc ab =P —P . 

B A 

dP 

Cor. The radius of curvature of the evolute is -r-. . 

dip 

Let p' be the radius of curvature of the evolute at p. The 
tangent at p to the evolute being the normal to the curve at P 
makes an angle ip with the^-axis. Hence 

p' da — dp 

dtp dip 
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Since p =-—. therefore we have also, 

dtp • 

, d*s A . dp ds dp 

p =w an p 

13 71 The following property of the evolute may be noted. 
Suppose a thin flexible string is wound round the evolute and leaves 
the evolute at a tightly stretched along the tangent to the evolute at 
a. If now, the string is gradually unwoui.ded, all the time being 
held tight along the tangent, the point A and for that matter any 
point on the stretched part of the string will <'escribe a curve to 
which the line o^ the string, i the tangent line to the evolute is 
always normal. Thus the locus of every point on the string is an 

involute of the curve about which the string is wrapped It follows 

that a given curve can have but one evolute but an infinite number of 
involutes. 

Note. If P and £ be any two points on the string which is 

being unwound, the distance P£ along___ q A 

the common normals between the ] J 

locus of P and that of £ remains cons- / / 

tant. Two such curves are called ' S \^ Vv '4 / 

parallel curves. We thus observe \ / yp 

that the involutes of a given evolute ™\/ 

are a set of parallel curves. 9 

18 8 Evolute of the Parabola y* =4ax. 

First method : Evolute as the locus of the centre of curvature. 
Differentiating the equation of the curve, we get 

dv *y 2<2 

2 -4-=? a - 

Differentiating again, 

d l y 2a dy _4o*. 

y* dx = y % 


Hence 


^-*<1±z£U 

* y% 


+4 a' 

'la 


and 


= 3 ^+ 2 -. 

, i +yf_ __Z _ 

o=y+- = --- - 


[V y*=4ax 




y t 4a * 


Hence the centre of curvature at the point (x,y) is 

— al , t f 


( 1 ) 



2^0 


To find the equation of the evolute. we have to eliminate x 
between the equations 

2*s/a 

£=3*+2 a, V = - -TT*' 

from the first, x=\(i -2a). Squaring the second and sub- 


stituting for Jr, we get 


aV 2 =4x * -2 a)>. 


Changing £, n into x,y, the equation of the evolute is 

27a/=4(*-2a) 3 . ( 2 ) 

Second method. Evolute as 'he envelope of normals. Any normal 
to the parabola is 

>--f/.*=2a*4-<rt 3 - ( 3 ) 


Differentiating w.r. to t, we get 

x=2a + 3at\ ( 4 ) 

and .‘.from (3), y = -2atK (5) 

Eliminating / between (4) and (5), the envelope of die normals, 
i.e., the evolute of the parabola is, as before, 

2 7a v 2 =4(x —2a) 3 . ( 2 ) 

Cor. Length of arc oj the erolute inside the parabola. 

The evolute of the parabola is a semi-cubical paral ola with 

a cusp* at the point (2a. 0; The cusp on 
the evolute con esponds to the vertex A oi 
-the parabola whcie the cuivatuie is maxi¬ 
mum Like the parabola the evolute is also 
symmetrical about the x-axis. 

The abscissae of the points of inter¬ 
section of ihe evolute and the parabola arc 
the roots of 

27 a 4a.v=4(x-2a)» 
or x 3 -6ax 2 -15a 2 x-8a 8 =0 

the only admissible root of which is x=8a. 
When 

x=8a,_) 2 =4ax8a=32a l and so^ = ±4\/ 2a - 

Hence the points of intersection of the evolute and the para¬ 
bola arc (j a, ± > v' 2a). 

Let b(£, V' be the point (8a, 4 \/2a) on the evolute and B(x,_y) 
the coriesponding point on the parabola. Since b is the centre o 
curvature of the parabola at B, from (i) above 



£= 3 * 4 - 2 *. _ 

*A pomi on a curve n said to be a cusp if (/) two branches of the curve 
pusi though the point uud (U) the tangents to the two branches are real and 

coincident. 



Here £=8 a and so 3* = 6fl or x=2a. Hence the abscissa of 
B is 2a. 

Next, the radius of curvature of the parabola at any point 

{*, y) »s 

(1 +V) 3/ * = 

~y% 4a ’ 

(4a* 4-4a 2 ) 8 ' 2 2{x+a)*>' . „ 

v —--— = —— Yti — numerically. 


P = 


2 a* 1 


4 a.' 1 
=2a. 


and 


A t At x — 0, . . P A ^i/j 

At x=2a, P B =-^I7a- ==6 V /3fl * 

The total arc of the evolute inside the parabola 
=twice the arc ab of the evolute 

=2(P -P )=2(6 N /3a-2<2)=4(3 v /3-l)a. 

B A 

y* 

13 81 Evolute of the ellipse — r 4 --g--=l. 

First method. Evolute as locus of centre of curvature. 

The parametric equations of the ellipse are 

x=a cos 0,y=b sin 0. 

If dashes denote differentiations w r. to 0, then 

x' =—ajin 0,y =b cos 0. 
x' = — a cos Q,y' = —b sin 0. 
dy y b co« 0 
*”■ ^ l== dx = V = ~a sin 0 ’ 

jiy x 'y" —yfy a Msin* 04-cos* 0) 
y% = ff%— x '* = —a 3 sin 8 !* 

_ b _ 

“ a 1 sin* 0 

Hence the co-ordinates of the centre or curvatiire are 

r (\ 4 -v*) cos 0 (a* sin*04-^ C ®L_?) 

( = x — =a cos 8----- 


cos 0 

I 

a 

a'-P 


J* 

£ a s (l—sin ! 0)—4’ cos* oj 


and 


a 

*■*+- 


cos* 0, 

l+yt . _ a Ufa* sin* 04-** cos 8 0) 




- — =b sin 0 — 


CD 
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sin 0 


£ £*(1 —cos* 6)—a* sin* 0 J 


a*-b' . 

——sin* 0. 


( 2 ) 


I== ^l cos »0, >= _i^’ sin .A 


The equation of the evolute is found bv eliminating 0 between 
(1) and (2) ; we get, on eliminating 0, 

Changing £, V into x,y , the evolute is 

(ax '/' 3 +(by/= (a 2 - b *) *'». (3) 

Second method. Evolute as the envelope of normals . 

The normal at (a cos 0, b sin 0) to the ellipse *'s 

ax sec 0 — cosec 0— at—b*. (4) 

Differentiating w.r. to 0, we get 

ax sec 0 tan ft-\-by cosec 0 cot 0=0. (5) 

Solving (4) and (5), we get 

A » n 

, — (S) 

a b 

Eliminating 0 between equations (6), the envelope of the 
normals, i.e., the evolute is, as before, 

(axy'»+(bj) t, *=(a t -b*/'». 

Equations (6) may be regarded as the parametric equations of 
the ellipse, 0 being the parameter. 

Cor. Length of the evolute. 

The evolute is symmetrical about both axes and has four 
cusps, two on each axis, which are the centres of curvature corres¬ 
ponding to the vertices of the ellipse which are points of maximum 
and minimum curvature on the ellipse. 

g The radius of curvature at any 

point P in the ellipse is 

_ (*'*+/*)»'» 

» / 0 f / 

xy -xy 


: 


y 



s 




(a* sin : 0-b£* cos * 0 8/ * 
ab 


ellipse 


At the vertex A, 0=0 and at B, 
** 0 =^7r. Hence 

P =-— and p = —. 
a a B b 

The length of the evolute corresponding to the arc AB of the 


P -P - fl * b% 

B a b a 
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/ a* ft* \ 

Hcncc the total length of the evaluate is 4 -— J. 

[In the diagram the corresponding arcs of the ellipse and the 
evolute have been numbered alike.] 


13 32 


Evolute of the 


hyperbola 



First method. Evolute as locus of the centre of curvature. 
The parametric equations of the hyperbola are 

x=a cosh 0, y—b sinh 0. 

If dashes denote differentiations w.r. to 0, then 

x =a sinh 0, /=* cosh 0, 

x" —a cosh 0, y^sinhO. 

dy y ft c osh 0 
* ~dx ~a sinh 0’ 

Jiy x y —x’y oft(sinh* 0 —cosh* 0) 
y *= = V* = a 9 sinh 8 0 


_ft_ 

sm ~a} sinh* 0 

Hence the co-ordinates of the centre of curvature are 

* y% 

a* sinh* 0-f-ft* cosh* 0 
=a oosh 0+cosh 0 --" 


a*+ft* 


cosh* 6. 



b sinh 0 — 


. , a* sinh* 0-f ft* cosh* 0 
smh o --1- 


4-ft* •. 


sinh* 0. 


( 2 ) 


Eliminating 


0 between (1) and (2), we get 

(<2 ^)*/s_(^)*/s«( <2 »+6*) ,/ *. 


Changing i. 


V into x,y, the evolute is 
(a*)*'*-(fty) ,/ *=(a’+ft 2 ) 2/a . 



Second method. Evolute as envelope of the normals. 

The normal to the hyperbola at (a cosh 0, ft sinh 0) is 

ax sech O-j-fty cosech 0=a*+ft*. (4) 

Differentiating w.r. to 0, we get 

—ax sech 0 tanh 0—ftv rnsech 0 coth 0 =0. (5) 
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Solving (4) ana (5) for x and>, we have 





- cosh* 6, 



n*+b* . 



nh» 0. 



Eliminating 0 between the equations (6), the envelope of the 
normals, i e., the evolute is, as before, 

(a*)*' 3 ~{by) m =(* 5 ( 3 ) 

Equations (6) give the co-ordinates of the centre of curvature at 
any point O’ on the hyperbola and may. therefore, be regarded as 
ihe parametric equations of the evolute, 0 being the parameter. 


Ex. 5. Find the nolute of the rectangular hyperbola xy=c\ 

Let P(cp, dp) be any point on the hyperbola. From the equa¬ 
tion of the hyperbola 

dy _ c 1 

If ~ a 3 * 


Hence the slope of the normal at P 



and therefore the equation of the normal at P is 

* 

y—y=PXx- c P)- M 

The evolute is the envelope of the normal (1), p being the 
parameter. Differentiating (1) w.r. to p, 

*=2px —3cp* whence 2x =ocp +-r a - 

P* . r 

Substituting for a in (1), 

2yjy+cf., (3) 

From (2) and (3), 

Hence eliminating p, the equation of the evolute is 


2* /3 {(x + y yr* ~(x -y)*'*} =4c* l% 

{x +> )i/« _(* _y)*/a =(4r)«". 


or 
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EXAMPLES XLVII 


(£, rj ) denete ihe co-ordinates of the centre of curvature at any 
point P(x,y) on the cuive. 

jyS j|i, / 

1. For the hyperbola — —^7 = 1 y vvhose parametric repre¬ 
sentation is x=a sec Q,y=b tan 0, show that 

a*4-b 2 . * a 2 +b 2 

£ = —J— sec* 0, V =- tar * 8 0* 

Deduce that the equation of the evolute is 

(«)*'*-( 

Show that this is also the envelope of the normal at any point 
‘8’ on the curve. 

2. Find the envelope of the normal at any point on the 

4+t: =1- (Punjab, 1952) 

)£/ 3. For the rectangular hyperbola xy=a 2 t prove tnat 
^ 2£ =3x +(j'/x ), 2rt -3> +(**£). 

4. For the parabola V*+ vO' C3 V /fl » tlic centre of curvature 
at (a/4, fl/4; is (3a/4, 3a/ 4). 

y/ 6. For the catenary y=c cosh {xjc), show that 

ct=cx—y\/\j> z —c-),r)=2y. 

6. If C is the centre of curvatuie corresponding to any point 
P on the curve y=a cosli {xja) and G is the iuiei sec non of the normal 
at P and the *-axis, show iliat PC=PG. (Agra, 1942) 


7. Prove that the co-ordinates of the centre of curvature at 
any point ( x,y) on the curve y=f(x) can be expiesscd in the lorm 

aDd {Panjab, Sept, 1949) 

8. For the curve x=a co s*Q,y*=a sin 5 0, thow that 
£ =a cos* 0 +3a sin* 0 cos 0, V =a sin 8 0-f 3a cos* 6 sin 8. 

Deduce that the evolute is 

(x+yy^+^x-yy'i^a*'*. 



9. Find the equation of the normal to the tractrix 

x=c cos /-f c log tan if,y**c sin i 

at any point and hence show that the evolute of the tractrix it the 
catenary y=c cosh (*/c). 


10 Prove that the centre of curvature at any point of the 

equiangular spiral r=ac m ® is the extremity of ihe polar subnormal. 
Hence show that its evolute is another equiangular spiral. 
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MISCELLANEOUS EXAMPLES IV 

1. If /(*. y) =°. show ‘hat d f x = 

Obtain dyjdz in terms of y and z where 

a sin x-\-b sin y=c=a cos x-\-b cos z- ( Calcutta, 1954) 

Find §£■ and |£ where /=t*n-> (^)- 

( Kashmir, 1955) 

If u=f(y—z, Z—x, x—y), show that 

(Raj put ana, 1950) 

If u =f(x, y)» where x=r cos 0, y=r sin 0, prove that 

<•> £) , 0 , -C 5 )+ i*)’- 


2 . 


8 . 


du .du .du __ 

a* 8?" cfc” 0 * 


4. 


d*u , d^uJPu , J_ 

W dx^dy* dr* ^ r 


Su , 1 d 7 u 
dr r* d)*' 


5. If x~f(u t v), y=<f>(u, o) ; find and in terms of the 
partial derivatives of x and y w.r. to u and v. 


tions 


6. If u and v are functions of x and y defined by the equa- 


prove that 


7. 


x=~u+e~* sin u,y*=v+r-* cos u, 

du _ do 

dy dx * 

sin x 


C Panjab ) 


If tan u = f and tanh x> 
sinh y 


du 

dx 


do 

Ty 


and 


cosh^ 

du _ do 

dy = dx‘ 


, show that 


{Agra, 1951 ) 


8 . 


that 


Xf u *=f{ax* +2hxy +by x ) and 2hxy+by*), prove 

d / do 


-~(u% 

dy \ dx 




(M.T.) 


9. 


)-£( 

If u «=/(r) and x=r cos Q,y=r sin 6, prove that 

(Andhra, 1950) 


e? “+lH' w+ -r/'w 


a** ^ 

10. (i) IfF(x,^, z)=0 find 

(si) If f(x,y)=0, <p(y, z) = 0, show that 

df d$ dz _df d<f> 

dx 


cy dz 


dx dy 


( Lucknow , 1940) 
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11. Prove Euler’s theorem that 

du , da 

*07 +^7="“' 

where u is a homogeneous function of x andy of degree n. 
Deduce that * 

• If «=sin" l [(**+^’ t )/(^+>')]» show that 


da , du 

x— -fv—=tan u. 
dx y dy 


{Panjab, 1948) 


12. If u=H n e aZ *' >y where H is homogeneous of the nth degree 
in x and y, then 

*li +-V =(“+ 4 ->+'■)“• 

13. Find the maximum and minimum values of 

a sec x+b cosec at, 0<a<6. ( Punjab, 7950) 

14 Show that the height of a closed cylinder of given volume 

and least surface is equal to its diameter. {Delhi, 1952) 

15 The amount of fuel consumed per hour by a certain 
steamer 'varies as the cube of its speed. When the speed is 15 
“u t he fuel consumed is 4* tons of coal per hour at Rs. 4 per 

'’ The other expenses total Rs. 100 per hour. Find the most 
economical speed and the cost of a voyage of .980 ^ 

14 A lane runs at a right angle out of a road 18 ft. wide. 
How many feet wide is the lane if it is just possible to carry a pole 
45 ft. long from the road mto the lane, keeping it horizontal ? ^ ^ 

tt Prove that the minimum radius vector of the curve 

( J^ )S3 1 is of length {a+b). {Delhi; 1957 ; Punjab, 1949) 

( b ) find the maxima and minima of the radii vectors of the 

curve 

4 = 4n + tM) 

r* sin 1 0 cos* 0 

18 Prove that a conical tent of a given capacity will require 
Iftast amount of canvas when the height is y/2 times the radius 

of thfbase (Delhi, 1969 ; Allahabad, 1911) 

19 . The greatest value of x m y n , where a: and y are positive 
and x+y^k, » s 

m m n n k m * n l(ni +») W + H . 

20 Tangents are drawn to the ellipse 

(*V* a )+(y/6*)=1 
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and the circle x 2 -\~y 2 =a i at points where a common ordinate cuts 

them. Show that if G be the greatest inclination of those tangents 
then ° 

,an 6== 2V^i)' m *) 

21. Given tlic family of parabolas represen ted'by tfte equation 

ay=ax tan 0— x 2 sec* 0 

for different values of 0, show that 

(0 the member of the family, for which 0 =\n, cuts off the 
greatest intercept from the *-axis. Find the length of this maxi¬ 
mum intercept ; 

(») the envelope of this family of parabolas will itself be 
another parabola having its focus at the origin. ( Agra, 1942) 

22. A straight line of given length slides with its extremities 
on two fixed straight lines at right angles. Find the envelope of 
the circle drawn on the sliding line as diameter. 

(Panjab, 1947 ; Agra, '50) 

23. Find the envelope of a family of parabolas of given latus 

rectum and parallel axes when the locus of their foci is a given 
straight lin c y=px + q. • • 


«* 2 

24. Find the evolute of the ellipse - _] 

a 2 b 8 

it is the envelope of the family of ellipses given by 

a 2 x 3 scc J y -p 6 3 _>* coscc 4 y = (a 3 —b*) 2 , 
y being the variable parameter. 

25. Find the envelope of the ellipse 

x=a sin (0—a), y=b cos 0, 

where « is the parameter. (Panjab, 1950 S) 

20. For the catenary y=c cosh ( x/c), find the radius of 
curvature at any point and deduce the intrinsic equation. 

(< Calcutta, 1956) 

27. Prove that in the cune r 2 =a* sin 20, the tangent turns 

three times as fast as the radius vector ar.d that the curvature varies 
as the radius vector. (Delhi, 1959) 

28. Prove that for the cardioid r=a(\ +cqs 0), p 2 /r is constant. 

(Panjab, 1954) 

, 29 ; , If p i» . be the radii of curvature at the extremities of any 
chord of the cardioid. r=a (1 +cos 0;, which passes through the pole 
then * 

*V+P a 2 = 16*79. 

30. Find the point of the curve _v at which the curvature 
is a maximum and show that the tangent at the point forms with 
the axes Hfcoordm.ites atiiangle whose sides are in the ratio of 
1 : V2 : (Annamalai, 1940) 


(Panjab, 1937) 
and show that 


(Panjab, 1944) 


ANSWERS 


Examples XVI, 

1. *<— 2 and x>6. 2. x<l and x>2 ; 1 <x<2. 

Examples XVII, Pages 97—98 

1. (0 2nr. («) 2ir(A + 2r) (m) ir(2r*+A*)/(r*+A*). (w) 4wr*. 

2. * A ' A ' 


LD 2 * DL l ' 2DLo 
4. ir/3. 5. v/3 sq in./«ec. 

to. 0 rcs P’ 

12 ax/(a-b), bx/(a-b) milcs/hour. 

13. 1A ft. sec. Decreasing. 


2Mf' wkerC *=(«)*• 


6. 3»8tt cm./min. 
11. 25 ft./sec. 

14. 6f ft. sec. 


1. 99 995. 
8. 4-004. 


Examples XVIII, 

2. 6-994. 
4. 8 005. 


1. 


Examples XIX, Pages 105—100 

(i ) 7>=2a(.V+x), 2a(r-y)-hy(X-x) =0. 

(tf) a2'r-3x 2 A , -f2* 8 =0, 3t*(r-.y) + a*(^-Ar)=0. 

«)= 0 . 

(iff! /y=X+fl/ , ,>'-f/*=2<Zf+fl/*. 

(&) bx—ay sin Q=ab cos 0, ax sin 6 +by={a t +b t ) tan 0 
(pi) x sin \t—y cos \t*=at sin \t, 

x cos It+y sin \t=ai cos 4/+2 <j sin {/. 

2 (i ) 4X+r=4a. (») 3X-2T=a. 4. (2± 1/V3. ±2/3^3). 

6# ' y =2 x+3. 7. x + 3y=±9. 14. n'A” =a"-'B(nA'+ 

Examples XX, 

1 90°, 37 3 57'. 2. 45°. 2. tan" 1 if. 

6 ; 0, tan -1 49. 8. 90’, tan->{3/(2’"-f2 4 ")}. 

Examples XXII, 

1. In. 2. fw. 8. in.' 4. tan _, 0. 5. m0— 

0 Str. 7. fir. 8. 9. tan” 1 $ ; J* at the pole. 

18*. -27 alb, -3a/5, 9v/(10)a/5, 3v^(10)fl/5. 'x 

14. 3aJi t a,V{2\)al4,aV7/2. 

Examples XXIII, 

1 . p* =ar. 2. r*=a*—3/» 2 . 3. r‘t=a i —b t +a , b t lp*. 


4. (5V^*)=(2fl/0-l* . 

6 # a m p=r m + l . 7. />=rsino. 

9.* flV =f, ‘ 


5. 2ap'=r*. 

8. (r*+a 2 )/> ! =r 4 . 

10. a*(*’-l)//>«r»( 2 c/r)-H. 
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Examples XXIV, 


(2 o-x) 

2. (i) a\/( 1 — e* cos 2 /). (iV) 3 a sin t cos /. (iii) 2 a cos §/. 

0 cot a 


5. (i) 2a cos £0. (ii) a cosec a e 


(iii) a-v/faec 20). 


Examples XXV, 

1. Max. at x = — 1 ; min. at x=0. 

2. Max. at x= 1 ; min. at x—1. 

3. Max. at x = —2, 1 ; min. at x~ — 1, 2. 

4 Max. at x — \ ; min. at x =-6 

5. Max at x—— 1 ; min. at x — l \ neither at * = 3. 

0. Max. at x=2 ; min. at x =2 1 9 i > neither at x=3. 

7. Min. atx —i. 8. Max at x=a ; min. at x= — a. 

10. Max. at x=ntr -\-\tt ; inin. at x —mr — Jw. 

11. If a = tan _, (iA/3), then at =a, -rr—a, 77 +a, |rr,.give max. 

and min. alternately. 

12. If a =7r/(n -f 1), then there is max. at x =<x, 3a,.and min. 

at x=2a, 4a,., provided x ^ a multiple of it in either series. 

18. If a>b t max. value —a, min. value=£ and vice versa if a<b. 

14. If a>b, max. value =(rt-}-£) 2 . 

17. Max. valve =4 je ; min. value =0. 

Examples XXVI, 

1 . (i) 12, 12. (ii) 8. 10. (iiV) 6. 18. 3. 220 yds., 440 yds. 

5. 4\/3 s-q. in 13. (4yr/27)/i 3 tan 2 a. 4. a— b. 

Miscellaneous Examples II, 

6. 120 tt ?q ft 'sec. 

7. Max.=-fr.*'M -b™) 9 *, min. = (a* /3 -f-6* /8 ) 8/t . 

8. 9(5 e/3 — 2 ,/3 ) 3/2 ft. 9. 32/9. 

10. Increasing in 0<x<ln and f7r<x<fir ; decreasing in 
^rr<x<5 7 ’ and J‘ir<x<w. The greatest value is attained at 

x = \^. 

Examples XXVII, 

3. Not applicable ; not derivable at x = l. 

4. (0 <r=-=4. (ii) c—4*, fir. (iii) c = ±2/\/3. (io) r = — 2. 

6. c-2. 7. {(i) 1 '*, (*)*"}. 
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XXVIII 


• J) <0 +” C *(* 

(Hi) log sin a -H*-a) cot a-K*-a)* co! , ec ‘ a +. 

(«) 1 + . 


Examples XXIX, 

«• 4r*'+W*+ ? »4 , * ,+ . 


9. +A * 5 -. , 

18. x+*x # . 14. l+*+i* s -** 3 . 


* * * i os 2 a 4 2 

1 3+l^fl^-. (.0 

J # i . • f _ 


17. (i) * D . 

' * U. rxDanded by the Maclaurin’s Theorem 

18 ' irascend'ng ^versof * as the functions and their derivative, 
are not continuous at x=0. 

Examples XXX, 

1. Min. ..«-»• 2 Max. a. * = 1 ; Min. a, *= , . 

8. cos x —h .inx-47« s *+l! Sin * ; ' 4848 - 


4. 1*0696. 

7. *. 

11 . 1 . 

15. 


6. -2*532. 


5. 8*445312. 

Examples XXXI, _ 

8 9. (1 —log *)/(l -4-log 

12. -2. 13. 2 alb. 


10 . 1 . 


10. * t7 * 2 * 


14. 1. 
18. 2. 


3* 


1. 1 

7. 1. 

18. i. 

19. 1. 

25. 1. 

28. (»') 1. 


6 . 0 . 6 . 0 . 

11 . 0 . 12 . 

17. 1. 18. 1. 

23. He. 24. 1. 


Examples XXXII, 

o| 3. 1. 4. 0. 

8. 0. 2/*- “■ “• 

14 —I. 18. ““!• 1®- 

20 . 1 . 21 . 1 . 22 . \/e. 

26 -(*5 e'™' “'m “ if *-.0+. 0 if x->0—. 

Examples XXXIII, 

8. (i) 2(m+n)/(m-«). (,7) T - i n(n+1 ). 

4. f/"(*)//'(*)• . 8 ‘, = — 4, j 8 =5, limit «1. 

7. fl = —2, limit = -l °* V 

10. Too» “iV* 1- 

Miscellaneous Examples HI, 

o R .!-• 0. 0=J. 

4. A* * 4 i a x 1_£x 4 4-. 

1*. 2(x—l**+i* ,— .)• #> * * + 
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Examples XXXIV. 

1. («) 3**-3 ay, 3y*-3ax. 

(ii) cos (e^+e^), be b > cos (e^+e**). 

18. T 

Examples XXXV, 

0. (») e'(kin - y+2/* cosy)ft, where *=log t,y=t*. 

(ii) (x/e* —y)/{t (**+.>*)}» where x=log 

7. 2*y, ; x(4y f -\-xy—2x 2 )/(x+2y). 

8. 0 ; see* 0 e vf *, where x—r cos 0, y—r sin 0. 

. 10. 2(*® 4 + 4) ; 4r* 24 ; 4rV. 

11. (i) —x/y, — o*ly*. (ii) —b*x/a*y, — b*/a*y *. 

(in) —(y 2 +2xy)/(x*+2xy), 6a\x* +xy+y *)/(*• + 2a>)» 

(w) — (a 4 — a*y)l(y* — o 9 x) t 6a a xy{x*y 3 + 2a*)J(y—a s x) a . 

14. («) (z -x)/(y-z), (x-y)l(y-z). 

(it) (U—"y)/(ny~mz), (mx— ly)j(ny —mz). 

16. {sin (A —C)-f-sin B(cos G—cos A)}/{sin (C—B) 

■f sin A(cos B-cos C)}. 

Examples XXXVII, 

4. 0‘66 sq. in. 

Examples XXXVIII, 

1. Min. at (0.ZJ3) ; max. at (—2, —1). 

2. Neither max. nor min. 3. Max. at (0, 4). 

4. Max. at (1, 1) and (2, 2). 6. Max. at *=2a. 

6. Max. at (2, 4) ; min. at ( — 7. —5). 

Examples XXXIX, 

1. (0 Max. =}ab. (II) Min.=a*£ f /(a*+6*). 

2. Max.= — 2cy/(ab) ; min. =2 c\/(ab). 

3. (i) Min. =l/(<j*-f £ 2 ). (ii) Min.»(a*+6« — 1 )»/(**+£*). 

6. (i) Max. —2 cos® ; min. =2 sin® |a. 

(ii) Max, =6 ; min. = 1. 

Examples XL, 

2. 70,0. 3. 1,21. 


1. 160, 0. 


4. 0, no greatest. 
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Examples XLI, 

1. y'=4ax. 2. (**/**)+(y/*■)«=!. 

3. (n — I )"-* x n -f n’* try 1 =0. 

4# whcrc (f>0) arc thc 

coordinates of 

5. a'/x'+b'ly'^c'la*. 6. f/(^,>’)] a +f^(Ar.^)]*= 1 [^ > y)j*. 

7. y =4x + 4. 8. *s/*+y/»=**/». 7J , m '^ J 

9. *±y=±*. 10. 25V=2U*CU*-2^). 

Examples XLII, 

I. (0 \A+V>=\A- («) x* /3 +y /a =r 2/s . 

(ft#) A n/(n+I) + ^«/(n+l) = 4 .n/(.»+l ) 4 (,y) =<;*. 

(p) * ,n _y n (m -j-n) m+n =rn m .n".c mtn , 

9. (i) r*={2/> —r cos (0 -a)}. 

(if) r=«v/(I +m 1 )< m(0-,an ' 1 m) 

(ill) r »/ll"»l 3 fl»/"-n) cos {a0/(l —n)}. 

10. (0 r* (e*—1) -2/<rr cos 0 +/* =0. 

(ii) r cos 0 =a sin* 0. 

(tit) f n /^ , *+ 1 ^ =a n ^ n "*^ cos {/i0/(« -f-1)}. 

Examples XLIII, 

1. c sec 2 0. 2. 4a cos 0. 

4: 2a sec* 0. 6- « sec (*/c). 

7. (a* sin 2 i+b 2 cos 2 l)* l2 /(ab). 

9. l/v/2. 10. fa. 

16. (i) 1. (it) 2v/2. 17. For/ = ±v/(4 l/ »-l). 

18. (i) Points of numerically greatest curvature are given by 

. x = ±l( 2 n + l)TT, and points of numerically least curvature by 

x = ±nn, where n is a positive integer. 

(ii) Max. at *=f log no min. 

30. a cos $0 cot 0 


8. * tan 0. 

8. (c'+s')/c. 

11. l/(c cosh*(*/p)}. 


1. fa sin J0. 
8. a 2 /3r. 

5 (i) 4a0/3r. 

6. (i) a % b 9 !p % . 

7. - (i) o'b'/p*. 


Examples XLIV, 

2. (r 2 +a*w 2 —r*w , ) ,/ */(r a —r*m* +2a 2 m 2 ) 
4. VCr 2 — a 2 ). 

(ii) a 2 /3r. 

(ii) a»A*/y. 

(ii) 2a cosec* 0. (i t Q a . 


Examples XLV, 

2 . M2y/2. 8 . *. 

6. 2y'2;2v/2. 8. a. 

Examples XLVII, 

2 . (**)** 


1. 1J. 

5. *. 


4 . 5v/10 ; oo. 
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Miscellaneous Examples IV, 


1 . 

2 . 

5. 


10 . 

18. 

15. 

10 . 

22 . 


23. 

25. 


sin z ( c—b cos z) 


cos y (c —b sin y) 

** + 2 xy—y* df 


dy _ 
dz 

ax (x* +y )■ +&T>y & 

A 3 /- and — A—, where A 
do do 


_ > a -f2x>r— X* 


=! 


(**+>•)*+(*+.>) 8 
3* dy___dx_ By 
du do do du 



(i) -F x 'F t , -FJF,. 

Max. = —(a J/ * +#•)*'*. min. =^ 8/ * +* t/3 )* /# . 

5(75) 1/s miles/hr., Rs. 792 (75) 2/ *. 

9 ( 52 / 3 _2 i/b ) 8/ * ft. 17. ( 6 ) Max. =c 2 l(a+b). 

Taking the fixed lines as axes, the envelope is x 9 +y z = 
l is the length of the sliding line. 

2 p 9 x— 2 py+( 2 pq +lp* +l)=0, 21 being the latus rectum. 
x — 4 - a. 20 . 9 =c cosh* (x/c), s=c tan 


/*, where 


AN INTRODUCTION TO CALCULUS 

PART III 

DIFFERENTIAL CALCULUS 

CHAPTER XIV 
ASYMPTOTES 


14-1. Algebraic curves. The equation of an algebraic curve 

of the nth degree is of the form 

( ao z* -fa x x*- l y + ...+■a„/) + (V*” 1 '+ t> y x'- V+ ••• + <*>*-&*-'*) 

+(c 0 x* | - a -fc 1 ar"- 2 y-f ...-{-c n - 2 y n -*) + :.+(l<?+l,y)+™ 0 =0, — (*> 

which may be re-written as ., , v 

X n <f> m (y/x) + X n l <t>n-l(yl x )-' x n - z <t> n . 2 (y/x)+ . =0. ..-(I ) 

where 0„(y/x), 4>«-i(vl*) . arc polyn° miaIs “ V'* of dc ^ rccs *• 

n —1.at most, respectively. 

The equation (1) may also be re-written in either of the 
following two ways according as it is arranged in descending powers 

of y or x : 

. +?oI+mo)=0 ... (2) 

. +/ , y+mo)=0 ..,3, 

14-2. Branches of a curve. Consider the circle x*+y*=V. 

Solving f°ry, wcB« =+Wat _ xI) or y = _ v/(a ,_ I . ) . 

These two equations represent explicitly the two branches of the 
circle which in ordinary language we call the upper and lower half 
of the circle Notice that the circle lies inside the square bounded by 
the lines z= ±a. y=± a - We say. therefore, that both branches or 

the circle arc finite. 

Again, consider the curve *V =**-*/’. Solving for y, we get 
ys+rV(**+1) or y=— */\/(r , + l). 

If ^+eo, y-*+ 1 and if x-*-oc, - 1 along thefirSC 

branch. In the case of the second branch if r-*+«», y^~I 

and if®°» S'"** 1, 

Here x is capable of taking arbitrarily Urge values but y remains 


finite. 

In the caae of the parabola. y*=:4cr, the two branches arc 
= ±2y/ay/x. As *-►+«. V -* + °° along one branch and 
,„oo along the other branch. 
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Branches of a curve along which or y or both are capable of 
taking arbitrarily large values are said to be infinite. 

A point P{x, t/' i8 said to tend to infinity along an infinite branch 
of a curve if x or y or both « while the coordinates of P satisfy 
the equation to the curve. 

14*3. Definition. A rectilinear asymptote to an infinite 
branch of a curve is a straight line , not lying wholly at infinity , such 
that the distance from it of any point on the infinite branch of the curve 
tends to zero as the point tends to infinity along the branch. 

We shall use the word asymptote to mean a rectilinear asymp¬ 
tote only unless otherwise stated. 

While the definition holds for all curves, we shall consider its 
application to algebraic curves only. 

14 4 Asvmptotes parallel to the axes. Let P(r, y) be any 
point on the curve/(*. y )=0 and let be a straight line parallel 
to the y-axis. The numerical vahie of the distance $ of P from this 

line is given by 

S=|z— c|. 

If tWO as P-*oo along the curve, then the line z=c is an 
asymptote to the curve. This implies that as x-*c, y-+o° (posi¬ 
tive or negative) because at least one coordinate of P must -►oo if 
P is to —* on. 

In other words, to find the asymptotes parallel to the y-axis f 
we have to search for values of c from the equation f(x, y)= 0 of the 
curve such that when x-*c, y The lines x=c. are then 

the asymptotes of the curve parallel to the y- axis. 

To put it roughly, x — c is an asymptote if c is a value of * 
which makes y infinite. 

Similarly if x—r 4 - ->© when y—>c, the line y=c is an asymptote 
of the curve parallel to the x-axis. 

14 41. Algebraic curves. Asymptotes parallel to tlie y- 

axis. Let y m , where m <in, be the highest power of y present in the 
equation of the algebraic curve of the nth degree. Let the equation 
be arranged in descending powers of y as 

A 0 (z)y» + A 1 +.+ A m (x) =0, ...(1) 

where A 0 {x) is not zero identically and .<4 0 (z), A x (x) .arc poly¬ 

nomials in x 3uch that the degree of no term in (1) exceeds n. 

If m=n, i.e., if y« is present in the equation, then A Q {x) is 
merely a non-zero constant and, therefore, equation ( 1 ) in y cannot 
have an infinite root for any finite value of x and hence there is no 
asymptote parallel to the t/-axis. Therefore, if the curve is to have 
any asymptotes parallel to die y-axis, y n must be missing from the 
equation of the curve. 
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Next, let m<n. y will have an infinite root only if J # (z)=0. 
Hence if A 0 (x) is a constant, there will again be no asymptote parallel 
to Ihe y-axis. If^ 0 (x) contains x, y will be infinite corresponding 
to every value of x which makes A Q (x) vanish i.e. corresponding to 
every root of the equation A o (x)=0. 

If any root of A <i (x)=0 is imaginary, then the corresponding 
asymptote is rejected as we do not consider imaginary asymptotes. 

Or we may reason as under : 

. Let the equation to the curve be arranged in descending powers 
° f y ** a^ n +(a u - l x+b n - l )y n ' 1 + (a n -iP i +K-t*4c m . t )y''- t + . 

+ (ao* n -f&o*'*"' 1 +.-Kar 0 +m 0 )=Q. 

jf a -xq no finite value of x exists as to make y •*«*>. 
Hence there" is no asymptote parallel to the y-axis in this awe. 
If a =0, then 6 fl _ 1 =0 or x=-6 n _ 1 /a » makes one root in y 

infinite. Hence x = . or jX+d.-.-O is an asymptote 

oarallel to the y-axis. If there is no term containing y" and y*~» in 

the equation then a A . 2 x 2 fV 2 x+c=0 gives two asymptotes parallel 

to the y-axis and so on. 

We thus have the following : 

Rule If in an equation of the nth degree, the term containing 
U u ts absent, then the coefficient of the next highest power of y present 
J L enuaium when equated to zero, gives the asymptote or asymptotes 
Z y-aJ, provide this coefficient .* not merely a 

constant. 

14 42 Alegbraic carves. Asymptotes parallel to the *-axis. 

Arguing as in the previous article, we have the following 

Rule If in an equation of the nth degree, the term containing x* 

■ h^nt then the coefficient of the next highest power of x present in tht 
rS nZ ^d to zero, gives the asymptotes paraiiil to the xaxis. 

^lided this coefficient ts not merely a constant. 

E*. Find the asymptotes, parallel to the coordinate axes of the 

following (tl) *y-y*=2. (Hi) 2x 3 -fz*y+y*=4. 

til The curve is of the 3rd degree and y 3 is absent from the 
., a »;nn The highest power of y appearing in the equation is y* 
Sr'ts coefficient isz-a. Hence z-o=0 is the «y<nplote p»r.llel 

to the y-axis. 

The coefficient of x 3 is a constant, —1. Hence there is no 

asymptote parallel to the x-axis. 

The equation is of the 4th degree and jr 4 is absent. The 
Vi’crhrst cower of y appearing in the equation is y». Its coefficient ts 
Hence 1=0 gives asymptotes parallel to the ya*is. 
_ j arc the two asymptotes parallel to the y-a* is. 

Thus x r=z »t*' 
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A**in x 4 is absent from the equation. The highest power of 

x i s **. Hence asymptotes parallel to the *-axis are g ,vcn 

equating the coefficient of x* to zero. The coefficient » * 

^* = 0 y = 0 is an asymptote to the curve. This is the cr-axis 

itself. __ 

(u*i) The curve is of the third degree and x* is present. Hence 

there is no asymptote parallel to the ar-axis. 

Again, y* is absent. The highest powei: of y is y*. Its 
is a constant. Hence there is no asymptote parallel to the y- 

either. 


imples XLVIII 

Find the asymptotes, parallel to the axes, of the following 


curves 


1. xy*-\-x*y =x*+y*- 

3. xV=a*(x*-fy*). ( Panjab , 1958) 

5. x*y*-4-y* = l. 

7. xy*-\-ay % =x. 

9 . y* — xy*=x 3 -fl. 

11. y=x(x — l)(x—2). 


2. (x*-f y^a^ay*- 

4 ; xy=a ! (r l -»*)• 

6. xy*+z?y=a A . 

8. y 3 — x*y=a* + \. 

10 . (a l /x*) + (6*/y*) = 1 * 

(Panjab B.Sc. t 1962) 

12. y 3 =(x—1)*. 


14-5. Oblique asymptotes. We next consider asymptotes 
which are not parallel to either coordinate axis. These are called 
oblique asymptotes. The method given below will also enable us to 
find the asymptotes parallel to the x-axis but these are best found by 
the method described already. 

Let the straight line 

y=mx+c •••(*) 

be an oblique asymptote to the curve 

f(x, y) =0. —(2) 

Then both m and c are finite. Let P(x, y) be any point on the 
branch of the curve to which ( l ) is an asymptote and let 8 be the 
perpendicular distance of P from (1). Then 8-+0 as P tends to infinity 
on the branch of the curve, i.e. when x and y tend to infinity under the 
relationship (2). It should be observed that x and y may tend to plus 
or minus infinity depending upon the quadrant in which the infinite 
branch lies. Thus we have to find m and c such that S-*0 when 
P(x, y) tend to infinity on the curve. 

Without taking sign into consideration. 


u—mx—c 

d = —-» 


v'O -f m 1 ) 


..(3) 


and therefore 


T 


_i (v _ m _ « \ 

v/( 1 +m : )V r x ) 


...( 4 ) 
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When x-*oo, 5->0, Six -*0 and c/z-r> 0. Hence, we get, in the 
limit, from (4), 

1 *( 


0 = 




- m ) 


...(5) 




make 


x -» 


...( 6 ) 


Lt -l=m or m= Lt "* 

This gives us the slope m of the asymptote. 

To find c, substitute this value of m m (3) and tl 
-; we get 

y-mx-c qTit<s0 . 

Lt v( 1 + m *) 

ht(y—mz —c) =0 or c=Lt (y-mx). 

This gives us c and thus the asymptote is known. 

_ If an infinite branch of a curve possesses an obli - 

To sum 'V™ Planes of m and c are given by the 
que asymptote y=mz'tc, *** J 

equations x 

m =Lt <y/»), c=Lt(y-m*). 

vM re x. x and y being connect by the relation f{x, y)-0. 

Ex U Examine for asymptotes the curve 

**+3*y+2y*+3*-2y + l=0. 

Since the equation is of the second degree, to find the hunt of 

y/z, we divide by x« ; we get , 

i+ 3 (i) +2 (^) + t _ t(t) + x>“ • 

NOW as V /«—• 3/-°. 2/X-.0, 1/x^O. and we get, m 

the limit, the whence m =-l, 

. r and therefore, there can be two ob- 
This gives two vataooj ^^^ding values of e are finite. 

lique asymptotes provided the correspo » 

Whenm=-l,c=L«(y-mx)=L« y+x) 

^ when m=—i. e=Lt (y —mx)=Lt (y+i*)- 

Now the equation, the " 

Hence, when m = t 

2y-3s-l_ [From the equation 

Lt (y+*) — *+2y of the curve] 


2(y/ a)-3—(i/ y ) - 2m ~ 3 
Lt 1 -f-2(y/«) 1 +2e» 
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-2-3 

1-2 


= 5 , 


Lt 


since, when x-*co, {y[x)-+in = — 1 and (l/x)-> 0 . 

The corresponding asymptote is y= —z-+5. 

When m = — 

[From the equation of the curve) 

2(y/x)— 3 -(_1 /x) = 2m-3 
2+2 (ylx) 2 + 2m 

= 2 ( — 4)—3 

2 + 2 (-ir ■ 

since, when i-°o, (yfx)~>m = —$ and (l/x)-*0. The corresponding 
asymptote is y = — \x — 4. 

Obviously, there are no asymptotes parallel to either axis. 

Hence the curve has only two asymptotes and their equations 
are r + y — 5 and x+ 2 y + 8 = 0 . 

Ex. 2. • Find the asymptotes of the curve 

{x+y)Wv ^~ x+ 9y-2. {panjab m9 ', 56) 

Since the curve is of the 3rd degree, to find the limit of y/x, wc 
divide by r 1 : we get 

Now as x —► y/x-*m, 2/x-0, l/x*->0, and we get,Jin 

the limit, the equation 

(1 +m) ! (l + 2 m )—0 whence fi*= —l, 1 , 

When m = — 1 , 

c= Lt (y-mx)= Lt (y+») 


x—> 

1 Lt ± '\/( 




x + 9y—2 \ 
x+ 2 y +2 ) 


[From the equation 
of the curve) 


= i Lt 

x—* ® 


1 +9(y/»)-(2/») ^ 


l+ 2 (y/x)+( 2 /*) 7 

1-9 


±n/Gw) =± \/(t4)= ±2 ^ 


since when x-*°°, ( yfx)-*-m = — 1 and (2/x)->Q. Hence there are two 
asymptotes corresponding to the value m =* — l and their equations 
are y~ -x±2y/2. 
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When m——\ t 

c= Lt (y—mx) = Lt iy-r\x) 




=^l[ 

-1 + 

= £-[ 

-1 + 


CO 


-J 

[From the equation of the curve} 




0-f-9m(0)—0 



= -l. 

since when (j,/x)-m = *. (1/x) -0 and (2/**)-0. Hence the 

corresponding asymptote is y= —\x—\. 

It is easily seen that there are no asymptotes parallel to the 

axes. 

Thus the curve has the three asymptotes 

y = -x- f 2v/2, y — —x—2y/2 and / = — |x — 1. 

In the above two samples, it should be observed that all the 
values of m found were real. If any value of m is .magmary then 
it is to be rejected for we consider real asymptotes only. Further, 

it should be observed that when m has been foun <* 
y mx is a ^tor of Ore high- d^ree terms of the e ?= of 

J+Z7+2S Ind S in Ex.'2.' <»+*)’ and !/ + »* were factors of 

(x+y)\x+2y)- 

Ex. 3. Show that the parabola j,* = 4rw has no asymptote. 

Since the equation is of the 2nd degree, to find the linut of y/x. 

wc divide by x * ; we get 

(*)’-*• 

and malting i-* co, we obtain 

m* = 0 or m—0. 

Thm there is an asymptote parallel to the x-sxis if the corres¬ 
ponding value ofc is finite. We lave 

6= Lt (y—mx) =* Lt Lt ±v(4ax), 

which is not finite. Hence there is no a^mptote parallel to the 

awuas. f/= j.A/(4az), there is no finite value of x which 

nakes A y“> Unite. Hewe there is no asymptote parallel to the jeaxis 

_ t h C re is neither an oblique asymptote nor an asymptote 
lelm the y-axis, the parabola y*=4ax has no asymptotes. 


parallel 
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1 1 may be remarked that the mere fact that a curve has a 
branch extending to infinity does not necessarily mean that the 
curve has an asymptote for, though both branches, y = ±y/ (4ox), of 
the parabola y 2 = 4ax extend to infinity, it has no asymptote. 

The general case of oblique asymptotes for an algebraic curve is 
discussed in the next section. 

Examples XLIX 


1. Define an asymptote and state the method for obtaining asymp¬ 

totes, parallel to the coordinate axe6, of a rational algebraic 
curve. ( Panjab , 1962 S) 

Find the asmyptotes of the following curves : 

2 . = 3 . y 3 = x 2 (x+6 ), 4. y*(y-x) + ax i = 0. 

5. y>- 6 .nr+ llx 2 y-6x 3 4 x + y=0. (Calcutta, 1957) 

0. r 4 = 26x 2 y. 7. y*(x-2a) =x*-a 3 . (Lucknow, 1946) 

8 . (x— l)(z- 2 )(x + y) + x 2 + x+l = 0 (Panjab, 1960 S) 

9. y 3 —xy* —x 2 y-f x 3 -f* ! —y 2 = 1. (Delhi, 1959 , Patna, 1947) 

10 . (x~y 4-1 )(x—y — 2 )(x -fy) = 8 x — 1 (Panjab, 1938) 

Show that the following curves have no asymptotes :— 

11 . ay 2 =x 2 (x-f a). 12 . y 2 (a 2 +x 2 ) =x*(a*-x a ). 


14 0. Oblique asymptotes of an nth degree carve. Let 

the equation of the curve be written as 

+ x'-'<t> n - l (y/x) + x n - 2 <t> m . i (yjz) +.-F$ 0 =0 ...(1) 

The line y=mx-f c is an asymptote if 

m= Lt (y/x), c= Lt (y—mx), 
x-* » x-* “> 

these limits being calculated from relation (1). 

Dividing (l) by x n , we get 



Making x—>oo, and noting that — 

X 


1 ^ 

x 2 ’ 


0 while 


we get 

*.("0=0, ...(3) 

other terms vanishing in the limit. 

(3) gives the slopes of the asymptotes* and V (m) is, in 
general, of the nth degree, (3) will have n roots corresponding to 
which there can be n asymptotes. 

Let m be one of the roots of (3) and let y—mx=i> so that 
Lt v—c when x and y-> co such that y/x-*m. 
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Then — = m+— . Substituting for — in (1), we get 
xx x 

1 ( m + “) + .-+^ 0 = 0 . 

Dividing by x n and expanding each term by Taylor’s theorem. 


we get 

2 ! x * . 

+ 4(«.-,(m) + ^.-i'(»")+.} 

X ** 

H-T*'{^i»-2( m )+.•••}+••• =0, 

X 


or <t> n (m)-|—+ l( m )} 

•Ir 

+■? 1 + o *-‘'<” 0 + 1 ♦-«<"•)] +.=°- 

V 4> n (m)=0, we have, on multiplying by x , 

<*M«0+*«-i( m >> | 0/(»») ■+**-i'(») 4 *.-*"») j 

+.=0 ...(4) 

•/ Lt t;=c when a: and «/-*», we have in the limit, 

... If 0 n '(m)^O, which will be the case if <fc,(m)=0 has no 
repeated root, we have 

c=-^- 1 (m)/4» # <l (m). 


Thus the equation of the asymptote corresponding to a (non- 
repeated) root rrn of <f> n (m)=0 is 


y=mx — 


<Pn'(n 0 


Thus if . bc thc non-repcated roots of 

6 (m)=0 and e,, c 2 , c 3 .be the corresponding values of c, the 

asymptotes corresponding to these values of m and e are y=m 1 x-f c„ 
ysm^+Cg' ctc * 

Particular cases. Parallel asymptotes. 

Suppose that two of the roots of equation (3) are equaL Let 

these be wij, my. Then <fi n (m,) 0 

If d> (m.)^tO, equation (5) fails to give a finite value of c when 
L(,-« *) doe. not exist finitely. Hence there * no 

asymptote W to these repeated roots. 











274 


If, however. <£ fl _i(™ 1 )=0, equation (5) becomes an identity. In* 
this case, equation (4) becomes, on multiplying by x 

On taking limits, as x and we get 

YT^ n ^ m i)+ c ^"-»'( m i) «•-*! m i) =0 

which gives two values of c, say e,', c" 

•*. y = m,*4-c/ and y—m x x -J-c," 

arc the two parallel asymptotes corrr ponding to the two equal 
roots m ( , m, of 4>„(m) =0. The discussion can be extended on similar 
lines, if necessary. 

It may be observed that 0„(m) is obtained from x n <f> m (y/x), i.e, w . 
from the terms of the nth degree by putting x — l and y=m. 

Note 1. Asymptotes corresponding to w =0 as a root of 
^(m)=0 are parallel to .r-axis and are obtained directly by the 
method of Art. 14 42. 

Note 2. When railed upon to find the asymptotes of any curve, 
it is advisable to first find the asymptotes parallel to the axes and 
then the oblique asymptotes. 

Ex. 1 . Find the asymptotes of the curve 

x 3 +2x*y —ry 2 —2^*4-4t / 2 4 2xy -f y— 1 =0. (Panjab, 1946 ) 

The curve is of the 3rd degree. Putting x = 1 and y=m in the 
3rd and 2nd degree terms separately, we get 

0 3 (m) = l -f 2m — tn*— 2m 3 , 

4» 2 (m) =47n*4-2m. 

The slopes of the asymptotes are given by <t» 3 (m)=0, 

1 + 2m — m s — 2m 3 =0, or (1 +2m)( 1 -m*)=0, 
whence m=-|, 1 , - 1 . 

Also <£ 3 '( m )=2— 2m— 6m*. 

Now c is given by =0, by 

c( 2 — 2m—6m 1 ) 4- (4m* -j- 2m ) — 0, 

whence c = — 2 m*-f m 

1 —m —3m a t 

For m = l, — 1 , —J, we get c=l, 1, 0 respectively. Hence the 
asymptotes of the curve are 

y=*+i, y=-i*. 

Ex. 2. Find the asymptotes of the curve 
x* +4x*y Jf 5xr/*4-2 ;/ 3 4- 2x*+ 4 xy -f 2y*— x — 9t/+ 1 =0. 

The curve is of the 3rd degree and x 3 and if are both present 


e = — 
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in the equation. Hence there are no asymptotes parallel to the 
axes. 

Here ^ 3 (m)= 15m 2 -f 2m 3 , 

# 2 (m)= 2 -f-4m -f 2 m 2 , 

$i(m)— —1 —9m. 

The slopes of the asymptotes are the roots of $ 3 ( m ) =0. 
l.t.j of 1-f4m-f-5m*-f-2m 3 =0, 

or of (1+2 to)(1-+-***)*= 0. 

m= —1, —I, — J. 

Also ^'(m) =4 4-10m-f-6m*. 

Now c is given by c$ a '(m) +^ t (m)=0 
i.e., c(4-fl0m + 6m*)-f(2 + 4m-f2m*) = 0 

/ For m = $,(») gives c 4 + 10( —») f-6( -i) 2 

Hence the corresponding asymptote is 

- V= — 2 X ~ 1 or x + 2y-\-2=0. 

When m = — 1, (f) fails to give c as it takes the form 

c.O-f 0=0. 

C is now obtained from the equation 

° 2 <f> 3 '(m)+c<p..'(m) + <p 1 (tn)=0 


«-l. 


2 ! 


Of 


<10 + 12m).+c(4 + 4m)+( — 1 -9m)=0. 


For m = —I, this becomes, 

—c*+8=0 whence c = ±2v/2. 

Hence the corresponding asymptotes arc 

y = — x±.2y/2, or x+y + 2\/2 =0. 

^ 14-81 A few observations. (1) 4>.(m) = 0, which gives the 

sSwbw » 

asymptotes, real or imginary, to a curve of the nth degree. 

t. (2> T h h Th a lL°d n fn f ‘n«hTegr P ^" S Henna'll“cuESTrf the 

nth ‘decree' having 1 *the same nth Ind (.-.)* degree terms, have- 
generally the same asymptotes. 

The eouation z”6 n (ylx)~<> (obtained by equating the 

, . ^ L 7 croi is homogeneous of the »»th degree and, 

nth degree terms to ™°>. ,j* cs . The slopes of these lines 

asymptotes. 
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Hence x n <f> n (y/x )—0 represents n straight lines through the origin 
parallel to the asymptotes of the curve. 

(4) Every odd degree equation has at least one real root. 
Hence if n is odd, 0*(m)=O will have at least one real root and, 
therefore, the curve will have one real asymptote. An odd degree 
curve, therefore, must have at least one infinite branch and cannot be 
a closed curve. 

(5) Imaginary roots of an algebraic equation always occur in 
conjugate pairs. Hence an even degree curve has either an even 
number of real asymptotes or no asymptotes at all. 

If all the roots of #*(m)=0 are imaginary, the curve must be a 
closed curve. 


Examples L 


l 


/ 

1 . 

2 . 

3. 

5. 

u. 

4 


10 . 

11 . 

12 . 

'13. 

14. 

15. 


Find the asymptotes of the following curves : 

y>-x*y+2y*+*y+x=0. 

" (Panjab, 1960) 

(a-x)y*=( a A-x)x*. *(y+&)*=y(a:4-a) 2 . 

y l (x -b)= 2 *+a*. (Panjab, Sept. 1950) 

K+?**y-- x y i -'Sy*+x i - , lxy- , 5y t +4x+ 5=0. IPanjab, 1945) 

Vi 0 ~ ar2 ) =* 4 - ( Aligarh , 1935) 

x ~Z x y t -3x t + \2xy—\2y*+Zx+2y +4=0. ( Allahabad , 19^2) 

y 3 -2y*x-yx* + 2x 3 +y*-6xy+5x*-2y+2x+\=0. 

, (Patna, 1945) 

, ~ x ^ -zy 3 ~ 3*+y+7 =0. 

r 3 4-3x*y - 4^*-x+y-f 3 = 0. 

If 3 y 3 + 2-r l —xy —y* = 1. 

, ~ 2 - r2 y + xy 3 4-x 2 —xy + 2=0. 
z*y ~2x*y 2 + xy 2 =a*x* +6*y*. 
x2 (.z-y) > +a*(x*-y”)-a*xy= 0 . 


(Delhi 


(Panjab, 1961) 
(Sagar, 1948) 
(Agra, 1951) 
(Panjab, 1943) 
Panjab, 1951) 


_r,, ** methods. I. If the equation of a curve 

of the nth degree can be put in the form 

(cur-f 6y + c)/ > n _ 1 +i’ fl _ l = 0 > 

'»K CrC ^/V anC * c * cnotc rat ional algebraic expressions which contain 
r and lower degree terms but no higher, then the asymptote paral¬ 
lel to a* + 6t/=0 is given by 


ax-\-by+c= -Lt 


Fn-x 

P-i 


where x and y-+ oo in such a way that Lt(y/x) = — a/6. 

Ex. 1. Firtd the asymptote* of the curve 

(* 4 y +1 )(**+y r -xy) -3*y+ x*+y*+2x- 3y+ 5=0. 
The asymptote parallel to x+y= 0 is given by 

z+y+1 =Lt- 3 ^ 

x* + y*-xy 
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where x and y-+ oo in luch a way that Lt (y/x) = — 1, 




1 


+«)- 


y. 

ar 


=Lt 


-3-1—1 

1 + 1+1 


_5 

3 


3:r+3y+8—0 is an asymptote. 

Since x t +y t — xy cannot be broken into real factors, 
two asymptotes are imaginary. 

Hence 3ar+3y+8=0 is the only asymptote. 


the other 


Note. Since, when x and y-> oo, 



provided r<s, the working can be greatly simplified in practice 
bv neglecting' terms in the numerator and denominator which are 
of a degree lower than that of the denominator. Thus in the 
example solved above, the asymptote parallel to x~\y=0 maybe 
taken as 


.... T 3 xy —x t —y t 
x+y+ l=Lt—: -r— y • 

x* + y*-zy 


II. With the same notation as above, if the equation of a curve 
can be put in the form 

(ax+by + c)P n „ x +/**_* =0, 

^^.^- 1 - 0=0 is itself, an asymptote provided P n _, does not contain 
any factor of the form ax+by+k. 

If, however, ax-\-by-\-lc is a factor of P m - it the equation of the 
curve should be put in the form 

(ax +by)*P n ^ 2 + (ax-\-by)Q n - i + F n . 2 = 0, 

where P r » Qr and F r stand for expressions containing terms of the rth 
and lower degrees but of no higher degree. Then the asymptotes, 
parallel to ax + by= 0 are given by 

(az+by)'+(.ax+by) Lt + Lt =0 

*f»-2 r n-z 

where x and y-+°° such that Lt (y/x) = —a/b. 


# 

Ex. 2. Find the asymptotes of the curve 

(x+y +1 )*(**+y* -xy) + 3xy -7**- 2y*-7x+8 

The asymptotes parallel to x+y =0 are given by 

_ 3xy —lx* — 2y 2 — 7ar+8_„ 

iz+y+iy+u * r:1 --- 0 . 


=0 
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(where * and y 
by 


».e., by 


so that y/x-» — 1] 

,^ li4 . hl __ Tf 3<*/?)-7 ~2(y/x )= 
I ( * +Jf+ * Lt l+(y/x)*-(y/x) 

* —3—7—2 . 

~~ 1 + 1+1 4 * 

The two asymptotes are x+y+ 1 = ± 2 or 
x+y+ 3=0 and x + y— 1 =0. 


Ex. 3. /’bid Me asymptotes oj 

(x - y) 2 (-**+ y*) -1 0(x - y)x* + 1 2y 2 + 2x -f y = 0. 

The equation is of the 4th degree. 

. . x 2_j_y*=0 represents an imaginary lincvpair, the two asymp¬ 

totes parallel to these lines are imaginary. The two asymptotes 
parallel to x-y-0 are given by 

x* . 12v* 

(x-y)*—10(x—y) Lt xiTy , +Lt^^ =0. 

[where x and y-*°° such that Lt y/x = l] 

(x-y)*->0(x-y)L« I+(y /*). + Lt i “° 

(x-y) 1 —10(x y) -f—- -j-gy = 0 ' 


i,e , (x-y)*-5(x-y) + 6=0, 

i.e., (x —y—2)(x—y—3)=0. 

Thus the two parallel asymptotes are 

x —y —2=0 and x—y—3=0. 

14 63. Asymptotes by inspection. If the equation of a curve 

be of the form 

/\, + i \._ s =0 

where F r is of degree r at the most, then every linear factor of F n 
equated to zero will give an asymptote provided that no two asymp¬ 
totes so obtained are parallel are coincident. 

Let ax + by + c be a non-repcated linear factor of F n , and let 
F n =(ax+by+c)P Then the equation of the curve may be 
written as 

(ax-ffcy+c)P„_ 1 +2^_,= 0. 

Hence by H Art. 14’62 above, ax-f 6y+c=0 is an asymptote. 
Cor. If t» r =arT -f b r y + c r , the curve 


“i**....u.+i , - _ 1 =0 

has *i=0 t iii=0,.. «.=0 as asymptotes, provided that no two lines 

so obtained are parallel. 
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Conversely, a curve having i/,=0, t/ 2 =0,.. u„=0 as 

asymptotes must have its equation of the form 

.u n +^- 2 = 0 . 

Ex. 1. Find the asymptotes of the curve 

*yCz*—y*)-f2a: 2 42y*-H = 0 . 

This is of the form F m +F n 2 =0 (n=4). The linear factors 
of F 4 are x, y, (x—y) and (z + y). Since none of them is repeated, 
the four asymptotes of the curve are * 

x—0, y= 0 , x—y— 0 and z+ y — 0 . 

Ex. 2. Find the asymptotes of the curve 

(x—y -f 1 )(x + 2y—3)( 3x -f- 4y — 7) -f 5x- y -f 1 = 0. 

By Cor. Art. 14*63 the three asymptotes of the curve are 
x—y- f-1 =0, z+2y — 3=0 and 3x +4y—7=0. 

Examples LI 

Find the asymptotes of the following curves :— 

1. xy(x —y) =a(x 2 -j-a 2 ). 2. y 2 (x s —a 2 )=x, (Delhi, 1957 ) 

3. (z-f-y — l)(x-f 3y —l)(3z—y 4-2)4- 3z-f 4y-f 5=0. 

4. (z*-y*)(2z + 3y)( 3z + 2y ) + 2x* + Sy 2 -6 =0. 

5. y*+x 2 y — 2xy 2 - y-t-1 = 0 . (Punjab, 1954 S) 

6 . (z-fy)(x-y)(2x — y)-4z(z — 2y)-f 4x=0. (Panjab B.Sc., 1961) 

7. y 3 —2xy 2 — z 2 y + 2ar» + 2x* - 3xy -f- z - 2y +1 = 0. 

8 . (y— z)(y-2z) 2 -Hy-f-3z)(y—2z)4-2z-}-2y- 1 =0, (Delhi, 1954) 

9. (z-fy) 3 (z + 2 y + 2 )=z + 9y —2. (Panjab, 1956 ; Delhi, 1958) 

10. (x— y)*(z-2y)(z-3y)-2a(z J -y 3 )-2a 2 (x-fy)(z—2y)=0. 

11. x*y—zy*-f-xy-fy 2 4 z—y—0. (Panjab, 1955) 

12. (**—y 2 )(x+ 2y + l)-Fz+y + l = °. (Delhi, 1956) 

14*7. Intersection of a curve and its asymptotes. 7’o 

prove that an asymptote of an algebraic curve of the nth degree meets the 
curve in at least tiro points at infinity. 

Let the equation of the algebraic curve of the nth degree be 

z"<M vt- r ) + 1 - »(y/*) +* n "*<f>„- 2 (y/x) 4*.=0. ...(i > 

Let y=my+c ...(2) 

be an asymptote, then tn and c are given by 

<M m )=° and c 0«'(™) + ^ n -,(m) =0. ...(3) 

We assume that no other asymptote of the curve is parallel to 

y=mx-\-c. % 

Substituting for y from (2) in (1), the abscissae of the points of 
intersection of the curve and the asymptotes are given by 

-f* — ) +x n ~ 1 <f> m - 1 —)+••• ==0. 
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Expanding each term by Taylor’s Theorem and re-arranging* 
we get 

+***•[ 2 ’ ♦.>»)+e*.- 1 '(«)+♦„-,("*) j + ...=0. ...(4) 

The coefficients of x n and both vanish by virtue of equation* 
(3) above. Hence two roots of equation (4) are infinite. Thua 
every asymptote of the curve meet! the curve in at least two points 
at infinity. 

14*71. A straight line cuts a curve of the nth degree in n points, 
real or imaginary. .*. an asymptote cuts such a curve in n points two 
of which lie at infinity. Thus there are, in general, n —2 finite points 
of intersection of an asymptote and a curve of the nth degree. Now 
a curve of the nth degree possesses n asymptotes, real or imaginary. 
Hence these n asymptotes meet the curve in n(n —2) finite points, 
besides the 2n points at infinity. 

Assuming that the curve has no parallel asymptotes, its equation 
may be put in the form 

so that F„=0 ...(») 

represents the n asymptotes of the curve, real or imaginary. 

The points of intersection satisfy (i) and (if), they also 

satisfy 

+ i.e., F„_ a =0. ...(m) 

Hence the n(n—2< finite points of intersection of a curve of the 
nth degree and its n asymptotes lie on a curve of the (n —2)th degree. 
In particular : 

(i) The 4x2 = 8 points of intei section of a curve of the fourth 
degree and its four asymptote> lie on a curve of the second degree, 

viz., a conic. 

(it) The 3 x I =3 points of intersection of a cubic curve and its 
three asymptotes lie on a curve of the first degree i.e., a straight line. 

Ex. Show that the asymptote i of the curve 

(■*"- .V*)(y 2 —4a- 2 ) -6X 3 + 5.r 2 y -f 3xy a — 2y* —ar*-f-3a^/— » 0 

cut the curve again in eight points which lie on a circle. 

The curve is of the fourth degree and there ' ' no asymptotes 
parallel to the axes. 

Now 4»j(m)=(l — 4), 

$ 3 ( m )— —6 + 5m-j-3m* — 2m 3 . 

The slopes of the asymptotes are given by <J> 4 (m)=0 
i.e., (I —w 8 )(wi 2 —4)=0. .*. m = il, ±2. 

Also c is given by c<p 4 '(m) -f=0, 
i.e., c(10m— 4m 3 )+ ( —6+5m4-3m 2 —2m 3 ) =0, 
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whence c= 0 , *— 1,0 and —1 corresponding to m = 1 , — 1,2 and —2 
respectively 

-*• the four asymptotes are 

y=x, y= —x — l, y=2x, y = —2x—\. 

The joint equation of the four asymptotes is 

(y—x)(y +1 ){y- 2*)(y+2x +1) =0, 

or F A =5z s y t -4z*^y 4 -2y 3 +3zy*+5x 2 y-6x*-y*+3xy~2z=0. 

The equation of the curve may be written as 
5ary—4a4 — y* - 2y* + 3zy* + 5xry — fcc 3 - y* + 3zy - 2x+ (*»-fy* — 1) =0 
which is of the form F t +F 2 =0. 

Hence the 4(4—2), i.e., 8 p>oints of intersection of the curve and 
its four asymptotes lie on die curve F a =0 i.e., on the circle 

x*-ty z - 1 = 0 . 

14 72. Equation of a curve with given asymptotes. The 
method of writing down the equation of a curve when its asymptotes 
are given is illustrated by the following example. [Also ref. Gor. 

§ 14*63 of this Chapter]. 

Ex. Find the equation of the hyperbola having x+y — \ =0 and 
x—y -f 2=0 as its asymptotes and passing through the origin. 

The general equation of a curve having the given lines as 
asymptote is 

(*+y-l)(:r-y+2)-fc=0. lF t + F o =0) 

V this passes through the origin,- 

— 2 -f-c =0 or c= 2 . 
the required equation is 

(*+y—l)(ar—y+ 2 )-f -2 = 0 . 

Examples LII 

1. Show that the asymptotes of die cubic 

x 3 — 2y'+xy(2x— y) +y{x—y)+ 1 =0 

cut the curve in three points which lie on the line 

x —y -f-1 =0. ( 8agar , 1948) 

2. Show that the asymptotes of the cubic 

x 2 y —xy 2 + ry-f-y 2 +x—y =0 

cut the curve again in three points which lie on the line x+y= 0 . 

( Panjab , 1940) 

' 3. Show that the eight points of intersection of the curve 

xy\x* — y-) f x t -\-y t =* /lt 
and its asymptotes lie on a circle. 
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♦. Show that the four asymptotes of the curve 

xy{x i — t/ 2 ) -f 25y 2 +9x 2 =144 

cut the curve again in eight points which lie on an ellipse of eccen¬ 
tricity 4/5. 

5. Find the equation of the quartic curve which has x=0, 
y= 0 , y=z, y= -x as asymptotes, which passes through (a, b) and 
cuts its asymptotes again in eight points lying on the circle 

z 2 -\-y i =a i . ( Bombay , 1947) 

6 . Show that the eight points of intersection of the curve 

x 4 - 5xV 8 + 4y l +* 2 -i f 4- *+!/+ 1 = 0 

and its asymptotes lie on a rectangular hyperbola. ( Allahabad, 1946) 

7. Show that the equation of the cubic curve which has the 
same asymptotes as the curve 

x 3 —6x n -y+ 11 xy 2 - 61/ 3 +x -J- 3y + 5 = 0 

nd which passes through the points ( 0 , 0 ), ( 0 , 1 ) and ( 1 , 0 ) is 

x 3 — 6 x*y +1 lx // 2 —6y n — x-\- 6 y = 0 . 

8 . Find the equation of the hyperbola having the same 
ymptotes as 

x 2 — 5xy-f- 6// 3 -f-5x —11//-f-9=0 
id passing through ( 1 / 1 ). 


14'8. Method of expansion. If it is possible to express y 
rom the equation of a curve in the form 

y=mx+c+-^-+^+ f-. ...(») 

then y=mx fc is an asymptote to the curve. 

From (0. JL =m+ ±+^L + . 


Lt—— to when x and y->oc 


Again from (?) 


a jS 

y mx =c -j-F-—-F. 

x x- 

Lt (y — mx) =c when x and y-+ oo so that 
Hence y—tnx-\~c is an asymptote. 


Cor. A straight line is an asymptote to a curve if the differ¬ 
ence between the ordinates of the curve and the line corresponding 
to a common abscissa approaches zero as a limit when the ahscissa 
tends to infinity. 


14*81# The problem of finding an asymptote to a curve is thus 





reduced to the problem of expanding y from the equation of the curve 
in the form 


y=mx+c +—■ + - 


L+J- 

t 2 X 3 


If the equation of a curve is given explicitly, or if it is possible 
easily to express y explicitly, the expansion of y in descending powers 
of x is readily obtained by means of the Binomial Theorem. The 
method also applies when x is expressed explicitly in terms of y. 

If, however, it is not possible readily to expand y in descending 
powers of x as above, we assume the above expansion for y and 
substitute this series for y in the equation of the curve treating th** 
resulting equation as an identity. By equating the coefficients of 
different powers of x, equations are obtained to determine 

m, c, a, (J,. 

14 82. Position of a curve relative to its asymptotes. 

CL 3 

Let y=mx+c+ — . ..(I) 

represent the curve (or one of its branches). Then 

y=mx-\-c •••(2) 

is an asymptote to the curve. 

Let y c and y a denote the ordinates of the curve and the asymp¬ 
tote respectively corresponding to any value of a;. Then 

y‘-y°=-7 + i? + . 

The sign of the right member of this equation and, therefore, 
of V —y is determined by the first term <x/x or, if a=0, by the next 
term 0/x*, and so on, when x is sufficiently large. 

The curve lies above or below the asymptote according as 

y e > or <y a 

■ - as y» Va> or <0» 


i.e., according as yc~y*' - 

U., according as — > or <0. 

Henci if a: is positive (i.e., lor branches of the curve in the 
t and the fourth quadrants) the curve lies above or below the 
asymptote according as a is positive or negative. 

Again if x is negative (i.e., for branches of the curve in the 

d and third quadrants) the curve lies above or below the 
asymptote according as a is negative or positive. 

It may also be noted that a/x changes sign with x. i.e., it has 
ism if x-*- + <x> and another when x -+■ —oo. Hcncc the curve will 
STabo^ the asymptote at one end and below it at the other. 

If however, a=0, the sign of the right-member and, therefore. 


W 
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of ye — y« depends upon )9/x 2 and, therefore, on the sign of p, as x* 
remains positive whether x-> +oo or —oo. 

Thus the curve lies above or below the asymptote according as 
i P.is positive or negative. 

Again, since p/x 2 does not change sign with x, the curve lies on 
the same side of the asymptote at either end. 

The discussion can be extended on similar lines if p is also zero 
and so on. * 


. 1. Find the asymptotes of the hyperbola 

x 2 y 2 
«* “ 6 * ’ 

and discus* the position of the hyperbola relative to its asymptotes. 
Solving the equation of the hyperbola for y, we get 

v= _i_ h l.( 1 _ V ■ ± hx { \ a% ° 4 \ 

a V .I s ) ” ^ a \ 2x* Sr* 

6 ab I u*b 1 

x 8~ ~x* ~ . 


t/ =-X--- 

J a 2 


...(i) 


or 


y = 


ab 1 a 2 6 1 


+ 2 -T + 


+ 




8 x* 

Thus the corresponding asymptotes of the hyperbola are res¬ 
pectively 

b 

...(Hi) 


»=-*. 


and 


y=—~ x. 



...(iv) 

Let y e denote the 
ordinate of any point of the 
hyperbola and y. the cor¬ 
responding ordinate of the 
asymptote to that branch. 
[The figure shows branch 
(») and the corresponding 
asymptote (»»*).] 

Then from (i) and 

/ ••«\ ' ' 

(** 0 . 


ab 1 a 2 b 1 

!/« y« 2 X ~ 8 X 2 " . 

Now for positive values of x, —(abj2x) is negative y 4 — y is 
riegative, ix., the ordinate of the curve is less than the correspond¬ 
ing ordinate of the asymptote. Hence the curve lies below the 
-aaymptote in the first quadrant. 
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Again, for negative values of x, —(ab/2x) is positive, .*. y e —y„ 

is positive, i.e., the curve lies above the asymptote in the third 
quadrant. 

The position of branch (it) relative to the corresponding 
asymptote (iv) may be discussed similarly. 

Ex. 2. Find the asymptote of the curve 

x*+y 3 =3axy, ...(I) 

and discuss its position relative to the curve. 

cc 3 

Let y=mx + c+— + ^-f. ...( 2 ) 


represent an infinite branch of the curve. Substituting for y from 
( 2 ) in ( 1 ). we get 


+•••) 


z*+(mz+c + -?~ + -£- -1 .) = 3ax(m* + c + -^ 4 .A-+...) 

Equating the coefficients of x 3 , we get 

m 3 4-1 =0 whence m = — 1 , 

which is the only real root showing that there can be only one 
asymptote. 

Equating the coefficients of x *, x and the constant term, 
we get, 

3m i c = 3am „.( 3 ) 

3mc t + 3m 2 a=3ac, ...(4) 

and c*+3m t p+6mca=3a<x, ...(5) 

Substituting m = — 1 an d solving, we get 

c «= —a, a. = 0 , and 0 =|o 3 . 

Substituting for m, c, a, and 0 in (2), the equation of the curve 
may be written as 

o 3 1 y 

y = - x — a + ~3 . ...(6) 

Hence ^ * a •••(?) 


• i ^ I I i 

y = -x—a + -j ~h 

Hence r . y=-x-a 

is the only asymptote of the curve. 

If y c denotes the ordinate 
of any point on the curve and 
y m the corresponding ordinate of 
the asymptote, then from (o) 
and (7), . . 


» ** ml 

-y«=-j- 


Since o 3 /3z* is positive whe¬ 
ther * is positive or negative, 
v -y a is positive whether *-»•* 
y ‘ loo. Hence the curve lies 
above the asymptote at either 

end. 
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Hie curve and the asymptote have been drawn in the attached 

figure, 

14 83. Method of approximation. If, for any infinite branch 
'-■I a curve, it is possible to expand y in descending powers of z as 

ot - 3 . Y 

y =mx + c +—+- 2 +- z3 + . , 

then it is easy to see that 

y — mx-rc (asymptote) 

j = mx 4- c -f-a,z 
y = mx -+ c -fi a/x -f- (3 /z 2 


aie sacce^ively closer and closer approximations to the curve at 
infinity. 

t 

A linear approximation more removed than the asymptote 
may be taken as y = itself (provided c^O). Now for very large 
values of x and y, it is the highest degree terms which matter. Hence 
any approximation of the curve at infinity must come out of these. 
For successive closer approximations we successively associate terms 
ol the lower degrees with them. The following examples are sugges¬ 
tive and indicate how we may proceed to get approximations to the 
curve at infinity. 



Ex. 1. Discuss the form of 
x : -f if = 3-r»/ 2 at infinity and find, how 
the. curve is situated relative to its 
asymptote. 

The highest degree terms equat¬ 
ed to zero give z 3 -fi/ 3 — 0 which 
represents the curve at infinity. The 
only real factor of the left-member 
being z-f-//, we have as a first 
approximation 

y-\-X= 0. 

For a second approximation. 


y^ = 


3<7Z 2 


3ax 2 


**-zy- f y 2 Z 2 —z( -z)-r(-z ) 2 


[Putting y=—x] 


. . , . = a > 

giving x y -a =0 as an asymptote. 

A third approximation is obtained by writing (a — x) for y : 

thus 


3ax 2 ( 

u 4-z= - - —-- =a < 

x~ — x(a—x)-t[u—x)- l 




Omitting \/x 2 and higher order infinitesimals. 


z 
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V a 2 is always positive,-the curve lies above the asymptote 
when x is positive and very large and it lies below the asymptote at 
the other end. 


Ex. 2. Discuss the position of the curve (; x—a){x—b)y t =d t z 
a'>b> 0 , relative to its asymptotes. 

x=a, x—b, y=±a are the four asymptotes, y is infinite 
corresponding to x— a and x=b ; sinvilarly x is infinite when 
y=±a. Denote the corresponding points at infinity on the curve 
by (a, oo), (6, oo), (oo, a), and («, —a) respectively. Then we see 
that : 


( i) near (a, oo) 

a 2 x * rTV 14 . 

*- a =(^6rr tPutung * =a 

showing that the curve lies to the right of the asymptote x=a . 


(it) near ( b , oo), 

_ a 2 * 2 _ arb 1 __ a ? b- 

x ~ b ~~(x-a)y 2 ( 6 — a)y z ( a—b)y 1 



Examples L1II • 

1 Find the oblique asymptotes of 

(*-l)irW 

and discuss the position of the curve relative to its asymptotes. 

2. Find the position with regard to its asymptotes of the 


curve 


x i —y 3 +a t (x—2y) =0. 

3. Find the asymptotes of the curve 

(x +3a)jr =z{x—a)(x—2a) 

and determine on which side of its asymptotes die curve lies. 
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4. Determine the position of the curve 

(x+y){x-y)*=a t x 
with regard to its asymptotes. 

5. Determine the position of the curve 

x(y— ar) 2 = 8 o s 

with regard to its asymptotes. 

0 

' 14*9. Asymptotes in polar coordinates. Let the equation 

of the curve be 

»==/( 0). ...(!> 

The equation of a line in polar coordinates is 

p=r cos ( 0 —a), •••( 2 ) 

where p is the length of the perpendicular from the origin on the 
line and a is the angle which this perpendicular makes with the ini¬ 
tial line. 

Let P(r, 0) be any point on an in¬ 
finite branch of the curve and let KL be 
the line (2). Further let PK= 8 be the 
perpendicular from P on the line and 
let OL=p be the perpendicular from 
the origin on the line KL. Draw 
PHA.OL. 

The line (2) is an asymptote of the 
curve (1) if 8-*0 as P tends to infinity on 
the curve. Now P tends to infinity on the curve if r-*oo. From 
(1) let O->0, as r-voo on the infinite branch in question. Then from 
the figure 

h=PK=HL=OL-OH =p—r cos ( 0 -a) 

A ' - w 

—=-^- —cos ( 0 —a). •••(3) 

When r-> m on the branch of the curve, S-*0, p/r-*0 and 
0-»0,. Hence, in the limit, we get from (3), 

t:os (0j— a)=0. •••(4) 

0 t —a =\tt or a = 0 , — 

This determines the value of a for the asymptote, and there* 
fore the direction of the asymptote. 

Again, since 8 = PK=HL~-*0 as r-*©o on the curve, therefore 
p=OL= Lt OH= Lt r cos (0-<x)= Lt 008 (6 — • 

r~* °° r-+ to m—»0 u 

which is of the form 0/0, since cos ^0 —a) and u — \/r both tend to 
sero when r-*cc. Also when r-+ x>, 0-*0„ hence by the method for 
evaluating the limits of indeterminate forms. 
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cos (0— a) T —sin(0 —a) 
= n Lt n « = <£>, du 


0 -* 0 , 


du 

d0 


sin 


x 


7T 


_ i, (— d o_\ 

Tt (du_\ 0-^0, ^ ) 

6-.0 ,U ' 


[by (4) 




This determines p and thus substituting the values of p and a 
in ( 2 ), the equation of the asymptote is 

Lt ( — cos {O-(0,- sin (0|—0). 

o-*e. v du J 

If there are more than one infinite branches of the curve, let 

0 S , 0 3 ,.be the other values of 0 which make r infinite (or u zero) ; 

we can then calculate the corresponding values of a and p by pro¬ 
ceeding as above and obtain all the other asymptotes. 

We thus arrive at the following : 

Rule. To find the asymptotes of Hie curve r=f( 0), write the 
equation in the form l/u^/(0) and find the limit of 0 asu-»0. Let 0 1 
he this limit, or one of the limits if more than one such Itmus exist. 
F ind ( -dd/du) and its limit when 0*0,. Then the corresponding 

asymptote is ^ 

r sin (0,-0) = 

It should be noted that (-dQ.'du) is the length of the polar 
sub-tangent of the curve. Thus the perpendicular from the 
on the asymptote is the limiting value of the polar sub-tangent w 
the point o* contact of the tangent recedes to infinity along the 

curve. 

Ex. 1. Find the asymptotes of the rune 

r=a sec 0 +6 tan 0. (Panjah, 1953) 

04 -b tan 0 = ' fl + 6 - S, < n e - the equation of the curve 

cos 0 


r=a sec 


may be written as 


u 


..( 1 ) 


When u -*0, cos 0-*O, 
or zero. 

Differentiating (1) w.r. to 0. 
du a *in 0 4-6 
d 0 = 


cos 0 

a -f6 sin 0 

0-*2»/irr± where m is an integer 


dO 


( 04-6 sin 0 )* ° f du 


(a +6 sin 0)* 
a sin 0+6 


W1 

ptote is 


• f 


^') _> °+6. /.the corresponding asym- 


r sin (tt/2 — 0)=a-f 6, • e. t r cos 0 = a-f 6; 


...( 2 ) 
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When 0-> * 

L 

asymptote is 

r sin ( — 7t/2— 0)=6— a, or r cos d=a—b. ...(3) 

These two asymptotes correspond to m= 0. 

Let us now consider the direction corresponding to 0 = 2 tt, then 
(—d0/dw)-»/>— a and the corresponding asymptote is 

' r sin (§tt—0 ) = 6— a i.e., r cos 0 =a —b, 

which is the same as (3). 

It will be seen that (2) and (3) are the only two different 
asymptotes, asymptotes corresponding to other values of m coinciding 
with one or the other. 




the corresponding 


Ex. 2. Show that the curve r (1 —cos 0) =a has no asymptotes. 

( Punjab . 1944) 

The equation of the curve may written as 

* au «=1— cos 0. (») 

When m—> 0, cos 0-*l, 0->2m-. 


Differentiating (1) w.r, to 0. 


u 


du 

de 


=sin 0, 



dO _ __ _ a 
du ~ sin 0 


When 0->2m-,^ — Thus the curve cannot Ixave any 

asymptote. 

Examples LIV 

1. Establish u formula for finding asymptotes of curves in polar 

coordinates and hence or otherwise find asymptotes of 
r tan 30= a. ( Panjab, li.Sc. 1962 S) 

2. What do you understand by the asymptote of a curve ? State 

the method for obtaining asymptotes of the curve r=j( 0). 
Find the asymptotes of r sin 20 =a. ( Punjab , 1962) 

Find the asymptotes of the following curves : 

3. r0 —a. (Punjab, 1950 S ; 1962 S) 4. r=a0/(0-l). 

5. r sin 7i0=a. (Delhi, 1957 ; Punjab, 1954 S) 

8. r = a tan 0. {Punjab, B.Sc. 1961 ; B.A. 1960 S) 

7. r 2 0=a 2 . 8. r n sin n0=a\ 9. r=a~Yb cot «0. 

10. r cos 20 =a sin 30. 11. r=a cosec 0-f 6. (Nagpur, 1939) 


12 . log Q — ~ ♦ 





=1 +e cos 0. 
r 


15. Show that there is an infinite number of parallel asymptotes to 
the curve 

r =a/(0 sin Q)+b, 

and show that their distances from the pole are in Harmonica! 
Progression. ( Benares , 1935 ) 


CHAPTER XV 


SINGULAR POINTS 

15*1. In ordinary language ‘singular* means ‘extraordinary*, 
or unusual. In the present Chapter, we shall consider points 
which are, in a way, extraordinary. Such points have some peculiar¬ 
ity about them and as such are called singular points. We shall 
consider only the more important of the class of singular points such 
as points of inflexion and double points. 

15*2. Concavity, Convexity. A curve is said to be concave 
upwards (or in the positive y-direction) at a point if it lies above 
the tangent on both sides of the point. It is said to be convex 
upwards at the point if it lies below the tangent on both sides of the 

point. 

Let jP(ar, y) be any point on the 
curve y—f[x). Draw the tangent 
at P. If y e denote the ordinaie of 
any point on the curve in the imme¬ 
diate neighbourhood of P and y t the 
corresponding ordinate of the tangent 
(t.e., the two ordinates correspond to 
the same abscissa), the curve will be 
concave or convex in the positive y-di- 
rection according as y e > or <y t on 
both sides of P. 

A curve or a certain arc thereof . . . . 

is said to be concave or convex in the positive y direction if it is concave 

or convex in that direction at every point on it. 

It may be noted that y c and y t are taken with their proper 
signs so that the definition holds whether the curve lies above or below 

the 2>axis. . 

It has been assumed that the tangent to the curve; at P * m_ no 
narallcl to the y-axis so that/'(*) is finite at the point. If the tangent 
at P is parallel to y-axis. concavity or convexity at P may be discuss 
with regard to the posiiive x-dircction 

15*21. Condition for concavity and convexity. 

the condition that the curve may be concave or convex in the positive 

y•direction. 

Let P(x, y) be any point on the curve 

y=J(x), 

then the coordinates of Q may be expressed as [ x , /(*)]• 

Then the equation of the tangent at P is 

Y-f(x)=f'(z)[X-x] 
or Y=--J(x)+f'(z)[X-x}. 





292 


Let Q[z+h,f(x+h)] be a neighbouring point on the curve. 
Let the ordinate NQ through Q meet the tangent in R. 

Let y c and y t denote the ordinates NQ, NR of the curve and the 
tangent respectively corresponding to the abscissa x-f h. Then 

y e =f(x+h) 

yt =/(*) 4- hf'(x) from (it) 

yc-yt=Kx+h)-f(x)-hJ\x) 

=/<*)+V'(*)+-** /'(x+94) -/(X) -»/'(*), 

where 0 < G < 1, by Taylor’s theorem. 

2/r~!/t= £pT(*+8 h). 

Assuming that /'(ar) is continuous and not zero, we note that 
f'{x+0h) has the same r i-';> f Tr) for arbitrarily small values of A. 
Hence, (v h- is positiv * .. .< th• h is positive or negative) the sign of 
y e —y t depends upon that ol/’(r). 

The curve is concave upward at P if y e - t/ t is positive and 
retains that sign in the neighbourhood of p, » e . t if/r( x ) is positive. 



The curve is convex upward at P if y 9 —y t is negative and 
retains that sign in the neighbourhood of P, i.e. t if/*(x) is negative. 

Thus the curve is concave or convex in the positive y-direction 
according asf'(x) is positive or negative. 

Ex. 1. Find the intervals in which the curve 

y =(cos x f sin x)e‘ 
is concave upwards. 0<x^2r. 

Here y x =‘2e x cos x, 

y t =2 e* (cos x— sin x). 

Now e* is positive for all calues of x, .’. y t is positive, i.e., the 
curve is concave in the positive y-direction when cos X —sin x>0, 
when 0<x<tt/4 and again when 
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15*22. Points of inflexion. A point on a curve is said to be 
a point of inflexion if the curve changes from concavity to convexit) 
or vice versa in passing through the point. 

From the definition it is clear that tfhe curve lies above the 
tangent on one side of the point and 
below it on the other side. At a point of 
inflexion, therefore, the curve crosses its 
tangent. This property of the point of 
inflexion is also sometimes taken as its 
definition. If ?/<> Vi denote the ordinate 
of the curve and the corresponding ordi¬ 
nate of the tangent respectively in the 
immediate neighbourhood of a point of 

inflexion P,y<>y. on one side o( P and ... 

y e <y t on the other side of F. 1 hus y c —yt changes sign m passing 

through the point P. 

15 23. Condition for the existence of a point of inflexion. 

At a point of inflexion, the curve changes from concavity to convexity 
or vice versa. Hence /'(x) is positive on one side of the point and 
negative on the other, and since /'(x) has been assumed to be 
continuous at x, it must be zero at the point. 

Thus the necessary and sufficient conditions for the existence of 
a point of inflexion are : (1 )/'(x) =0 at the point and (2) /'(x) changes 
sign in passing through the point. 

Cor 1. A point of inflexion of /(x) is a point at which /'(x) 
exists and'has an extreme value. 



r o If (x— c) is a multiple factor of an even order of /'(*) 
■then x=c is an inflexion of y=/(x). 

Cor 3 H /'(x) is continuous, a point of inflexion of the curve 
y =f(z) exists between every pair of consecutive maxima and minima 

°f/(x). maximum at x=fl and minimum at x=6, the two 

1- _ consecutive extreme vaiucs of /(x). v f(z) is maximum at 
-I rYo) is'negative and V /(*) is minimum utx=b,F\b) is 
x—a, j v. , j assumed to be continuous, it must be zero at 

CTat o„c oL ( between * and 6 and change sign as * passe, 
through this value. Hence there is an inflexion between a and b. 

Note It should be observed that }'(x) may have any value 
at a point of inflexion. If/'(*) vanishes at such a point, it is called a 
j^oint of stationary ntJUzum. 

j find the points oj inflexion on the curve 

j,=(*-l)><*-2)\ 

Here yi -(*-l)*(*-2)*(7*-10). 

y ,=6(x-l)( x-2«7 ; r»-20*+14). 
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Hence y % =0 gives 

x=l, 2 or K10 ±n/2), 

and then can we write 

y 2 —42(x — l)(x—2) 2 (x—a)(ar—p) 

where a = 7(10 +*/2), p=i(10 y/2). 

It is easily seen that y 2 changes sign as x passes through each 
of the values 1, a and p and y 2 does not change sign, when x passes 
through the value 2. Hence the curve has points of inflexion at *=1, 
a and p and the coordinates of the points of inflexion are 

(1, 0), {a, (a — 1 ) 3 (a—2) 4 }, {p,(P-D 3 (P“2)*}. 

Ex. 2. Find the points of inflexion on the curve 

x=a(2Q— sin 6), y=a{ 2—cos 0). 

Here -^-=asin0, ^-=a(2-cos 0). 


dy _dy fdx 
dx dd i dd 


sin 0 

* 

2 —cos 0 


d 2 y d / sin 0 \ dd _ 2 cos 0 — 1 

dx 2== dU\ 2-coTo J dx ~ (2-cos 0)* 


—^=0 gives cos 0=J, 0=2nx±iir, where n is an integer. 
dx 2 

It is easy to see that ^ changes sign as 0 passes through each 

ot these values. Hence there are points of inflexion corresponding 
to every value of 0 above. The coordinates of the points of inflexion 

are 

f (a 2tt \/3\ 3a “I 

15 24. General conditions. Iff\c)=f (c) = . =f*~ 1 {c)=0 

and f n (c)^ 0 ,,f n (x) being continuous at x=c, then f[x) has a potni of 
inflexion at x =c if ami only if * is odd. 

With the notation of the previous articles, 

.v f - y»=/( c+A)-/(c)—/i/'(c) 

=—"/"(c-f-OA) [Expanding /(c-f A) by Taylor** 

Theorem]. 

Since /"(x) is continuous at x=c and /"(e)^0, /"(c+0A) ha* 
die same sign as/ n (c) for all sufficiently small values of A. 

^ y g — y t changes sign with h if and only if n is odd. 

Hence /(x) has a point of inflexion at x—c if and only if n it 


odd. 
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Cor. 1. If n is even, the curve is concave upwards if f n (c) is 
positive and convex upwards if/”(c) is negative. 

Cor. 2. If (x — c) is a multiple factor of f(x) of an odd order 

(^3), then x=c gives an inflexion of the curve y=f(x). 

There is no point of inflexion corresponding to a multiple 
factor of an even order. 

Examples LV 

Show that y —t x is everywhere concave upwards and y=log x 
is ( everywhere convex upwards. 

2. Examine y =cos x for concavity and convexity in the range 
(0, 2«). Also find the points of inflexion in this range. 

3. Find the ranges of values of x in which the curve 

y _ | Ox 3 + 36 ^+ 24*+11 
is (i) concave and (?i) convex upwards. 

Also find its points of inflexion. 

4. Show that every point in which the sine curve y = c sin ( xja ) 
meets the axis of x is a point of inflexion on the curve. 

(Lucknow, 1950) 

5 Find the points of inflexion on the following curves : 

(?) y(o*+**)=** {Panjab, 1953 8) 

lit) y={x— 2) 6 (z —3)°. ( Mysore, 1937) 

(Hi) *=(?/-l)(y —3). (»'»•; a :; — axy —6 2 ?/=0. 

(v) yHa--x 2 )=a 3 x. 

(vi) y 2 ==*(*+ 1 ) 2 - (Delhi Hons. 1947) 

6 Show that the points of inflexion upon x z y =ar(x—y) are 

given by *==0, *= ±ay/ 3. (Patna, 1937 ) 

7 Show that the origin is a point of inflexion on the curve 

a m ~ i y =r m 

if m be odd and greater than 2. 

8 Show that the points of inflexion of tire curve 

y*=(x—a)*(z-b) 

lie on the line 3 z+a=~Ab. (Lucknow, 1948 ; Panjab,1960) 

9 Find the points of inflexion on the curve 

x -a tan t, y=\a sin 2/. 

10 Show that the abscissa of the point of inflexion on the 
curve a: ==o—6 cos 0, y=o0-6 sin 0 is (ti 1 — 6*)/o. 

15‘3. Concavity or convexity with respect to a point. At 

• . p ' () r itself, a curve is said to be concave or convex towards any 
a ^int O in its plane according as the point O and the part of the curve 
i°'the immediate neighbourhood of P lie on the same or opposite sides of 

the tangent at P. 
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In the case of polar coordinates, concavity or convexity is 
usually considered with regard to the pole. 


Let p be the length of the perpendicular from the origin on the 
tangent at any point P(r, 6) on the curve. 

Then the curve is concave at P towards the pole [ tg. ( )J» 

p increases as r increases, i.e., if ^ is positive. 

.. dp . 

Similarly, the curve is convex at P towards the pole if is ne¬ 




gative. 


Abo, if d £ b zero at P and changes sign at the point, P mult 

be a point of inflexion. . 

15 31 Alternative criterion for the existence of • point 

c .a • T rt r be any curve and 9 be the angjewhich the 

— M any wilh the radio, v««or. Then *r u r, 

denote the firlt and second derivatives of r w.r. to 8, we ha 

dQ r . r 

tan <P = r =— and .*• sin * = 
ar f\ 


V( fJ + r i*) 


and 


Next p=r sin ? - ^ 

dp dp dO = d f r* \ 
• fr-dti'dr dtt VVl^+rj*)/ 

__ ^*+ 2 ^*-"*). 

- (r*+ r l 2 ) s/ * 


1 


and 


1 



du _ 

1 dr_ 

. r t , 

ifu=- 

r 

-, then 

do - 

7* dti 


d 2 u 

r*r. 

“ r ! 

i.2rri 

_ 2f|* rr _2. 


1 

II 

i® 


r* 


r* 


d z u _ 

1 

. 2r. z - 

rr,_ 

-rr. 

U+ d0* = 

r 

-r- 


* r 3 



...(<) 


<*) 
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djp 


d*u 


From (i) and (n), it follows that £ and u have the same 
sign and vanish together when 

r°- + 2r 2 -rr 2 = 0. 

Hence applying the result of the previous article, the curve 
r=/(0) is concave or convex towards the pole at a point according 

. _ , , dhi ... 

as r 2 -f-2r 1 2 —rr 2 or is positive or negative at that point and 

d~u 

has an inflexion at the point if r 2 -f 2/*! 2 —rr 2 or u -f- — vanishes at the 
point and changes sign at the point. 

In practice, it is useful to discuss the sign of when the pedal 


d 2 u 


equation to a curve is given and that of u+ dQ2 

polar equation to the curve is given. 

Ex. Find the points of inflexion on the curve 

/*(0 2 — 1) =a0*. 


when the 


1 


du 


ana a 


d*u 

F 


Here au=\—- Qi , o 3 

••• 

= 1T4 ( ° 2 - 3,(02 + 2) 


6^ 

e 4 


Putting =°- wc gct 

(0 2 —3 )(0 2 -f 2) =0. 

. 0 = ±\/3 are the only real values of 0 satisfying the 

equation. 

.. o 2 — 3 changes sign as 0 passes through each of the 

values ±\/3, it follows that u-f clianges sign at each of 

these points, since the other two factors I/O 4 and (0 2 -f2) are 
positive. 

Hence there are points of inflexion for 0=±v/3. The corres¬ 
ponding value of r in each case is easily seen to be 3n/2. 

Examples LVI 

1. Find the points of inflexion on the curve a-— r 2 0. 

2 Show that the points of inflexion on the curve r arc 

given by r=b{ n{n-\- 1)] M/ ** 

3. Determine whether the spiral r cosh 0 = a is convex or 
concave towards the pole. 
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Double points 

*'-'15- 4 . A point on a curve is called a double point if two branch¬ 
es of the curve pass through it. It is called a triple point if three 
branches of the curve pass through it. In general, it is called a 
multiple point of the rth order if r branches of the curve pass through 

the point. 

Multiple points on a curve are another example of singular 
points which, as was pointed out earlier, include points ot infle¬ 
xion, etc., within their scope. In a restricted sense, however, 
the expression ‘singular points 1 is applied to a class of points on 

the curve f{x, y)= 0 for which ^ =0 and =0. The discussion 

of singular points as such is beyond the scope of this book. 
among multiple points we shall confine our attention primarily to 
double points. 

15 41. Classification of doable points. Since two branches 
. of a curve pass through a double point, there must be two tangents 
to the curve at the point, one to each of the two branches. 

If the two tangents be real and different, the double point is 
called anode (Fig. 1), if the two tangents be real and coincident, it 
is called a cusp (Fig. 2). and if the two tangents are imaginary so 
that there are no real points on the curve in the neighbourhood of 
the double point, it is called ? vm jugate point (Fig. 3). A conju¬ 
gate point is also called an isolated point on the curve. 



Fig. 1 . Node Fig. 2. Cu‘p. Fig 3. Ccnjiia c point. 


15*42. Conditions for the existence of ? double point. To 

find the conditions for the existence of a double point on a curve and to 
discuss its nature. 

Let the equation to the curve be 

/(*. J /)=°- —(0 


Then 


a/, d y =0 

Zx ^dy dx 



Equation (2), being of the first degree in 


dx ’ 


determines 
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arc 


Thus the necessary conditions for the existence of a double point 


^ =0 and =0. 

dx dy 


(3) 


Such of the simultaneous solutions of equations (3) which 
satisfy equation (1) determine double or multiple points on the 
curve. 

Differentiating (2) again w. r. to x, we get 


a*/ , d2 f d y I ( 3*/ i gV 4^4.+ # 

^ 0y0x dr \0x0y dr /dr 01 / da:* 


a y 


dy 


=0 at a double point, the values of at such a point 


are given by the quadratic 

9Y, 2 JV_ & + ay/4.V.o. 

cz 1 dxdv dx aw*\dr / • 


..(4) 


The point (r, y) will be a double point (and not a multiple 
point of a higher order) if 

JOL 

0r* 0r0y 0t/* • 

do not all vanish simultaneously at the point. In particular, it will 
be a node, a cusp or a conjugate point according as the roots of (4) 
are real and distinct, coincident, or imaginary, t.e., according as 

(jy y>*7 il. 

v0r0y / ^ 0r 2 0y* 

Ex. i. Examine a V =a*r* - 4r* /or singular poinls 
Here /(*, y)=4**+«y—»W-=0 

jf ,he equation to the curve. Hence 

d l = 12a? -2a'z, =2a’</. ...(it) 

dx dy 

, • , 3/_ n _9/ 

At a singular point, ^ —0 

I2.r*—2a*r=0, and 2a*y=0. ...(*»*) 

The solutions of these two equations are (0, 0) and (Ja» 0). 
The latter does not satisfy equation (»). and is, therefore, discarded. 

Hence (0, 0) is the only singular point on the curve. 

Again, from (») on differentiating partially w. r. to * and y, 

24*-2o’, 44 =2»* and -fi- =0. 

« °“* 0xdy 




dy 
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At (0, 0), 


aV 

a* 1 



=2o* and 


JJL_ o. 

0*0y 




V 0x0y ./ a* 1 dy* 

which is positive. Hence the origin is a node. 

This could have been seen directly as soon as it was known 
that the origin is the only singular point. The tangents at the origin 
arc given by y 2 —x t =0 which represents two real and distinct lines 

y = ±z. 

Ex. 2. Examine the nature of the double points on the curve 

x 4 —4^ — 12j/’—ar f +16=0. ...(1) 

Here /(*, y) - 4 t/ 3 -12y 2 - 8x* +16 

d J-=\x 3_ 16 x, d J- = -12y*-24y. ...(A) 

dx 0y 


Equating these to zero, we get 

4z 3 — 16x=0, •••(2) 

_12y 2 -24y=0. ...(3) 

From (2). x=0, 2, -2, and from (3), y=0, -2. the simul¬ 
taneous solutions of (2) and (3) arc 

(0. 0). (0. -2), (2, 0), (2, -2), (-2, 0), (-2, -2). 

By actual substitution. we find that of these six points only 
the three points (2, 0), (-2, 0), and (0, -2) satisfy the equation to 
the curve. 

Differentiating equations (A) again partially to.r. to x and y, we 


get 


0y? 

a y 
ay* 

-IV =0 

0x0y 



At (2, 0) 

At( -2. 0) 

At (0, - 

= 12x 2 — 16 = 

32 

32 , 

-16 

= — 24y-24 = 

-24 

. -24 , 

24 


0 




(2, 0), ( ^ —-^4 . 0 ^-=768, which is positive. Hence 

V 0x0y ) 0x 2 dy a 

2, 0) is a node. 

^ ( - 2 ’ 0) '(S)’-^- @ =768 ' which “ po *' in ' 

Hence (—2, 0) is a node. 

At (0, 2) ’ V 0x3t/ ) dx * * 


0*0y 

Hence (0, —2) is also a node. 


*y* 


—384, which is positive. 
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15*43. Tangents at the origin. Let the curve pass through 
the origin and let its equation he 

u n 4-. +(lx* +mxy 4- ny 2 ) -4- (ax 4- by) =0, ...«) 

where u n denotes the sum of the terms of the nth degree in x and y. 
Let the Maclaurin expansion of y in ascending power of x be 

y=p*+Yr + . •••(**) 

where p= ^ at (0, 0) and 9 = at (0, 0). 

0 

Substituting the-expression (»») for y in the equation of the 
curve and observing that u, will give rise to rth and higher degree 
terms, we get 

.-f/r*4 -mx[px-{- + .) +n(px + ~~y 4-.) l 

+ax+b(px+£j +.J = 0. 

Equating coeff. of x to zero, we get 

a+bp=0, p = —afb. 

equation of the tangent at the orign is 

y = —or ax+by=0. 

If the equation of the curve does not contain terms of the fii*st 
degree in x and y, so that a =0, 6=0, and is of the form 

u n + v n . l + . -Hlx 2 +mxy + ny 2 )=0, 

we have, on substituting the expression («) for y, 

. +lx 2 +mx(px+ 4-. )+Mpx+ ^ 4-...) l =0. 

Equating coefficient of x 2 to zero, we get 

l+mp+np 2 =0. 

This, being a quadratic, has two roots in p. If p denotes either 
of the roots, the corresponding tangent is y=px. 

Hence eliminating p between the last two equations, we get 

l+mfJL'j+n =°. »•«*. Ixt + mxy + ny'-O, 


which is the joint equation of the two tangents at the origin. 

From the above, wc observe the following rule to write down 
the equation of the tangent or tangents at the origin. 

Rule. The terms of the lowest degree in x and y equaled to zero 
give the equation of the tangent or tangents (real or imaginary ) at the 

origin. 

15 44 Nature of origin. To fine ,jh- tier the origin t.; a node, 
a cups or a conjugate point. Wo hare set r iiui »/ o curre pauses through 
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the origin, the equation to the tangent or tangents thereat is obtained by 
equating to zero the lowest degree terms in the equation to the curve. 

(i) If the lowest degree terms in the equation of a curve are of 
the fust degree, we shall get only one tangent line to the curve at the 
origin which, therefore, cannot be a double point. 

(it) The origin-will be a double point only if the lowest degree 
terms in the equation to the curve are of the second degree. Further 
the origin will be a node, a cusp or a conjugate point according as 
these terms break up into real and distinct factors, form a perfect 
square or break up into imaginary factors. 


Illustrations. 



(0 If the equation to the curve 
be 

x 4 + y 4 —o*(x* — y*) = 0, 

the tangents at the origin are given by 
the equation 

x* —y* =0 

which represents two real distinct 
straight lines, viz., x—y= 0 and x-fy=0. 
Hence the origin is a node. 


(ii) If the equation to the curve be 
x 3 +y 3 +ay*= 0 

the tangents at the origin are given 
by 

y *=0 

which represents a pair of coinci¬ 
dent lines. Hence the origin is a 
cusp. 

(it*) If the equation to the curve be 

**-(*»+!/*) = 0 , 

the tangents at the origin are given by 

x*-fy*=0 

which represents a pair of imaginary lines. 
Hence the origin is on isolated point on the 



\ 

\ 

\ 



curve. 
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Ex. Prove that (a, 4a) is a double point on the curve 

y(z-a) i =x(y-4a) t 

and find the equations of the tangents at the point. 

Shift the origin to (a, 4 a), keeping the directions of the axes 
unchanged. If ( x, y) transforms mto (X, Y), we have 

x=X+a, y=Y+4a. 

Hence the transformed equation is 

iY-f-4a) X 2 =(X-f a)Y 2 or X 2 Y-XY*-fa(4X*-Y 2 )=0. 

Tangents at the new origin are 

4X 2 —Y 2 =0 t.e., Y = ±2X. 

These being real and distinct, the new origin is a node. Referred 
to the original axes, the equations of the tangents at the double point 
are 

y-4a = ±2(x—a) 

j e 2a-f-y — 6a =0 and 2z—y -f 2a—0. 



x Examples l.VII 

Find the position and nature of the double points on the 
following curves : — 

x*-4z 2 +4z —2y*=0. 
f=x 3 -\-az 9 . (Delhi, 1950) 

6. x* + y 3 =3axy. ( Panjab, 1957) 

(Panjab, 1960 S) 
(Panjab, 1951, ’62 8) 
(Panjab, 1919) 

(Delhi, 1958 ; Allahabad, 1941) 

(IF. Panjab, 1949) 

( Punjab, 1916 ; Allahabad, 1912) 


\S 1. 

J 

• 

1 

% 

II 

N 

* 

2. 

3. 

ay 2 =x 3 —bz 2 . 

4. 

^ 5 - 

(x 2 +y 2 ) 2 =x 2 —y 2 . 

6. 

7. 

X y 2 —ax 2 + 2 a ! z-~a 3 = 0 . 


8. 

x t -2y 3 -3y 2 -2z 2 +l = 

0 . 

9. 

z *+y*+2z 2 + 3y t =0. 


^ 10. 

</(y-6)=* 2 l*-2) s -9. 


11. 

(x+y) a -v'2(y-*+2) J 

= 0 . 

* 12. 

(2y+i+l) 2 =4(l-*)‘- 

( 


(Panjab, B Sc. I960 8.) 


>h the curve 

y*=ax*-f'^ z * 

iccording as a>,= or <0. 

14. Prove that the curve 

y * = (x-a) 2 (x-b) . 

, a CUSD if a =b and a conjugate point 

a node ^ \ Bombay . 10 4S ; Punjab, 1000) 

f a<b. ' 

15. Examine the nature of the origin on the curve 

(A,J * 
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16. Find the equations of the tangents to the curve 

xy=(a 2 -i/ 2 )(6+t/) 2 

at its double point. 

15'5. Form of a curve near the origin. Let y =inx be a 
tangent to the curve y=J\x) at the origin. Suppose it is possible to 
expand y in ascending powers of x in the form 

y —mx -^cx* -f. 

Then t/ e -t/ t =te 2 + cx s +. —W 

By taking z small enough, the sign of the expression on the 
right of (1) can be made to depend upon that of bx‘. If b> 0, 
y > y. in the neighbourhood of the origin whether x be positive or 
negative. Hence the curve lies above the tangent on either side of 
the origin. Similarly, if 6<0, the curve lies below the tangent on 

cither side of the origin. . . * r r 

If 6=0, c^O. the sign of y c -y t »s the same as that of cx i for 

sufficiently small values of z. Evidently ex* changes sign with z so 

that the curve lies above ihe tangent on one side of the origin and 

below it on the other. The origin, in this case, is a point of inflexion 

and the curve crosses its tangent. Actually, if c>0, the cuive lies 

above the tangent for positive values of z and below it for negative 

values. If c<0, the position is reserved. 

Ex. Find the form of the curve 

J/'(o* -f X s ) =z*( o* — x i ) 

near the origin. 

From the equation to the curve, we have 

y=±*(i—J) (*+-£-) 

/, X 2 Z 4 , Vl 4.5?* — 

= ±\ l ~ 2 u* 2a* + da* 

+2a*"-) 



Thus the two branches 



of the curve arc 




and y = .(*»> 

Considering (i), wc find that : 

(n) y—x is a tangent to this branch 
of the curve at the origin. 

(6) The coefficient of x x is zero 
and that of z 3 is negative. Thus y^ is 
zero at the origin and y, is negative. 
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The origin is a point of inflexion and the curve is convex in the 
positive ^-direction to the right of the origin and, therefore, lies below 
the tangent. 

To the left of the origin, the curve is concave in the upward 
direction and lies above tire tangent. 

Considering the second branch (u) similarly, we find that the 
curve is concave to the right of the origin and convex to the leit and 
hence lies above the tangent for positive values of x and below it lor 

negative values. 

15 51. Form of a curve near the origin. ( Could .) 

Method of approximation. If a branch of a ^rve passes 
through the origin and it is possible to expand // in ascending power. 

of a: as 

y = ax-\-bx 2 -\-cx* + . 


then it is easy to see that 


y=ax 
y=ax-\-bx * 
y=ax-\-bx t +cx :i 


(tangent at the origin) 


successively closer and closer approximations to the curve near 
are successi y f vcry sma u values of x and y, it is terms 

5*: h Xt feefee Which matter. Hcncc any approximation of the 

curve near (0 0, must “me out ofjhcse 

srsrj£u-a “,k. -«s 

fes sags «*■-■= 

1 - «... ,•(.-<i -’<» - >' 

origin. 0 . , r 

Writing the equation in the form 

th t thffi^t’approximation’ gives 4,*-**-0 which 
" q e ua 0 .ion r re P rln«s the two tangents at tire origin «*.. 

2 1/ = ±z, or y=±h x - 

A second approximation for the branch to whicit 2 y -r ts a 
tangent is obtained from 


_ xyiy-*) 


2 y -x 


l ly-Vx 

x(hr)Cix-x) 

2(4 *)+* 

y~\x—fr** 


[Writing f° r Vi 


l ' . . 
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showing that near (0, 0) the curve lies below the tangent for positive 
and negative values of x. 

Similarly, a second approximation to the branch to which 

2 y= — x is a tangent is obtained as 

y = -\x —&** 

showing again that near (0, 0) the curve 
lies below the tangent both for positive 
and negative values of x. 

Note. If y=0 is a tangent to a curve at the origin, a closer 

approximation is y lx* (<x> 1). Hence y m will be an infinitesimal 
of a higher order than x m (m> 1) and may be neglected while consi¬ 
dering the branch to which y= 0 is a tangent. 

Similar remarks apply to the case in which x=0 is a tangent at 
the origin. 

Ex. 2. Discuss the form of the curve x i +y l =4a t xy near the 
origin. 

y = 0, x=0 are tangents to the curve at the origin which, 
therefore, is a node. 



For the branch to which t/=0 is a tangent, y is of a higher 
order of smallness than x. Hence t/ 4 is an y 

infinitesimal of a higher order than ar*. Thus 
omitting y 4 , the corresponding branch approxi- 
mates to 

x 4 =4a 2 xy or 4a 2 j/=x 3 . 0 3? 

Thus the curve lies above the tangent 
y = 0 for positive values of x and below it for 
negative values. Since the curve crosses its 
tangent at the origin, there is a point of inflexion here. 



Again, for the branch to which x=0 

is a tangent, x is of a higher order of small¬ 
ness than y. Hence x 4 is an infinitesimal 
of a higher order than y K . Thus omitting 
x 4 , the corresponding branch approximates 
to i/ = Ao' l xy or 4«-x = t/ 3 showing that the 
curve lies to the right of the tangent x=0 
in the first quadrant and to the left of it 
in the third quadrant. Thus the curve 
crosses this tangent also at the origin. 


307 


Combining the two results, we come 
to the conclusion that the shape of the 
curve near the origin is as shown in the 
figure. 

Examples LV1II 



Discuss the form near the origin of the following curves : 

1. y 2 (a— x)—x 2 (a-{-x). 

2. z l -2x‘ i y+x»-2y 3 -2x*+xy + y*=0. 

3. at+y'^x+y. 4. * 3 (y l -8)=y»(* # -l). 

15*6. Gasps : their classification. 

We know that the two branches of a curve have a common 
tangent at a cusp. The following figures illustrate how the branches 
of the curve can lie with regard to this common tangent. e cusp 
is named according to this relationship. 

(») A cusp may be single or double. It is said to. be s ^ c {[ 
the curve does not extend beyond the point of contac , 
is said to be double. 

(it) A cusp is said to be of the first kind or a cerat ?* d 
if the two branches lie on opposite sides of the tangent , oji 
the two branches lie on the same side of the tangent is called a c p 

of the second kind or a ramphoid cusp. 





Single cusp 
(1st kind) 


Single cusp D ( 2 ndkind) P 

kind) (2nd kind, ( 1 st kmd) < kind on 

It may happen that a double cusp may be 
•ne side of the point of contact and of the second / 

ind on the other side. Such a point is called a 

»oint of osculinflexion. 


A point of osculinflexion is a point of in¬ 
flexion and a cusp combined together, so to say. 

Ex. 1. Find the form near the oritjin of the curve 

y'-2x 2 y+x i -&=0 

find discuss the nature of the cusp. 



Point of osculi 
flexion. 
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Solving the equation as a quadratic in y, we get 

2s 2 = by/{4x 4 ~4(x 4 - x*)) =a .a ±;r s/ a 

Thus the equations to the two branches of the curve are 

y= x 2 -f x 8 ' 2 and y =x 2 —x 512 . 

From the equation to the curve, we find that tangents at the 
origin are y*=0. This equation represents a pair of coincident lines. 
Hence the origin is a cusp. 

When x is positive and very small, xr>x b > 2 , for both 

branches, y is positive. Hence both branches lie above the x-axis 
which is the cuspidal tangent at the origin. 


Again, x cannot be negative, because in that case, the corres¬ 
ponding values of y are imaginary for either branch. Hence no 
part of the curve lies to the left of the y-axis. 

Thus the origin is a single cusp of the second kind. 

Note. For positive values of x, the ordinate of the first 

branch is always positive and increases, 
.*. the first branch always lies above the 
x-nxis. For the second branch, the ordinate 
is positive only so long as x'-^x 5 ' 2 , i.e. t 
1 > y/z t i.e., \>x. At x = 1, y—0 for this, 
branch, and for x>l, the values of y are 
negative. Thus this branch lies above the 
x-axis for 0<x< 1, crosses the x-axis at 
x= 1 and subsequently lies below the x-axis. 
The form of the curve, therefore, is as shown 
in the diagram. 



Ex. 2. Find the nature of the cusp on the curve •••(») 

a*y 2 =x b (‘2a-x). 

The curve passes through the origin 
where the tangents are given by f/ 2 = 0, which 
represents a pair of coincident lines. Hence 
the origin is a cusp. 

Again from the equation to the curve, 
a*y = ±x* \/ (2ax —x 2 ). 

Thus there are two branches of the 
curve and their equations are 

a*y= +x*\/( ( lax— x 2 ) or a 2 y = -f- x*y/{a 2 — (x— a) 1 } ...(*'») 
and a*y=—x 2 v/(2ax—x 3 ) or a 2 y= —.r*%/{a 2 —(*— a ) 2 } . ..(«*») 



When x is negative, the corresponding values of »/ for both 
branches are imaginary. Hence no part of the curve lies to the left 
of the y-axts. The cusp is a single one. 
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Again, when x is positive and very small, the ordinate of the 
first branch is positive and that of the second branch is negative. 
Hence the two branches lie on opposite sides of the ar-axis which is 
the cuspidal tangent. Hence the origin is a single cusp of the first 

kind. 


Ex. 3. Examine the curve 

(y- 1)*=(*-3) 3 

4or singularities. 

Here /(*, y)=(y-l)‘-(*-3)’. 


-( 1 ) 


3(x-3)', = 2(y—1). 

dx dy 


=—3(x— 


*jL.= 0 and 
dx 


0 eive z=3, y**l. The solution also satis- 

31 / 

fies (1). Hence (3, 1) is a multiple point. 

Shift the origin to the point (3, 1). Then if (x, y) triform, 

into (X, Y), we have 

x-X+3, P=T + 1. 

Hence the equation of the cure becomes £-**• 

Tangents at the new origin are given by T*=0 winch represents 

a pair of coincident lines. 

Thus the new origin is a cusp. 

Again from the equation to the curve /= ±X^. Hence the 
'equations to the two Oranches^ rim curve (2) 

Y _.^3/* •••(3) 

ant ^ .ince the corresponding values of 

Now X cannot hc ncganv^ ^ ^ Ue5 £ ^ Ieft of the 

T are ima «”“7; he cu9p is P a single cusp. 

F ' aX “‘ • U X is nositive the ordinate of the first branch is 
Again, when X is P° s ‘“ ■ h is nfga tive. Thus the two 

positive and that ofthe se . sides of the X-axis which is the 

branches of>he curve he <in o;PP ^ of , he first kind . 

cuspidal tangent. , ^ wc may ^ ^ the 

Examples LIX 

Find the form of the curve near the origin and state the 
nature of the cusp : g y*=o*x*. 

\ *■ **(*-*)=»’; 

ZffiLjZo. •• 


V 
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Examine the form of the curve near the origin in the follow¬ 
ing cases :— 

7. x 5 +16x*y-64y*=0. 8. x 4 - 2x*y +- 2zy* +y*= 0. 

9. x 4 — 2x*t/— xy*+y 2 =0. 10. x*+y 4 =cx*y. 

11. Show that the curve 

x 3 -f 2x* -f- 2xy — y 8 -+•5x— 2y =0 

has a cusp of the first kind at the point (— l f —2). ( Panjab , 1945 ) 

12. Show that the curve y*= (x— a ) 2 (2x— a) has a single cusp 

of the first kind at the point (a, 0). ( Aligarh, 1946 ) 

Miscellaneous Examples V 



Find the asymptotes of the following curves : 

(*) x*-f-3x s y— xi/ 2 — Zy*-\-x 2 — 2xy-f-3y*+4x-f5— 0. 

( Panjab, 1945) 

(«) x 3 —4xy 2 —3x 2 + 12xy— 12j/*-f8^+2j/4-4=0. (Panjalj, 1947) 
(ui) y 2 (x— 6)=x 3 -f a 3 . (Panjab, 1950) 

(iv) x 2 y —xy 2 -\-xy + y z -\-x — y—0. (Panjab, 1955) 

(v) (x 2 — a 2 )y 2 =x 2 (x 2 — 4a 2 ). ( Panjub, 1959) 

(vi) x 2 y =a?-\-x-\-y. ( Calcutta, 1955) 


2. Show that the asymptotes of the curve 

x z y 2 —x 2 — y 2 —x—t/-f-1 =0 

form a square through two of whose angular points the curve 
passes. , ( Panjab , 1953) 


3. Find all the asymptotes of the curve 

3X 3 -f 2 xry — Ixy 2 -f- 2y® — 1 4xy -f 7 y 2 -f 4x-f- 5y =0. 

Show that the asymptotes meet the curve again in three 
points which lie on a straight line, and find the equation of this 
line. (Delhi, Hons., 1952 ) 


4. Find the equation of the cubic curve which touches the 2 /-axii 
at the origin, passes through the point (2, 0) and the lines 
y— 2x, y=x±l for asymptotes. 



A cubic curve, having a cusp at (0, 0) with the x-axis as the 
cuspidal tangent, has the three linear asymptotes. 

a r x ~\-h r y-\-\ =0, r —l t 2, 3. 

Prove that 




=0 and 2 ^( 0 ,+ 0 *) =0. 


(1A.S., 1952) 


Find the equation of the cubic curve having 

x=0, y—0, x+2y-6=0 

for its asymptotes and having a double point at ( — 1, 2), Find 
the equations of the tangents at the double points. 
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7. Find the asymptotes of 

(*) r sin 0 =2 cos 26. (Agra, 1950) 

(«) r6 cos 0 =o cos 20. 

8. Show that every asymptote of the curve 

x —a sec T/iO -f b tan two 

touches one of two fixed circles. 

9. Find the points of inflexion on the curves : 

(18 n OWM. Ho,.., 1955) 

(in) x==t — \, M * =tan 0 ; *“£”!?• . 

10 (i) Show that no conic section can have a pomt o in e 

* /in Show that t/=(log *)*. where n is a positive integer greater 

( ° than unity, has one or two points of inflexion according as n 
is even or odd. 

11 For the curve y ^ +bz > +c 

where b< 0, show that the point of inflexion is equidtstan. from 
the maximum and minimum points. (Panjab, B «.1962 S) 

12 Show that the line joining the two pomts of inflexion of the curve 

(x-a)y 2 =(xfa)z 

subtends an angle at the origin. . 

13 Show tliat the cubic curve cannot have more than o„e double 

point unless it degenerates. 

14 Find the coordinates of the double point and of the mflex.ons of 

the plane curve : 3 _ 

and show thaMli/ inflexions are unilinear. (M.T.I., 191S) 

16. Find the double poin« on the curves : mg) 

(») o ' {Delhi, 1951) 

(.“> + «)»(//-«*), distinguishing between the cases 

?<•"11% a 

( $ =0. (W- 

16. Show that the carve 

has a single cusp of the first kind at the point (a, 0). 

17. Find the multiple points on the curve 

and discuss their nature. t982 ) 

18. Find the nature of the double points on the curve 

(P+l) , “(*-l)’(*- 4 .) . 

and show that it has two real pomts of inflexion. wi) 



CHAPTER XVI 
CURVE TRACING 


* 

V 

161. It is often of considerable interest to find the general 
shape of a curve represented by a given equation. analytical 
geometry, the student must have discussed the shapes of the 
curves represented by equations of tire second degree, particularly 
those represented by the standard equations like y*=4ox, 

+ v,- = 1, etc. He will, therefore, be conversant with the elemen- 
« a O” 

tary notions of symmetry, intercepts on the axes, etc. The aim oi 
the present chapter is to apply the methods of the Calculus in supply¬ 
ing additional information in the form of points of inflexion and of 
maximum or minimum values, double points, asymptotes, etc., and to 
lay down certain rules so that it may be possible to get a sketch of 
the graph without having to know a large number of points on the 
curve. It is evident that a thorough knowledge of the previous 
chapters is essential before one can take to curve tracing. The 
procedure laid down in the following section will be helpful in 
drawing a fairly large number of curves which one generally comes 
across. The order in which the various steps arc indicated is by 
no means rigid or exclusive and can be varied to suit the exigencies 
of the case. 

16 2. I. Symmetry, (i) If the equation of a curve remains 
unchanged when y is changed into — y, the curve is symmetrical about 
the x-axis. For, in this case, if a point (x, y) lies on the curve, then 
the point (x, — y) also lies on the curve and vice versa. 

In the case of algebraic curves, it implies that the equation should 
contain only even powers of y. Thus y a =4x is symmetrical about 
the x-axis. 

(ii) A curve is symmetrical about the y-axis when its equation 
remains unchanged when x is changed into — x, for if a point (x, y) 
lies on the curve, then the point (—x, y) also lies on the curve and 
vice rerso. For example, y(a a -f-x a ) =a 2 —x a is symmetrical about 
the y-axis. 

When a curve is symmetrical about both axes, its form need be 
known in the first quadrant only. The complete graph can then be 
drawn by symmetry. 

(*»*) If the equation of the curve remains unchanged tqlien both x 
and y are changed into —x, —y respectively , the curve is symmetrical in 
opposite quadrants. For examples, 

xy=c\ xy 3 -f-a^y +a*(x* —y*) =0 

are symmetrical in opposite quadrants. 


Every curve which is symmetrical about both axes is ipsofada 
symmetrical in opposite quadrants but the converse is not true As 
will be seen, neither of the two curves whose equations are given 
above, are symmetrical about either axis. 

(it>) If the equation of the curve remains unchanged when x and 
y are interchanged the curve is symmetrical about the line y=x. For, 
the points (x, y) and ( y, x) are symmetrical about the line y=x and 

y) lies on the curve, so does ( y , x) and vice versa. Hence the 
curve is symmetrical about y—x. Thus the curve ^= 30 ^ is 
symmetrical about the line y—x . 

Similarly, if the equation of a curve remains unchanged when 
x and y are replaced by — y and — x respectively, then the curve is 
symmetrical about the line y =—x, 

II. Nature of the origin. Notice if the curve passes through 
the origin. It will be so in the case of algebraic curves if the absolute 
term is missing from the equation. If the curve passes through the 
origin, write down the equation of the tangent or tangents thereat. 
In case there are two or more tangents, find the nature of the singu¬ 
larity at the origin. Also find the position of the curve relative to 
the tangents at the origin. This can be done by the methods given in 
an earlier chapter. 

III. Intersection with the axes. Find the points of inter¬ 
section of the cuj've and the axes of coordinates. Find the tangents 
at these points, if necessary, and the position of the curve relative to 
these tangents. If possible, find some other points on the curve, for 
example, ics points ol interscctibn with y=x, or y= —x. 

IV. Asymptotes. Find the asymptotes of the curve and the 
relative positions of the curve and the asymptotes. 

V. Regions containing the curves. Find regions to which the 
curve is confined. This is usually done by solving for x or for y separa¬ 
tely and considering both positive and negative values of a;. Values of 
x (or y ) which make y (or .c) imaginary are to be ruled out. Aijain 
such values ot x and y which make the left and right members ot an 

equation opposite in sign are to be rejected. For example, consider 
the equation. 


If* is less than 1, //- is negative so that y is imaginary. 

Again, y- is imaginary if x is greater than 2. 

Tlius the curve lies entirely inside the region bounded bv the 
two parallels z = l and x— 2. y 

Again, consider the curve .r 4 +y l =±a~xy. 

We observe that the left-hand member is positiv- for all values 

otxzndy. Hence so must be the right-hand member. Thus x and 
y must both be of the same sign. Therefore no part of the curoo 
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can lie in the second or fourth quadrant where * and y are of opposite 

8,g,lS Tt U also sometimes useful to change to polar coordinates 
for this purpose or to obtain the parametric equations of the curve 
For example, changing to polar coordinates, the equation (* +y )* 
=o J (x 2 - transforms into r 2 =a 2 cos 20 and since cos 20 cannot be 
greater than 1, it follows that r 2 <* 2 , so that the curve lies inside a 
circle of radius a with its centre at the pole. 

Again, from the parametric representation of 

z */3 +J/ *.3 =a */s viz., a = x cos 3 *, y=a sin 3 *, 

it is obvious that x and y cannit be greater than a numerically. Thus 
the whole curve lies inside the square formed by the lines 

x = ±a, y = ±°- 

VI. Stationary values. Find if convenient, and find 

the points at which the tangent is parallel to the x-axis or y-axis, 
discussing the behaviour of y (i.e. whether y is increasing or decreas¬ 
ing) between conse utive points. 

VII. Inflexions and other singularities. Find points of 
inflexion and other singular points, if any, and in the case of the 
latter, examine their nature. This may not be done if it involves 
tedious calculations. 

VIII. Approximations. For small values of x and y, it is 
terms of the lower degrees that matter and an approximate form of 


Ouadratic 

Parabolas 


Cubical 

Parabolas 






Semi- 

V 

1 

\ 

\ 


cubical 

Parabolas 

TV 

A 

0 ^ 



> 

J - 


a 

j 



k 
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the curve near the origin is got out of these. For large values of 
x and y, we fall upon terms of the higher degrees and get an approxi¬ 
mation of the curve out of them. For example, the curve y*=*+** 
approximates to y*=x near the origin and to y*=z z for large values 
of x and y. For this purpose it is important to know the forms of 
some elementary parabolas which are given on previous page. 

We discuss below the tracing of two of these parabolas 
(a) y=x 3 . 

(i) The curve is symmetrical in opposite quadrants. 


(«) The curve passes through (he origin. The tangent at the 
origin is y= 0. If x is positive, y is positive and if x is negative y 
is negative. The curve, therefore, lies above the tangent in the first 
quadrant and below it in the third. Hence the origin is a point of 
inflexion. 


(Hi) Since x and y must both be of the same sign, there is no 
part of the curve in the second and fourth quadrants where x and y 
a^e of opposite signs. 

(tv) The curve crosses the axes only at the origin. 

(v) There are no asymptotes. 

(vi) -j- =3x*, which is positive for every x ; therefore y 
e* with x numerically and tends to infinity with x. 

(vii) -~^=0 only at the origin. 


(viii) —^,=6x, which is positive for all positive values of x and 
is negative for negative values of x. / 


The curve is, therefore, concave upwards in the first quadrant 
and convex upwards in the third. 

There is obviously an inflexion at the origin, since 


d*y 

dr* 


vanishes 


at the point and changes sign. [Cf. ( ii) above]. 

Hence the form is as shown at V in the attached figure. 

(6) y*=* 3 . 

(t) the curve is symmetrical w.r. to the .r-axis only. 

(ii) The curve passes through the origin and tangents at the 
origin are y l = 0 which represents a pair of coincident lines. Hence 
the orign is a cusp. Moreover, .r cannot be negative, there is a 
single v cusp at the origin. 

For any positive value of x. there arc two equal and opposite 
dues of y. /. the cusp is of the first kind. 

(tit) The curve crosses the axes only at the origin and at no 
•er point. 
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(it?) The curve has no asymptotes. 

<t>) The two branches of the curve are 


y=±z 3,t - 

Consider the branch y^x 871 . For it 

dx ** • dx' *'y/X 


lei ~ =0 only at the origin. 
dx 

(f»<) ^ is positive for all positive values of x. 

ax 

.*. the branch of the curve above the z-axis is concave 
upward. 

(viii) As x increases, y increases there being no limit to the 
increase of either. Hence the curve extends to infinity. Also y 
increases more rapidly than x for x> 1. 

Also as x ■+», so that for large values of x the curve 

dx 

tends to be infinite in the direction of the y-axis. 


Thus the form of the curve is as shown at IX in the above 


figure. 


16*3 Curves of the form y =f(x) and » u, ^ €re /(*) 

and g(x) art polynomials in x. 


F.«, 1. Trace the curve y =x* -~3ax*. 

(») There is no symmetry of any kind. 

(«) The curve passes through the origin and 
the equation of the tangent at the origin is y= 0. 
Near (0, 0), the curve is approximately of the form 
y= —3ax 2 , showing that (a) the curve lies below 
the tangent on either side of the origin, and (6) the 
dhape of the curve at the origin is like that of a parabola 
with its axis parallel to the y-axis and pointing downwards. 

(in) Where the curve meets the x-axis, y =0. 

.*. x 3 —3ox 2 =0 or x=0 or 3o. 

(iv) The curve has no asymptotes. For lange values of x, how¬ 
ever, the curve behaves like y =x 3 . 

(v) A value of y exists for every value of x. 

Also y-^oo as x-*<», and y-+ —©o as x—*■ —©o 
Writing the equation of the curve in the form 

y=x*(x—3a), 

it is obvious that y is negative for x<3a and positive for x>3a. 
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(«) ^=3x(x-2a). Hence, -g 

vanishes at a:=0 and z=2a. When *=0, 
t/=0 ; when z=2a, y= —4a 3 . 

(v»i) =6(x—a) which vanishes 

as 3=a and changes sign. 

x==a gives a point of inflexion. 

is positive for x>a and negative 

for z<a. The curve is concave upward for z>a, and convex 
upward for z<a. 

The form of the curve is as shown in the diagram. 

Ex. 2. Trace the curve y{ 1 — x l )=x i . ((Panjab, I960) 

(*) The curve is symmetrical u\r. to y- axis. 

(it) The curve passes through the origin. 



Writing the equation in the form 

z*y 4 a - 2 —y = 0, 

we see that y= 0 is the tangent at the origin. 

Near (0, 0), the first approximation is the tangent y- 0. 


The second 



approximation is **-!/=<), or y=z* [neglectin| 
the first term which becomes an infinitesimal of 

order 4]. 

Thus the curve lies above the tangent and 
approximates the parabola x 2 =y near the origin. 

(iii) The curve does not meet the axes at any 
other point besides the origin. 


(tv) z=±l and y= — 1 are its three 
asymptotes. 

( v ) Writing the equation in the form 



we observe that y cannot lie between 0 and 


/. The asymptote y«-l must be ap¬ 
proached from below. 


i n i 
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y is positive for x numerically 
less than 1 and negative for x numeri¬ 
cally greater than 1. Hence (a) the 
asymptote x=l is approached from 
the left at the top and from the right 
from below, and (6) the asymptote 
x— -1 is approached from the right 
as the top and from the left from below. 

Hence the shape of the curve is 
as shown in the diagram. 

(* — 1 )(* — 2 ) 

y lx —3)(x —4) ‘ 

(*) There is no symmetry. 

00 The curve does not pass through the orgin. 

(m) It crosses the x-axis at (1,0) and (2, 0) and the y- axis 

a* (0. 1 ). 

(iy) x—3 =0, x—4=0 are the vertical asymptotes and y = l is 
the horizontal asymptote. There is no other asymptote. 

For large positive values of x, y> 1 and for large negative 
values of x, y< 1. Therefore, the curve approaches y = l from above 
at the positive infinity end and from below at the negative infinity 

O') y exists for every value of x, y-> +©o ifx-*3— 0, y-*— oo if 
*-3 + 0, y-r -co if x -*4 — 0, y-> + oo if x^4+0. Hence the 
asymptote x = 3 is approached at its upper end from the left and at 
its lower end from below, this order being reversed in the case of 

(vi) = -2(2**-10* + ll)/(z»_7* + 12)». 


ft 



dy 

d x at z = 1 2(5±\/3) and 

changes sign at each of these points. 
These values of x give extreme values 
of y, a minimum at x = ‘(5 -^3) and 
a maximum at x=^(5 + V 3 ). 

Hence the form of the curve is as 
shown in the diagram. 



X-J X-4 


16 31. Curves of the form y 2 =f(x) or y* = where f{x) 

and g{x) are polynomials in x. S(*) 

Ex. 1. Trace the curve a 4 y 2 =a 2 x 4 — x 8 . ‘ 

0) The curve is symmetrical w.r.t. both axes. 
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(«) It passes through the origin and tangents at the origin are 
y*=0. Hence there is a cusp at the origin. 

As an approximation near (0, 0), we have 

a A y 2 =a?x i or z 2 = ±ay. 

the'4- ign corresponding to the upper and the — sign to the lowci 
branch. Thus near the origin, the cuive approximates to two para¬ 
bolas touching each other at their vei ticcs and having their s.xes in 
Opposite directions along the y- axes. 

(ill) The curve crosses the x-axis at (0, 0), (±a, 0). 

It crosses the y*axis only at the origin. 

(iv) The curve has no asymptotes. 

(v) The equation may be written as 

a y=zha 2 -* 2 ). 

x cannot be greater than a numerically. 


, .. dy 4a ? ar 3 -6x 6 x(2/i*-3.r) 

(w) ‘*-“ 53 5 -^ («*-*’)' 

Besides x=0 (which, as we have already seen, gives a cusp), 

^ vanishes at the points for which x = ± V 5a»±-8a approximately 
dx 

and then.y= ±'4a appromately, 

Thus the shape of the curve 
is as shown in the diagram. 


1 / 


Ex. 2. 
(«) V % 

(ft) y*— 


Tract the curves 

. a+x 

x*. -- 

a —x 


x*. 


x-f o 
x—n 



These two curves and those in the next example are discussed in 
order to illustrate how a slight change in the equation affects the form 

of the curve. 



a+z 

a—z 


>*) The curve is symmetrical about the x-axis. 

(ii) It passes through the origin and wriring the equation in 
the form a?+xy 1 + a[x 2 - y‘ l ) = 0, we note tluu tangents at che origin 

are given by x s —y 2 =0, i.e., y = ±x. 

The origin is, therefore, a node. 

It can be easily verified that the (Jt»rve lies above the tangent 
y=x and below the tangent y = —x on cithi* side ol the origin. 

(tit) The curve crosses the x-axis at the origin and at (-a, 
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It crosses the y-axis only at the origin. From considerations of 
symmetry, this indicates a loop corresponding to — a^x^O. 

(it;) a — x=0 i.e., x—a is the only real asymptote. Since x 
cannot be greater than a (for, in that case, y is imagin ar y), the 
asymptote is approached from the left at either end. 

. * is negative and less than — a algebraically, y is again 

u»&gni&iy. Hence no pai t of the curve Hey beyond the line 

x=~a. 



dy _ a 2 -f a x- x z 

dx ~^ (o— x) 3 ' 2 (a+.T) 1 '2* 




when * =i(l — V^) a 


[The value x=$(l-fv5)ais reject¬ 
ed, since x cannot be greater than o]. 



when x-*±a. 


Hence the form of the curve is as 
shown in the diagram. 


( 6 ) = . 

x — a 

(*) The curve is symmetrical w.r.K 
ox. 


(ii) Tt passes through the origin and writing the equation in the 
form x —xy‘-f a(x*-fy 2 )=0, we note that the tangents at the origin 
am given by x“-fy v =0 which represents a pair of imaginary lines. 
1 he origin is, therefore, a conjugate point. 

(m) The curve crosses the x-axis at the origin and at x = —o. 
It crosses the y-axis only at the origin. 

arr T { ' V .L X ~T° J* a vertical asymptote. Other two asymptotes 

are x — y-fa=0 and x-f y + a=0. 


“ d being a ,hird 

to,c rntTbe Vp"oache^ e fromTh e e Cn ri^h“. and + °' ** Ver,iCa ' 

Expanding y in descending powers of x, we get, 

a 2 
x 




The approximation to the branch 
asymptote is 


to which y»x-f-a is an 


a 


y=x+a-f 
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showing that the curve lies above the asymptote at positive infinity 
end and below it at the opposite end. Similarly considering the - 

sign, the approximation is 


y 1 x 


This shows that the curve lies below the asymptote y = -x-a 
at the positive infinity end and above it at tpe opposite end. 

dy x 2 —ax —a* »jr 


. (t>) -&T ± (x—a)*'*(z+aY#' 

-^=0 
dx U 

when x=\{\±.^5)a. 

(the —sign is obviously to be rejected) 

and 


*gr 

dy 

dx 


* 

->oc when x •* i a * 


The form of the curve is, there¬ 
fore, as shown in the diagram. 



j a t o) 




jr 


( 0 , 0 ) 



X-Q 


Esc. 3. Trace the curves 

(а) x*y 2 —x l — 1. ( Panjab, 1962) 

(б) zV=3 2 -fl. (Panjab, 1962 S) 

(a) z 2 t/ a =z 2 —1. 

(i) The curve is symmetrical w.r.i. both axes. 

(ii) It does not pass through the origin. 

(in) It cuts the z-axis at (±1,0). It does not meet the 
y-axis. 

( iv) No part of the curve lies between the lines z=± 1. 

(v) Writing the equation in the form z*(y 2 -l) + l =0, we note 
that the lines y 2 -1=0 i.e. y=±l are asymptotes to the curve. 

From the given equation itself, z=0 appears to be an asymp¬ 
tote. But since no part of the curve lies between z=±l, this 

asymptote is to be rejected. , _ „ , 

Since y*=a(z*—l)/z*, y is numerically <1 for all values of x 

numerically >1. Hence the curve lies between the two asymptotes 

at both ends. 

dy 1 

so that -^-*oo as z-*± 1. 

dx 

Hence tangents to the curve at 
its intersection with the z-axis are the 
vertical lines x ■■ ± 1. 

The form of the curve is as 
shown in the diagram. 
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(b) *y=**+1. 

(*) The curve is symmetrical w.r.t. both axes. 

(«) It does not pass, through the origin. 

(in) It does not intersect .the axes. 

(iv) Writing the equation in the form x*(y*— 1) = 1, we observe 
that the lines y 1 — 1=0, «.«.».$ 1 arc asymptotes. 

For x to be real, y~ — 1>0 so that y 
is numerically > 1. Hence the asymptote 
y — \ is approached at cither end from 
above and the asymptote y = - 1 from 
below. 

x=0 is the only vertical asymptote. 
From symmetry, the asymptote x = 0 is 
approached from both sides at either 
end. The form of the curve is shown in 
the diagram. 

Ex. 4. Trace the curve 
y 2 ={x—<i)(x—b)(z—c) where 0 <a<b<c, 
and consider the form of the curve when 

(1) a = 6, (2 )b=c, (3)a=6=c. 

First of all, we consider the curve 

y 2 =(x —a)(x~b)(x — c), 0«z<6<c. 

(*’) There is symmetry w.r. to the x-axis. 

(»i) The curve does not pass through the origin. 

(tii) Where the curve crosses the x-axis, y= 0, .*. x=o, b, or 

c Thus the curve crosses the x-axis at three points viz., A{a , 0), 
B(b, 0), C(c, 0). 

(»r) The curve has no asymptotes. 

(v) The curve has no double points. 

(tn) When x=a, there are two equal values of y. Hence x=<* 
is a tangent to the curve. 

Similarly x = 6 and x=c are tangents. 

Shifting the origin to (c, 0), the equation becomes 

y a =x 3 + (2c—a — c(c—o)(c—fc)x. 

Thus at the new origin, the curve approximates the parabola 
y ==(c-a)(c-b)x. 

% 

(vii) For x<c.a 9 y - is negative so that y is imaginary. Hence no 
part of the curve lies to the left of the line x=a. 

y 1 is positive so that y is real when x lies between o and b j 
hut for values of x between 6 and c, y 2 is again negative and there- 
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fore y is imaginary. Hence no part of the curve lies between the 
lines x=b and x—c. 

y is defined for every value of z>c and increases as x increases 
beyond c. As a matter of fact y-* ©o when x— 

For every large values of x, the curve approximates to y* =*** 
(retaining the highest degree terms in x and • y J so that y increases 
very much more rapidly than x does. 

(viii) •.* y= 0 when x—a and 
again when x=b, there must exist 

dy A 

a point at which —=0 some- 

where between A and B. 

Thus the form of the curve 
is as shown in the diagram. It con¬ 
sists of a loop and a branch which extends to infinity. 

Note. That the infinite branch possesses two points, of in¬ 
flexion may be seen from the fact that the curve approximates a 
parabola y 2 =(c—a)(c—b){x — c) near (c, 0) and to for large 

values of x. The former is convex and the latter concave in the 
positive y direction. Hence the curve changes its curvature Irom 
convexity to concavity for some value of x>c. I-rom considerations 
of symmetry, if the upper branch has a point of inflexion, so must 
the lower branch have one for the same value of x. 

(1) When a=b. 

The equation now becomes 

!/ 2=(x-6) 2 (a:-c) (6<c) 

' v a= b, the points A and B coincide so that the loop shrinks 
to a point. 

This point is an isolated point on the curve. This becomes 
apparent on shifting the origin to (6, 0). Hus equatton becomes 

y-=x*(z-C + b) 

giving the tangents at the new origin as 

y 2 + (c — 6)z 2 = 0 

which are imaginary as b<c. 

Near (c, 0), the curve is still of 
the form y l =k(x—c) and for large 
values it approximates to y 2 =ar*. 
Hence thcic is a pair of points of 
inflexion as before and the shape of 
the curve is as shown in the opposite 
diagram. 

(2) When b=e. 

•to 

The equation to the curve now is 

y 7 —[x--u){x~ 6)*. (a<b). 


0 
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The points B and C coincide. The point B will be sl node as 
will also be seen by shifting the origin to B(b, 0). The equation 
referred to new axes becomes 



y*=x*(x+b— a). 

so that tangents at the new origin w.r* 
to the new axes are 

y *—(6— a)x*=0 
which are real V b>a. 

Hence the shape of the curve ia 
as shown. 

(3) When a =b=c. 

The equation now becomes 

y*=(x—o) 3 . 

Referring to the figure of case (2), we observe that the points. 
A and li coincide so that the loop shrinks 
to a point. 1 

The point (o, 0) will now become a 

cusp. 

The form of the curve is as shown. —^ 

Note. On shifting the origin to 
(a, 0), the equation becomes y‘'=x 3 , which 
shows that the curve is a semi-cubical 
parabola. 



16 32. Curves of the form y 2 -ff(x) . y-f g(x) = 0. 

Ex. 1 . Trace the curve y 2 — 2x 2 y-f x 4 — 2^=0. 

(») There is no symmetry. 

(u) The curve passes through the origin and tangents at the 
origin are y*=0. The origin is, therefore, a cusp. 

Writing the equation in the form 

ly —**) 2 —•••(!) 

and taking square root, we get 

y=x*±x*. 

For small values of x, (in fact, for 0<x<l)x a >r* so that y is 
positive for each branch. Both branches of the curve, therefore, He 
above the x-axis for positive values of x in the neighbourhood of the 
origin. 

Again, from (1), we observe that x cannot be negative. 

Hence no part of the curve lie3 in the second or third quadrants. 
The origin is, therefore, a single cusp of the second kind. 

(in) For the branch y =x* -f x a , y is always positive and increases 
V-*■<-** as x +co. 1 his branch docs not cross the x-axis. 
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SL 

(iv) The branch y=x 2 —x 2 crosses the ar-axis at (1, 0) and for 
x> 1, y becomes and remains negative. 

For this branch, =2x — x 2 — ^ z(4 — 5x^). 



=0 when z=0 or x=- 


16 
25 * 


For x > 


16 

25 


dy 

dx 


is negative, so 


that y decreases as x increases. Obviously 

y-*- — oo as x-*--f-oo. 


( v) The curve does not have any 
asymptotes. 

(in) For large values of z, the curve 
behaves like y 2 =xr>. 



The form of the curve is as shown in ihe diagram. 

16*33. Farther solved examples. 

Ex. 1. Tract the curve z*+y*=4a*xy. {Panjab, 1959) 

(i) The curve is symmetrical w.r.t. the origin and also w.r.t. the 
line y=x. 

(it) It passes through the origin and tangents at the origin are 
xy— 0, i.e., x=0 andy=0. The origin is therefore, a ■ftode. An appro¬ 
ximation near the origin to the branch to which y=0 is a tangent is 
x*=4a 2 xy or 4a t y=x?. This branch, therefore, lies above the x-axis 
in the first quadrant and below it in the third quadrant. 

Similarly, the branch to which x=0 is a tangent at the origin 
has an approximation 4a 2 x—y 3 . It lies to the right of the y-axis in 
the first quadrant and to the left of it in the third. 

(Hi) 1 he curve crosses the axes only at the origin. 



(tv) There are no asymptotes. 

(t>) Since the left member is always 
positive, the right must al$o be positive. 
Hence x and y must both of the same sign. 
The curve, therefore, is contained to the 
first and third quadrants only. 

(in) The curve meets the line y=x 
at the points for which 

x=0 or x = ±y 2a. 

The form of the curve is as shown in 


the diagram. 

Ex. 2. Trace the curve y(y*— l)=x(x*—4). 

(t) The curve is symmetrical w.r.t. the origin. There is no 
other symmetry. 
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(ii) It passes through the origin and tangent at the origin is 
y= 4x. 

Writing the equation in the form y=4x — x*+y 3 , we get an 
approximation as y = 4x —x 3 -f-(4x) 3 , t.e., y= 4x+13^ 3 * The curve, 
therefore, lies above the tangent to the right of the origin and below 
the tangent to the left. 

(iii) The curve meets the x-axis at the points (0, 0), (2, 0) and 
C —2, 0). It meets the y-axis at (0, 0), (0. 1) and (0, —1). 



(iv) There is only one real asymptote, viz., y=x. The curve 
evidently crosses the asymptote at the origin and being a third degree 

y.x curve, docs not recross the asymptote at 
any other point. 

Writing the equation to the curve 

as we get 311 approxi ' 

mation at infinity as 

1 1 
y-x=-~ or !/=*-—• 

The curve is thus seen to lie below 
the asymptote at the positive infinity end and above it at the negative 
infinity end. 

§ 

The form of the curve is as shown in the diagram. 

Ex. 3. Trace the curve x 5 +y 6 = 5a 2 x 2 y. 

(i) The curve is symmetrical in opposite quadrants (v equation 
to the curve remains unchanged when x and y ate changed into — x, 
— y respectively.) 

(ii) The curve passes through the origin. The tangents at the 
origin are 

x 2 y=0 » e., x =0, x=0, y=0. 


the y-axis is a cuspidal tangent. 

To discuss the form of the curve near the origin, omit y 6 and 
consider x fi — 5a*x 2 y = 0. Removing x-, 5x : y=x s . •••(•4) 


This branch has y=0 as the tangent at 
the origin. We observe that the origin is a 
point of inllexion, the curve lying above the 
tangent for positive values of x and below it 
for negative values. 



Now omit x 5 and consider 
y* — 5a*x 2 y =0 oi y 4 — 5a 2 x*=0. 
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This branch has x=0 as a tangent at 
the origin. From ( B ), we find that the 
curve or a portion of it is like the two para¬ 
bolas y 2 = 3 - 5ux. 

(Hi) x-\-y =0 is an asymptote to the 
curve and the curve crosses its asymptote 
at the origin. 

In the second quadrant, V x is nega¬ 
tive and y is positive, the right hand member 
is positive. Hence so must be the left-hand 
member. Hence, y should be numerically >x. 
above the asymptote. 



Because of symmetiy in opposite quadrants, the curve appro 
aches the other end (in the fourth quadrant) fiom below. 



(ie) The curve crosses the axes 
only at the origin and at no other 
point. 


It crosses the line y= x where 
2x 5 = 5a a x 3 , i.e., where x=0 or x — 
■? Vi a - Connecting the \arious data 
above, the shape of the curve is as 
shown in the diagram. 

Examples LX 


Trace the curves : 

1 . (i) y=x 2 , (it) y=x*, (iii) y=x*, (iv ) 


2. 

4. 

5. 
7. 
9. 

10 . 

11 . 

13. 

15. 


6 .y =2x3—3x 2 -12x+12. 3. 

a z xj=t/(x 2 -f-a 2 ). 

a?/ 2 - x 2 (x— a). (Delhi, 1955) 6 . 
y*=x( I — x) 2 . 8 . 

y 2 1 a ■+ x)=x 2 ( 3a — x). 
xy 2 =a 2 (a—x). 

(x 2 -l )y-=x. (Agra, 1949) 12. 


y=x(x-a) 3 . 

(Nagpur, 1927) 
i / 2 = x(x+l) 2 . 

3 T = (x- l)(x-2)(x-3). 

(Panjab, 1958) 
(Panjab, 1943) 
y 2 (x 2 -a 2 )=a 2 x 2 . 


y 2 (a 2 — x 2 ) = b 2 x 2 . (Panjab, 1955) 14. y 2 (a* ~x 2 )=x*. 


17. l/ = 

19. 

20 . 

21 . 

22 . 

23. 

25. 

27. 

28 . 


y 2 (x 2 + a 3 )=a 2 x 2 . 16. 

2 x 2 

» = (*-2)(x-6 r 18 - 

x 2 (x' J — / \u 2 )—y 2 (x 2 —a 2 ). 

x-'* -f lit 3«xy. 
x :, 4*y 3 — 2ax 2 . 

x 3 -f- y 3 ~a 2 x, 

a 2 y 2 ~x i (a-\-x). 24 

a i y 2 =x b (2a — x), 26. 

(x+l)(aH 2 )y 2 -=x*: 

x(x—2a)y 1 =a a (x—a)(x—3a). 


y 2 (x 2 -\-a*)=a 3 x. 

!/2= (x + 1)(x+2) _ 

X 

(Punjab, 1949 5) 
(Panjab, 1957 ; DJhi, 1959) 

(Punjab, 1930) 
(Alxgurh, 1944) 

a 2 y t = x 4 (x — a). 

x^y^x-f l) 3 . ( Punjab, 1919) 

(Agra, 1951 ) 



29. a 2 y 2 =x 2 ( 2a—x)(x — a). 

30. xy 2 =(x-|-y) 2 . (Lucknow) 

31. x 2 (x+y)-y 2 = 0. (Panjab, 1936) 

32. xy(x z -\-y 2 )-{-x 2 —y 2 =0. 

33. x 2 (x 2 4-y 2 )=a 2 (x*-y 2 ). (Panja 6 , 2042) 

34. x 4 +y 4 =a*(x 2 —y*). 35. x 4 +y 4 =4ax 2 y. 

36. x* — y i =xy. (Panjab) 37. x 5 + y 6 = 5ax*y 2 . (Delhi, 1956) 

38. x 4 +x 2 y*-fy 4 =ox{x t — y 2 ). 39. y(x 2 —o 2 )=x 3 +a^ 2 +° 3 * 

40. x 2 (y+3)=y 2 (x+2). (;4yra, 2045) 

16 4. Polar equations. The procedure laid down for tracing 
cuFves whose Cartesian equations are given, is applicable w'ith slight 
modifications to curves whose polar equations are given. The follow¬ 
ing points are mentioned for general guidance of the student. The 
order of presentation is by no means rigid. 

I. Symmetry. (i ) The curve is symmetrical about the initial 
line if its equation remains unchanged ichen 0 is changed into — 0 . 

r 2 =a* cos 2 0 -f-£r sin 2 0 is symmetrical about the initial line. 

As a particular case, if the equation to the curve contains only 
cosine or secant of 0 or its multiples or submultiples, then the curve 
is symmetrical about the initial line. 

Thus r=a cos 0, r=a(l-fcosO) 

are symmetrical about the initial line. 

(it) The curve is symmetrical about the line through the pole 
perpendicular to the initial line if the equation to the curve remains 
unchanged when 0 is changed into it— 0 . 

As a particular case, if the equation to the curve con tarns 
only sine or cosecant of 0 , or its odd multiples, the curve is 
symmetrical about the line through the pole perpendicular to the 
initial line. 

The curves r=o sin 30, r=a( 1— sin 0) are symmetrical about 
the line through O perpendicular to OX. 

(Hi) The curve is symmetrical about the pole if the equation 
remains unchanged when r is changed into —r or 0 into n + 0 - 

II. Regions. Find the regions in which the curve does not lie. 
This will happen if there are certain values of 0 which make r 2 ne¬ 
gative and therefore r imaginary, or again if r cannot exceed a certain 
value so that the entire curve will lie inside a certain circle. If t 
cannot be less than a certain number, the curve will lie outside a 
certain circle. 

The curve r*—o 3 cos 20 cannot lie between the lines 0=tr/4 
and 0=3 tt/ 4 and again between 0=5sr/4 and 0 =7v/4. Moreover 
r cannot be greater than a so that the entire curve lies inside the 
circle of radius a and having its centre at the origin. Again no 
portion of the curve r cos 20 —a lies inside the circle of radius a and 
having its centre at the pole as r is never less than a. 
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III. Origin. If r=0 when 0=a, the line 0 =a is, in general a 
tangent to the curve at the origin. 

IV. Asymptotes. Find the asymptotes of the curve, if any. 

V. The angle 0. Find the angle at which the curve cuts its 
radius vector for some prominent or convenient values of the vecto* 
rial angle. 

VI. Variations in r and 0. Trace the variations of r as 0 
increases successively from 0 through a set of positive values marking 
values of 0 corresponding to which r is zero or attains a minimum or 
maximum value and plot the corresponding points. 

As similar procedure may be adopted for negative value of 0. 

Ex. 1. Trace the curve r=a( 1 -f-sin 0). 

(») The equation to the curve remains unchanged when 0 is 
changed into v —0. There is symmetry tu.r. to the line through 

the pole perpendicular to the initial line. 

(it) r=0 when 0=37r/2. Hence the curve passes through the 

pole. 

(iii) The greatest value of r is 2a and its least value zero. 
Hence the curve lies inside a circle of radius 2a and having its centre 
at the pole. 

(u>) r ~j [ r ~ tan ( the curve cuts the initial line at 

w/4, and the line through 0 perpendicular to the initial line at right 
angles. 

(v) As 0 increases from 0 to tt\ 2, r steadily increases from a to 
2a. 

As 0 increases from rr/2 to it, r decreases from 2a to a. 

As 0 increases from n to 3w/2, r decreases further from a to 0. 

As 0 increases from w/2 to 2rr, r increases from 0 to a. 

V sin 0 is periodic with a period 2 n, the curve will repeat itself 
for values of 0>2w. 

Hence the shape of the curve is as shown in the diagram. 


Table of some principal values. 


0 

| 

0 


rr 

1 

i 

7T 

2n 

1 

r 

a 

1*5 a 

1-87 a 

2a 

a 

1 

a 



Ex. 2. Trace the curve r=3 cos 20. 

(i) The curve is symmetrical w.r. to the initial line. 
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(ii) The curve passes through the pole, r vanishing when 

0 = ±w/4, ±3»r/4. 

(m) The greatest value of cos 20 being 1 the greatest value ol 
f u 3. Hence the curve lies inside a circle of radius 3 having 

centre at the pole. 

(it,) The curve crosses the initial line for 0=0 and tr at the 
points (a, 0) and (a, n) respectively. 


(t,) zot 20, the curve has the lines 0= ±rr/4 

0 = i3rr/4 as tangents at the pole. 

Also the curve cuts the initial line (0=0) and the line 
through the pole perpendicular to the initial line (0 — 8 


angles. 



O to 3. 


(tri) The curve has no asymp¬ 
totes, no branch of the curve exten¬ 
ding to infinity. 

(vii) When 0=0, r=3. 

As 0 increases from 0 to tt/ 4, 

r decreases from 3 to 0. 

As 0 increases from w/4 to 
tr/2, r is negative and ricereases 
from 0 to —3. 

As 0 increases from it 12 to 
3ir/4, r is again negative and in¬ 
creases from —3 to 0. 

As 0 increases from 3n/4 to 
w, r is positive and increases from 


As 0 chances from 0 to — we get the reflection of the above 
■values in the initial line. 

For values of d>w or <— w, the curve repeats itself. Hence 
the curve is as shown in the diagram. 

Table of some principal values. 


0 

0 

ir/4' 

W2 

3ir/4 

tr 

r 

3 

0 

3 

0 

3 

I 


£z. 8. Tmce the ewee r*=o* 'V** 20. (Delhi, 1957) 


(») If 0 is changed Into —0, the equation to the curve re¬ 
mains unchanged. Hence there is symmetry about the initial 
tine. 



(it) For any value of 0, there arc two equal and opposite value 
of r. Hence there is symmetry about the pole. 

(in') The curve passes through the pole, r being zeio when 

0 = ±W 4 . ±3tt/4. 

(tu) The greatest value of cos 20 being 1, the greatest value of 
r is a. Hence no part of the curve lies outside the circle of radius a 
having its centre at the pole. 

( v) cos 20 is negative for w/4 <0<3rr/4 and agarn for 

— 3rr/4<0<—7r/4. .*. r is imaginary for values of 0 inside the two 

ranges. 

Hence no part of the curve lies in the regions 0 = ^t to and 
0 = $w to 

(vi) When 0=0, r=±a. 

As 0 increases from 0 to tt/ 4, r 

decreases from a to 0. 

As 0 increases from w/4 to 
3 tt/ 4, r is imaginary. 

As 0 increases from 3*r/4 to tt, 
r increases from 0 to a. It is now 
easy to trace the curve. 

Ex. 4. Trace the curve t =a( sec 0+cos 0). (Panjab, 1941) 

(t) v The equation to the curve remains unchanged wnen 0 
is changed into —0, there is symmetry about the initial line. 

(it) The equation to the curve may be written as 

r cos 0=a(l + cos 2 Q) 

showing that the abscissa of any point on the curve cannot be less 
than a. 

Hence no part of the curve lies to the left ol tne line 

r cos 0=a, t.e., x=a. 

(Hi) r-*oo as 0->±w/2. 

There is. however, only one asymptote to the curve, viz. 

r cos 0 =o. 

Also irom (ii) it is clear that the asymptote is approached only 

from the right. 

(lt,) dT a -'cos‘8 This U P° sitivc 

for 0 <0 <tt/2. 

Hence r increases in this range. 

_ The least value of r coi responds to 

(a, 0)1 l( 2 a, 0 ) If 0=0 and is 2o. 

dr sin 3 0 

.*. <f) =.7/2 when 0 -0. 

Tiius at the point (2i, 0), the curve 
has a tangent perpendicular to the initial line. 


0 
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(vi) When */2-0. f - > + 00 * 

and when O-^n^+O, r-» °°* 

As 0 increases from tt/ 2 to t, r increases from 00 to 
Thus the form of the curve is as shown m the lagram. 

E*. 5. Trace the curve r 8 cos 0=o 2 sin 39. 

(i) For any value of 0 there are two equal and opposite values 

of r. Hence the curve is symrm trical about the po e. 

(i») The curve passes through the origin, r be/ng zero when 

0 = 0, n/3, 2 it/ 3, n,. 

(tit) r is infinite when 0 =",2, 3n/2. 

Q=tt/ 2 is the only asymptote. 


<i v ) =0 when 0=^/2, 3rr/2, 
v ' dr 


(„) r* is negative and consequently r is imaginary as 6 varies 
from «/3 to * /2 and again from §«r to n. 

When 0=0, '=<>•, 

When 0 = i ir * -*=2o/v/3. 

When 0 — n/3, r=0 again. 

As 0 varies from n/3 to ir/2, r is 

imaginary. 

When 0->w/2, r 
When 0=2n/3, r=0 
As 0 varies from 877 to r is again, 
imaginary. The cycle of values is re¬ 
peated as 0 is given values greater 

than v. i 

Hehce the form of the curve is as 



£ V/ v a « v - - 

cartesian to polar coordinates or vice versa . 
Ex. Trace the curve r cos 0 =2a sin 8 ©. 


{Agra, 1943) 


9 

Change to cartesian coordinates with the'help of the equations 
x=r cos 0, y=r sin 0. The equation to the curve becomes 

v 1 

x=2 a.-,, 

**+«/* 

%.e., x(x , + t/ 9 )=2ay 2 or y 2 (2a— x)=x 3 . 

The following points are at once clear : 


(i) There is symmetry about the x-axis. 
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fti) The curve passes through the origin and the 
tangents at the origin are y 2 =0, which represents a 
pair of coincident lines. Hence there is a cusp at the 

origin. 

V there is symmetry w.r. to the x-axis, the cusp 
is of the first kind. Again, since x cannot be negative 
(as y is imaginary in that case), the cusp is a single 

on'* c , 

(Hi) Incidently, we see that no part of the curve 

lies to the lctt of the y- axis. 

Also, x cannot be greatar-than 2a as y is imaginary 

for such values of x. 

( iv ) x=2a is the only asymptote and this must be 
approached from the left as x<2a. 

We can now easily trace the curve. The curve i» 
called the cissoid. 



Examples LXI 


Trace the following curves : 

1. (i) r—2a cos 0. (it) r=2a sin 0. 

2. (i) r~a sin 20. (u) r=acos 40. 

3. r=a sin 58. (Panjab, 1946) 4. r=a(l4cos 6) (Agra. 1948) 

6. r=u(l—cos0). 6. (») r=2+cos 8. (») r -1 +1 cos 0. 

7. r=a+b cos 0. (Panjab, 1914) .8. r=a.ism0. 

9. r cos 20=a. 10. r = a tan 0. H* r—u0/( l+0). 

12. r—a log 0. 13. r=2n cos*0. 

14. r cos 0 sin 30. 15. r a =4sin30.. 

16. r=0 sin 0. 17. r 2 cos 0 =a 2 sin 30. 

18. r(cos 3 O+sin 3 0)=3a sin 0 cos 0. 


16 6 Parametric equations. Let 

x=f(t), y=?( 0 

be the parametric equations of a curve. If possible, we may elimi¬ 
nate t between the two equations and use the resulting c rtesian 
equations to trace the curve. Otherwise, we give t a sei les of values 
and plot the corresponding points (x, y). The behaviour of 

* y dx , -?L , is discussed for different values of t. 

*• Vt dt dX dz 

If /(f) an cvcn f unct ‘ on ant * •»(<) “ an odd function of t, 
then the curve is symmetrical about the x-axis ; and if v>(f) is even 
and f[t) odd, then the curve is symmetrical about the y-axis. For 

example, if 


1-t 2 

*- a 1 +!»• 



the curve is symmetrical about the x-axis since x is an even and y an 
odd function of t. 
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If both ]{t) ard <p(/) arc cdd functions of /, the curve is sym¬ 
metrical in opposite quadrants, eg , x = ct. y=c/t, is symmetrical wr . 
to the origin. 

The points of intersection of the curve with the x-axis are 
given by the roots of «(t) =0 while those with the y-axis are given 
by the roots of 

The following solved examples illustrate the methods used in 
tran’ng curves given by their parametric equations. 


Ex. 1. Tract the curve x = 


a( 1 —t 2 ) 
1 ' 


y= 


2bt 


i +** 


As remarked above, the curve is symmetrical w.r. to the 
x-axis and nerd be traced for />0, the other half being completed 
by a reflection in the x-axis. 


Assuming that a and b are positive, we observe that y>-0 for 
while x>0 for < I, x = 0 for t = 1 and x<0 for t> 1. 


From the equation for x, l 2 «=(a — x)/(a 4 x). Since Ms real, x 
must lie between -a and a. 


Again, from the equation for y, 

yl 2 — 26l-ty == 0; •••(!) 

‘inert is real, we must have 46* — and, therefore, y must lie 

between - b and b. Equation (I) show that any given value of y 
with | y < b corresponds to two real values of I, say I, and with 

1 ,^- 1 - ...( 2 ) 

Let x, and x a be the values of x corresponding to and 

respectively, then 

_a(\-t*) 

1 1 + «,* # 

of !-< /)_ Q (l-(l/t ,)») _ 

i-+ tr- i+(i/(,)• “ 

since f.= l/f,hy (2). It follows, therefore, that corresponding to 
any point (x,, y,) on the curve there is also a point ( — Xj, y,) on it, 
the two points corresponding to values of t which are reciprocals of 
each other. Hence the curve is symmetrical to r. to the y-axis and 
wr need trace the curve for the range 0<t< 1 only which will give 
ihe portion of the curve in the first quadrant. 


From the given equations, 

dr Aat dy ?b( 1 — t 2 ) 

dt 


(1-fl 5 )*’ dt 


dy _ h(l-<*) 

(1+f*) 2 " dx 'lot 


When 1=0. x—a and y=0, and when 1 = 1, x=0 and y=b. 
For 0<"1< I, ^ is negative and j* is positive. Hence, as t increases 
from 0 to 1, x decreases from a to 0 and y increases from 0 to b. 

is infinite for 1=0. Ilcncc the line x= a is tangent to the 
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curve at (a, 0 ). 


^-=0 for 1=1 
ax 


and hence the line t /=6 is the tan¬ 


gent at ( 0 , 6 ). 

The curve is as shown in 
the figure. 

Remark. Eliminating the 
parameter t between the two 
given equations, the cartesian 
equation of the curve is 

x*/a* + 1 / 2 / 6 2 = 1 . 

The curve is, therefore, an 
ellipse. 

Ex. 2. Trace the curve 

x=a cos 3 t, y=a sin 3 1. 

Since cos t and sin t are periodic functions of i with a period 
2v, we need consider the values of t in the interval ( 0 , 2 ^) only, 
other values of t giving repetitions of the curve. 

From the given equations, 

£ ^- == —3a cos 2 1 sin t Jj- =3a sin 2 l cos t, -77 = —tan t. 
dt dt d'j* 

Hence, (i) as t increases from 0 to \rr, x decreases from a to 0, 
y increases from 0 to a and dy/dx decreases from 0 to — 00 , 

(«) as t increases from to rr, x decreases from 0 to -4* y 
decreases from a to 0 and dy/dx decreases from -f -00 to 0 , 

(iii) as t increases from n to fw, x increases from -a to U ; y 
decreases from 0 to —a and dy/dx decreases fiom 0 to °®» 

(it;) as t increases from \v to 2 ", x increases from 0 to o, y 
increases from —a to 0 and dy/dx decreases from -f - 00 to 0 
The curve is as shown in the diagram. 

Remarks. We might have confined ourselves to the range 
(— v to get a complete sketch of the curve. A change in the 

sign of t leaves x unchanged but 
changes the sign of y. Hence 
there is symmetry tv.r. to the 
x-axis. The portion in the 
first quadrant corresponds to 

For the pertion of 
the curve in the second quad¬ 
rant, we note that if t be changed 
into tr-t, 0 <Ki v » x changes 
sign while y remains unchanged. 
This shows spmmetry n\r. to 
the y-axis. The curve is tho* 
symmetrical about both axes. 
It may, therefore, be drawn for 
the range Jrr and the rest 

completed bv symmetry. 
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Ex. 3. Trace, the curve x—a{ cos O'—log (1 -f cos 6)}, y=a sin 0. 

sin 0 and ccs 0 are periodic functions of 0 with a period 2ir. 
We, therefore, need trace the curve for —ir<0<». 


The curve is symmetrical u\r. to the x-axis as x is an even 
■a id y an odd function of 0. Therefore we need trace the curve for 
0^0only and complete the rest by symmetry. 

From the given equations, 


dx 

dQ 


= —a cos 0 tan ^0, =a cos 0 and 

do 


• • 


dx 


= —cot \ 0. 


If tji be the angle made by the tangent with the avaxis, 1 then 
tan 4* = — cot 4 0 and so t *0. 


In the range 0<0<i7r;'~<0, >0. Therefore, as 0 in¬ 

creases from 0 to \n, x decreases from o( 1 —log 2) to 0, y increases 
from 0 to a and dyjdx increases from — oo to —1. 


For the range ix<0<fr, 



0, -Jj <0. Theiefore, as 0 in- 
do * 

creases from to it, x increases 

from 0 to -f oo, y decreases from 

a to 0 and dyjdx increases from 

— 1 to 0. Thus x and y both 

remain positive for frr^O^Tr and 

the x-axis is an asymptote to 

this branch of the curve. 

The curve is as shown in 
the diagram. 


Examples LXH 

Trace the curves whose parametric equations are given below : 

1. x—at 2 , y<=2at. 2. x=ct, y=c/t. 

3. x=o sec 0, y—b tan 0. 4. x=a cos 0, y=6 sin 0. 

6. x=a cos 2 0, y =6 sin* 0. 

6. x=a cos 3 t, y = 6 sin 3 *. (Panjab, 1953) 

7. x=a(04sin 0), y=a(l -fcos 0), —w^O^tt. 

8. x=a(Q—sin 0), t/ = a(l — cos 0), 0^0<2rr. 

9. x=a(0-f-sin 0), y=a(l — cos 0), —7r^0<w. 

10. x=3 at/( 1 -f i 3 ), y=3at 2 f( 1 4 f 3 ). 

11. x=af 2 /(l4t 2 ), 

12. x =a( 1 -t 2 )/( 1 4i*), y=at( 1 -**)/( 1 4 t a ). 

13. x =c(cos *4 a log tan 1 £ t), y=c sin t. 

14. x^r-a sin 20 (1 -4cos *0), y =a cos 20(1 —cos 20). 

15. c =-a(sin 0 4i sin 30), y=a(cos 0 —$ cos 30). 


CHAPTER XVII 

SOME WELL KNOWN CURVES 

17*1. In this chapt»* r »vc shall give the graphs of some well 
known curves with their brief descriptions. The student is sup¬ 
posed to be familiar with the ellipse, the parabola and the hyper¬ 
bola and their simpler properties. The evolutes o r the ellipse and 
the parabola have been obtained in chapter XIII and graphs of these 
two are drawn there. 

The various cubical and semi-cubical parabc 'as have been consi¬ 
dered in the last chapter. 

The curves described below are divided into two classes accord¬ 
ing as they are known better by their Cartesian equations or polar 
equations. 

i 

Cartesian Coordinates 


17 2. The Catenary and the Tractrix. If a heavy uniform 
perfectly flexible chain or string hangs freely between any two 

{ >oints, then the form assumed by it is the Catenary. If A be the 
owest point of the string and P be any other point of the string, 
then considering the equilibrium of the portion AP of the string it 
follows that 

8=c tan •]>, 

where a is the length of the arc AP, is a constant and ^ * s ^ ie 
^gle which the tangent to the string at P makes with the 

tangent at A, i e., with the hori¬ 



zontal through A 
of the string. 


in lire plane 


Take the vertical through 
A a< the y-axis, the origin O at 
a distance c below A and the 
r-axis the horizontal line through 
U in the plane of the catenary. 
If (a-, y) be the coordinates of 
P, then 


=cos ty.c sec*(jy =c sec 


and 


or 

dx _dx 

da 

0 

dy dy ds 

=sin sec ^ =c ,an ^ 8CC 'J'* 

Integrating, we get 

**=e log (sec <|/ + tan y= c scc 'I'-f c a» 
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where c lt c 2 are the constants of integration. Since when ^=0 at 
.1, x~ 0 and y-c, we get C!=c 2 =0. lienee the parametric equations, 
n! '.lie catenary are 

x=c log (sec y-f-tan ^), y=c sec 6. 

From the first of these . 

sec y-ftan i fi—c* 1 ' 

and /. also sec $-tan =e- x ' c . 

Hence, by addition and subtraction, 

y =c sec -Ji =z\c(e x,e -\-e~ xlc )=c cosh (x/c) 
s =c tan 0 = Jc(e x/c -e-*l c )=c sink (x/c, 

Hence the Cartesian equation of the catenary is 

y =c cosh (x/r). 

The constant c = 0A is called the paratnettr of the catenary, the* 
x axis is called its directrix and the point -4 is called its vertex. The 
catenary is symmcriical about the y- axis. 

If PN be the ordinate of P, PT the tangent and NZ the per¬ 
pendicular from the foot of the ordinate on the tangent, then 
/ ZNP= /_NTP=±, and so 

yz*SPc os v- y cos ;=c, 

and P7j -*=NZ tan y=c tan y = s. 

Hence NZ is constant and equal to the parameter c. FZ ia. 
equal to the arc AP. From the right angled triangle PNZ. 

y* =NP> = NZ* +PZ- =c 2 -f « 2 . 

As the point P describes the catenary, the point Z describes a 
curve which is called the tractrix or tractory. The dotted line in 
the figure shows the tractrix. If (x', y ) be the coordinates of Z, then 
from the figure, 

x —x — NZ sin 0 =c log (sec ^ -f- tan ~ c sin <]/ 

=c log tan ($7r-f Jvp)— c sin < k 
and y'=NZ cos tp = c cos i^. 

If we take Jw-f- e'J*— t.e., t=<\i-\-^v = /.XNZ, then we get 
x' =c log tan 4-c cos t, y' =c sin t. 

Hence the parametric equations of the tractrix in the simple** 
form are 

x =c cos t fc log tan $ t, y=c sin t. 

Since PZ =arc AP always and NZ±ZP , it follows that if a 
heavy string unwinds itself from the catenary, the lower end of the 
string starting at .4, then this lower end will describe the tractrix and 
since the lower end is moving perpendicular to the straight portion 
PZ when this end is at Z. it follows that NZ is the tangent to the 
tractrix at the point Z, ZP is the normal, and the evolute of the 
tractrix is the catenary. 


Since NZ is of constant lengt 1 , the tractrix has the propcrt> 

that the length of its tangent interc pted between the curve and the 

a;-axis is of constant length. 

The name tractrix is derived from the fact that it is the path 
of a heavy particle Z dragged along a rough horizontal plane by a 
string ZN, the other end N of which is made to describe a straight 
line OX in the plane. 

17*21. The Folium of Descrates. x 3 -fy 3 = 3axy. 

(i) The axes touch the curve at the origin which is a node. 

(it) a:-fy-f-a=0 is the only real asymptote. 

(m) The parametric equations are 

_ 3 at _ 3 at 2 

X ~\ + < 3 ’ U ~\ + < 3 

and the nolar equation is 

3a sin 0 cos 0 
cos 3 0-fsin^O 

The curve is drawn in Ex. 2, Art. 14‘82. 

17*22 The Clssoid of Diodes. y ? (2a -x) =x». 

The curve is traced fully in Art. 16*5, Solved example. 

A parametric representation is 

_ at 2 _ at 3 

X ~T^F’ 


17*23. The strophoid. (a-fx)y 2 

(i) The equation may also be 
writtezi as x=a(x 2 —y 2 ). 

(it) The curve passes though 
the origin and the tangents at this 
point are y — ±x. Thus the origin is a 
node. 

(Hi) x-fa=0 is the only real 
asymptote. 

(iv) The parametric equations 

are : 

I-ft t(i-e 2 ) 

x=a r+t r ’ hi* • 

(v) The polar equation is 


= (a-x)x 2 . 



r cos 0=a cos 20. 
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17*24 The Witch of Agnesi, xy* = 4«*(2»—x). 

(t) The equation may also be written as 
M (y--f 4a 2 )x = 8a 3 . 

\ (ii) x=0 is the only real asymptote. 

\ (*ti) The parametric equations are 

\p * = 2fl/(l+t ! ), y =2at. 

(tv) Tf the ordinate MP through any 
f y point P on the witch meets the ciicle on OA as 

O [ M JA X diameter in Q, then 

VJ/ A 0A1_J1Q' 

/ OA ~~MP 

/ This important property of the witch can 

/ ' be used in tracing it. 

17 3 Loci associated with a rolling 
circle. 

17*31. The cycloid. The cycloid is the locus of ft po'» ‘ P 
fixed on the circumference of a circle when the circle rolls on a 
straight line. The straight line is called the base of the cycloid. 

Let the rolling ciicle be of radius a and let the base be taken 
as the x-axis. In some position of the rolling circle, the point P is 'he 
point of contact with the base. Take this position of P as the origin 
O and the line through O J _OX as the y- axis. 


F(an, 2 a) 



0\M 


D( san »°) X 


Let C be the centre of the rolling circle in any other position, 
A its [joint of contact with OX and AB the diameter through A. 
Let P be the position of the moving point at this instant, then by 
the condition of rolling, arc PA =OA. Join CP and PB and draw 
PAI, PN perpendiculars to OX and AB. Let /_ACP= 0, then 
/_ABP=\Q. If x, y be the coordinates ofP, then since CL4=arc 
PA =a0 we have 

x—OM =OA —MA —OA —PN =a0 —a sin 0, 
y=MP=AN = AC—NC—a—a cos 0. 

Hence the parametric equations of the cycloid are 
x =a(0 — sin 0), y—a( 1 —cos 0), 


341 


0, the angle A CP, being the parameter. 0 is die angle through 
which the rolling circle has rotated in rolling from the initial posi¬ 
tion to the present position. When 0 = v, the circle will have com¬ 
pleted half a revolution and the moving point P will be at the high¬ 
est point of the circle ; it will then at F and will have the co¬ 
ordinates [an, 2a). When the circle has made one complete revo¬ 
lution, 0=2w, the point P will have the coordinates (2air, 0), will 
be at D and will once again be the point of contact of the rolling 
circle with OX. Further rolling will generate another arch like 
OFD and as the circle rolls on, an unlimited succession of arches 
is generated. If the rolling circle were tp roll * backwards there will 
be a succession of arches like OFD to the left of O. The name 
cycloid is, however, generally reserved for one complete arch like 

OFD. 

Points like F are called vertices of the cycloid. Point? like O, 
D are cusps on the cycloid, tangents at such points being parallel to 
OY. It is easy to verify that the arch OFD is symmetrical with respect 
to the line EF, which is called the axis of the cycloid. 

If dashes denote differentiations ic.r. to 0, then 


x'=a( 1—cos 0)=y and y'=a sin 0. 


and 


. dy y' a sin 0 
*• ~dx "V = y * 


Hence the subnormal at P=y(dyjdx)~a sin §=MA. Since 
PM is the ordinate at P, it shows that PA is the normal at P to the 
cycloid. Since /_APB=a.ng\e in a semicircle = 90°, PB is the tangent 
at P. If be the angle made by PB with the x-axis, then * = i*-*0. 

The equation of the cycloid can be put in a slightly different 
form by taking the vertex F as origin, the tangent at F as x-axis and 
FE as y-axis. Shifting the origin to F(av t 2a), the equations (1) 
become 


X -fair =a(0 —sin 0), T+2a=a(l~ C os 6) 
or Z=a(0—>r)4a sin (0 -tt), Y = -a-\ a cos (0-7r). 

where ( X , Y) are the coordinates of any point (x, y) referred to 
parallel axes through F . If 0=0 -tt is taken as the new parameter, 
then these equations become 

X=a<f>-\-a sin <t>, Y= — a-f a cos 0. 

If we now change Y into —Y t the new j/-axis takes the direc¬ 
tion FE and we get the equations 

X=a(<f> -f sin 0), Y=a( 1 -cos <$>) ; 

or, changing X, Y into x, y and 0 into 0, we get 

x=a(0-f sin 0), y=a(\ -cos 0). 


...( 2 ) 




The cycloid represented 
by equations ( 2 ) is drawn in 
the diagram opposite. Here 
0 is the vertex, OY the axis 
and EA D the base of the cy¬ 
cloid. The generating circle 
rolls on EAD. 

If C be the centre of the 
generating circle in any posi- 
X tion, A its point of contact 

with",he base." 4 B the diameter through A and P the corresponding 

point on the cycloid, then it is easy to £ nfy 

BP is the tangent to the cycloid at P. Also axcAP-AD and arc 

BP—EA—OB. If BP makes an \ngle y with OX and arc OP—a, 

then the following results hold : 

(t) ^ = i0. (»») s=4a sin {0=4* sin ^ = \/( 8 ay), and (•*•) P =4o 
cos <\i=2PA. 

17-32 The trochoid. If in Art. I 7 31 the fixed point P is not 
situated on the circumference of the rolling circle, then its locus is 
called a trochoid. If the moving point be now at a distance r from 
C on the radius CP in the first figure of Art. 17*31, then it is easily 
seen that the equations of the trochoid are 

x=aO—r sin 0 , y = a-r cos 0 . 


When r>a, the trochoid has loops which degenerate into 
cusps, when r=a, in the case of a cycloid. When r < a, the curve 
does not meet die base and has no loops. The trochoid is also 
called a prolate cvcloid when r>o and a curtate ^ycloid when 
r<a. I 



The curves (») and (»i) in the figure above are the trochoids 
corresponding to r = la and r=| a respectively. The curve (ftftt) in 
dotted line is the cycloid corresponding to r=a. 

17 33. Epicycloids and Hypocycloids. The locus of a point 
P fixed oil the uiicutnfeieutc of .4 tide when the circle rolls on 
another fixed circll is called an epicycloid or a hypocycloid accord- 
ng as the rolling circle lies outside or inside the fixed circle. In case 



*thc rolling circle contains the fixed circle inside it, the locus is called 

pericycloid. 

(o) Epicycloid. Let the fixed circle be of radius a and O, its 
centre, be taken as the origin. Let A be the position of P when P 
is the point of contact of the rolling circle with the fixed circle. Take 
OA as the x-axis and the line through 0 perpendicular to OA as the 
y-axis. Let C be the centre of the 
rolling circle in any other position 
and P the moving point in this 
position. Let T be the point of 
contact of the two circles. Let 
•OTC make an angle 0 with OX 
•and CP make an angle <f> with OC, 

•so that PC makes an angle 0 4- # 
with OX. Then by the condition 
•of rolling. 

Arc AT=Arc PT 
•or aQ=b<f>, 

•whence <f>= 0 and so 8-t-q>=—0. 

o b 

If (x, y ) be the coordinates of P in this position, then 

x—OC cos 0 — PC cos '( 0 -J- <f> ) =(a +6) cos 0 —t cos 0 

6 

y=OC sin 0—PC sin (0-f<£) = (a-f-6) sin 0—6 sin 0 

These are the parametric equations of the epicycloid traced by 
P. If the radii a and b of the two circles be commensurable, t.e., 
if the ratio a : b be a rational fraction, then after some exact number 
of revolutions of the rolling circle, the point P will return to its 
original position and subsequent to this it will repeat its previous 
path. In such cases the curve is algebraic, because the trigonometric 
functions can be eliminated between the equations (1). If the ratio 
a : b is not a rational number, the point P never returns to its starting 
position and the curve does not repeat itself. 

It is easy to see that the epicycloid has a cusp at every point 
where the point P comes into contact with the fixed circle, t.e., after 
every complete revolution of the rolling circle. 

Some particular cases ol the epicycloid may be noted. 

(i) If the radius of the fixed circle be infinitely great, the fixed 

circle becomes a straight line and we return to the case of a 
cycloid. 

(it) If the tadrns of the rolling circle be infinite, we get ihe 
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X 


locus of a point P fixed on a straight 
line which rolls on a fixed circle. In 
this case 

TP =arc TA =a0, 

and so the parametric equations of 
the locus of P are 

x=OT cos O+TPsinOI 
=a cos 0 -j-a0 sin 9, I /«\ 
y=OT sin 6-TP cos 6 f ***^' 
=a sin 0 —a0 cos 0. J 


This curve is of the nature of a spiral and keeps on opening 
out as 0 increases, the distance of the point P from 0 keeps on in¬ 
creasing and ultimately tends to infinity. The curve is an involute of 
the fixed circle. 

(Hi) If b =a, the locus of P is a Cardioid. For. from equations 

0), . on 

x = 2 a cos 0 —a cos 20, y=2a sin 0 —a sin 20, 

or x — a = 2a cos 0( 1 — cos 0), y=2a sin 0( 1 —cos 0), 

which shows that the radius vector drawn from (o, 0) as pole is 


given by 

r=2a (1 —cos 0) 

which is the cardioid in its standard polar form. 

The following figure shows the epicycloids corresponding to the 
cases b=a, 6=ja, 6 = $a. 



(b ) Hypocycloid. In this 
case the rolling circle is inside 
the fixed circle and so 6<«. If 
we take the axes as in (a) above, 
Z_AOC = 0. Z./CP =<t>, then 
since arc .4T=arc PT, there¬ 
fore a0 =6$>. Also Z_sPT, therc- 
so that PC make an angle 
0-r-TC— <t>=7T— (4>—0) with OX. 
Hence if (x, y) • be the co-ordi¬ 
nates of P, then from the 
figure. 
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x=OC cos 0 —PC cos {-—(0 — 0)} 


r 


■and 


— (a— 6) cos 0-|-6 cos (0—6) 


=(a—6) cos 0-f b cos 


a — b 


9, 


y=OC sin e-PC sin — 9)} 

==(a — 6) sin 0 — 6 sin ° — 0. 


...li) 

-.(4) 


As in the case of the epicycloid, the hypocycloid repeats itself 
if the ratio 6/a is rational, otherwise not. Some particular cases may 
be noted. 


(i) If b—a, the rolling 
no rolling is possible and the 
moving point P becomes 
fixed at A. This is also 
borne out by equations (3). 

(it) If 6=$a, y =0 
always, and the hypocycloid 
degenerates into the portion 
A 'A of the a>axis. 


circle coincides with the fixed circle. 




(Hi) If 6 = |a, then we get three cusps and after three 

-complete revolutions of the rolling circle, the moving point returns 
to A. 


then we get the four-cusped hypocycloid or the 
astroid. In this case, equation (3) becomes 

x=\a cos 0-f-Ja cos 30 =a cos 3 0, 

y=*a sin 0 — \a sin 30 =a sin^, 

which give a simple parametric representation of the astroid. 
minating 0, the cartesian equation of the astroid is 

a^ 3 -fy l /s=o*/ 3 . • 

Figures (») and (t%) above show the three-cusped and the four- 
cuaped hypocycloids respectively. 

and $o again give the three-cusped and the 
respectively, but now traced in the opposite 


The values 6=§a 
lour-cusped hypocycloids 
direction. 


• t * lc rac ^ us °f th c rolling circle as a —6 instead of 6, 

1116 rc “ cct * on of the hypocycloid (4) in the a:-axis. For, chang- 
•mg 6 mto a— 6 in (3), we get 

»=6 cos 0-f6(o-6) cos —— 0=( a -6) cos 6 -f6 cos -~ b <h, 

a — o h 


y=b sin 0 (a —6) sin -^-^0 =—(a— b) sin <f> -f b sin 


a —6 




346 


inhere <f)=bbHa — 6) ; and these are the parametiie equations of the 
reflection of (3) in the z-axis. 


(c) Pericycioid. If in equations (3) of (6). we take b>a, we 
get the parametric equations of a pericycioid in the form 


x=b cos 


(6— o) cos 0, y=6 sin ^-r-^0 — (6 a) sin 0. 


17*34. Equitrochoids and hypotrochoids. If the moving 
point be not on the circumference of the rolling circle, then the curve 
traced out by it is called an epitrochoid or hypotrochoid according 
as the rolling circle is outside or inside the fixed circle. If the mov¬ 
ing point be at a distance r from the centre of the rolling circle, then 
corresponding to equations (1) of Art. 17*33, the equations of the 
epitrodioid are 


x 


(o-f-6) cos 0—rcos 



y=(o-fft) sin 0—r sin 



Similarly we many write the equations of a hypotrochoid. 


Polar Co-ordinates 

17*4. The Cardioid r =a (1 f cos 0). (») The curve is drawn 
in Ex. 2, Art. 12*2, Part II. Its cartesian equation is 

(z*-f y* —ax)* =a*{x *-f y 8 ). 
and pedal equation is ^= 20 ^*. 

(*») It is the first positive pedal of the circle r=2o cos 0. 

{Hi) It is also the envelope of the circles drawn on the radii 
vectored of r = 2a cos 0 as diameters. 

The equation r=a{ 1 —cos 0) also represents a cardioid which it 
obtained from the preceding one by turning it about the pole through 
two right angles. This is the locus of a point on the circumference of 
a circle which rolls on another fixed equal circle. [See Art. 17*33* 
(o), (Hi).] 

17*41. The Lemniscate of Bernoulli. r 8 =a 8 cos 20. 

(•) Cartesian equation is (z*-f y 8 ) 8 =a 8 (z 8 —y 8 ), 

(ft) Pedal equation is r*=o 8 p. 

{Hi) It is the first posit .e pedal of the rectangular hyperbola 
z*—y 8 =o 8 , and the asymptotes of the hyperbola are tangents to the 
lemniscate at.the pole. 

Thus the rectangular hvperbola z 8 —y 8 =o 8 or r 8 cos 20 =o 8 is 
the envelope of lines drawn through the extremities of radii vectores 
of the lemniscate perpendicular to them. 

(•v) It is also the inverse of the rectangular hyperbola w.r. to a 
circle of radius a. 

The curve is drawn fully in Ex. 3. Art. !6*4 


k 
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17*42. The curve r 2 =a a sin 26. 

(») Cartesian equation is (x* + y t ) t **2a*xy. 

(ii) Pedal equation is r 3 =a i p. 

(»»») It is the first positive pedal of the rectangular hyperbola 
xy = 0 *, and the asymptotes of the hyperbola are tangents to the curve 
at the pole. 


sin m=a 


(»v) It is the inverse of the rectangular hyperbola r 
u/.r. to the circle of radius a having its centre at the pole. 

This curve is obtained from the Lemniscate of Bernoulli by 
turning it through an angle nj 4 about the pole. 

17 5. The Limacon of Pascal. r=a cos 0 + b. Let 0 be a 
fixed point on the circumference of a circle of radius |a. 
Take the diameter through O as 
the initial line OX. Let P be any 
other point on the circle. Take 
points Q, Q' on OP such that 

Q'P=PQ=b. 

then the locus of points such 
as Q, Q' as P moves on the circle 
is the limacon of Pascal. If 

and ^ be the point 
(a, 0), it is at once seen that the 
locus of Q is 


and that of Q' is 


r —a cos 0 + 6 
r=>u cos 0-6. 



tW ° f f l ualio 1 ns l represents the same curve, for the value 

to^J CqU f l0n and the valuc 0+* in the second equation iead 
to the same point. ^ 

If t><a, the curve passes through the origin when 8=cos-‘f -bfa) 
and forms two loops, one inside the other. In the figure the locus of 
V, Q corresponds to this case. 

n ^ r =a ’ the ‘i nncr » lo ° P si “ inks to a P oint and vve get a cusp at 

K 2 ,uTn^ r t CJrd0 ' d r ' a( 1+003 01 I. is .he 

pond." *u- c ;rr r va " is,,es; ,hc ,ocus ° r *- s " 111 ■»«— 

17 6. Conciioid of Nicomedes. r a cosec 0 4-b Let D h* 
L ^ cd and AP fVH straight line at a distance a from 

on C ^ POl, ! tn u ,he i,n °- J 0 ' 11 an d take points 0.0 

pi U 7 W P Q T X ,V - b The “ ^ of the 

points V Q when P moves on the straight lines is the Conchoid of 
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Nicomedes. Take 

line OX. Let OP 
locus of Q is 


the line through 0 parallel to AP as the initial 
make an angle 0 with OX, then the equation of the 

r=a cosec 0 +6, 


and that of Q' is 


r =o cosec 0 —b. 


These two represent the same curve. We therefore take the 
first as the standard form. 

The curve consists of two branches. The cartesian equation 
is (x*-f y 2 )(y— a) 2 =b z y % and includes both the branches. The curve 
is symmetrical about the line 0 = |tr, i.e., OA, ;the line through 

0 _L OX. 

The tangents at the origin are aV+(o*— 6*)y*=0. Thus the 
origin is a node, a cusp or a conjugate point according as a<b t 
a=b or a>6. 

The line r sin 0=a, i.e., AP is an asymptote of the curve in all 

cases. 

If b <a, both branches of the curve are above OX, and there 
are four points of inflexion on the curve. This case corresponds to 
the locus of Q Q' in the figure. 

If6=a, the lo ver branch has a cusp at the origin and there 
are only two points of inflexion, those on the upper branch. This 
case corresponds to the locus of R, R' in the figure. 


If b>a, the lower branch has a node at the origin and there 
is a loop below OX. There are two points of inflexion on the 
upper branch. This case is given by the locus of 8, S' in the 
figure. 

17*7. The Spirals. 

17*71. The Equiangular or Logarithmic Spiral. r=ae m ®. 

This curve derives its name from the fact that it makes a 
constant angle with the radius vector. 
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For 

. . 1 dr 1 viO 

cot < t >= — ci<) = ~T ame =m 

ot =cot ~ l m =constant. 

As 0 increases from 0 to oo, r increases 
from u to oo and as 0 decreases from 0 to 
— oo, r decreases from a to 0. 


17-72. The Spiral of Archimedes. r=aO. The curve is 
symmetrical about the line 0=^, i.e. t OY, since the equation remains 

unchanged when 0 is changed into 
—0 and r into — r. 

As 0 increases from 0 to oo, r in¬ 
creases from 0 to oo. Part of the curve 
for negative values of r is shown in 
dotted line. 

The curve is generated by a 
point which moves with uniform 
velocity in a straight line which is 
revolving with uniform angular ve¬ 
locity about a fixed point in itself. 
Take the fixed point as the origin O 
and the position of the line when the moving point is at 0 as the 
initial line. Let u be the constant speed of the moving point, to the 
angular velocity of the line. Let P be the position of the point at time 
t. If /_X0P-= 0 and time is measured from the instant'when P is at O, 
then at time /. 

r=vt, 0—trf and so r = (u/w)Q=aO. 

The point Q in the figure is the position of the moving point at 
time t+(2«7sr). 

I 7.73 The reciprocal or hyperbolic spiral. r0=a. The 

curve is symmetrical about OY. As 0-»O, r -* 00 and the line r sinO=a, 
i.e., y=a is an asymptote of the curve. 

As 0->-J- or — 00 , r—0. 

The part of the curve for nega¬ 
tive values of 0 is shown in dotted 
line. 
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17*74. The sine spiral. r"=a n cos nO. Some particular 
cases may be noted. 

(*) For n=l, we get the circle r=a cos 0 and for n— —1, the 
straight line r cos 0 =o. 

(»*) For n=2. we get the I emniscate of Bernouilli r*—a a cos 20 
and for n= —2, the rectangular hyperbola r* cos 20 =o*. 

(»tu) For n=J, we get the cordioid r = \a( 14 cos 0) and for 
♦n =—the parabola r(l -f-cos 0)=2a. 

It may be noted that the curves r n — a n cos n0 and 
r" cos nO=a f> , i.e., the curves corresponding to the values n and — n 
are inverses of each other. 

The pedal equation of the curve is pa n =r n + 1 . 

17*8. The curve r«=a cos n0. 






Here r vanishes 

when 

~_ v 3 it 5 n 

2n’ 2n § 2^ . 


and r attains its maxi¬ 
mum value u when 


0 = 0 , ", 

n 





p •• • • 


The curve lies wholly within the circle r=o and is symmetri¬ 
cal about the initial line. 


There are n or 2n loops according as n is old or even. The 
values n=2 and n=3 give the so-called four leaved and three 
leaved roses respectively. These are traced in the attached dia¬ 
gram. 


17*81. The curve r=m sin nO. 


This is obtained 
from the curve 
r=a cos nO by rotating it 
about the pole through 
an angle n/2n The 
four and three leaved 
roses obtained on tak¬ 
ing a— 2 and n =3 res¬ 
pectively are traced in 
the attached figure. 





351 


MISCELLANEOUS EXAMPLES VI 


( Pavjab, 1951) 
(Panjab, 1939) 


Trace the following curves :— 

1. «/*(2 a-x)=x*. (Delhi, 1958) 

2. y i (x+a)=x(&+a t ), 

3. v*(o— x)=x*(o+x). (Pavjab, 1951) 

4. (x — a)y 2 =x i (x+a). 

5. ar=(«/~l)(y-2)(t/—3). (Panjab, 1939) 

6. x*y + xy 2 =« 3 . 

7. y 2 (x-f 3a)=x(x—o)(x—2o). ( Allahabad) 

8. Find the position and nature of the double point on the 
curve y 3 =x® -fox 2 . 

Find also the asymptotes of the curve and trace it. 

(Panjab, 1940 ; Agra, 1948 ; Delhi, 1950) 

9. Trace the curve y 2 = (x—2)*(x—5) and show that the line 

Joining tlie points of inflexion subtends a right angle at the double 
point. ( Panjab, Sept. 1950 ) 

10. Find the asymptotes, the double points, and points of in¬ 
flexion, *f any, of the curve a 2 /* 2 — b 2 /y**= 1, and trace it 

(Allahabad, 1952) 

11. Find the asymptotes of the curve 

o^_6 3 

y 3 

and trace the curve. (Agra, 1947) 

12. Sketch the locus (the cycloid) given by 

x=a(t +sin t), y=a( 1 -f co* t). 
for values of t between 0 and 4tr. 


(Agra, 1947) 


Find the coordinates of the centre of curvature at the point i, 
and prove tliat the locus of the centre of curvature is an equal 
cycloid ; illustrate this in your diagram. (M.T.I., 1948) 


ANSWERS 


Examples XLVIII. Page 248. 

1. v=l, x— 1. 2. x = a. 3. x = 4-a, y = 4; a. 4. 

5. v=0. 6 x=0, 7 = 0 . 7. *+fl=0, y=±l. 8 . y4-l=ft. 

9. None. 10. x= ±a, y = ±b. 11. None. 12. None. 

Examples XLIX, Page 251. 

2. x 4 - 7 = 0 . 3. y=x 4 -2. 4. y=x—a. 5. y = x,2x,3x. 

6 - = 7- x=2a, y = ±(x+a). 

8 . x — 1 =0, x —2=0, x 4 -y-f l =0. 9 y = ±x,z+l. 

10. y = — x. x — 3, x4-2. 

/ 

Examples L, Page 256. j7, f 

1. 7 = 0, x — 1, — x + 1. 2. x= — 1, 7 = 0 , — x. 3. x = a. 

4. r = 0, 7 = 0 , x-f-2(a— 6 ). 5. x= 6 , y=±(x 4 -i 6 ). 

6 . v=x-f i, —x+|, — $x —f. 7. x = ±a. 

8 . . 1 = 0 , 27 , - 274 - 6 . 9. V=x, 2 x-l, —x 4 - 2 . 

10 . 7 = -x, r±l. 11 . y=x, —\x±\. - 

12. 7 =x, .—2x, — 2x—1. . 13. x=0, y=x, x 4 -1. 

14 x = 0, 7 = 0 , xi;V(a*+ 6 2 ). 15. x=±a, y=x±a. 

Examples LI, Page 259. 

1 . x = 0 , y = a, x— a. 2 . 7 = 0 , i=fa. 

3. v = -x-H, — £x4-$, 3x4-2. 4. y = ±x, — \x, — fx. 

5. 7 = 0 , — x±l. 6 . 7 =x 4 - 2 , -x4-2, 2x—4. 

7. 7=x—J, —x-f, 2x4-$. 8 . y=x, 2x—2, 2x—3. 

9. 7 = — ix—1, — x±2\/2. 

10. r =2y-\4a, 3y+\3a, y-\-a > y-\-2a. 11 y=0, x4-2, x=l 

12 - y = ±x, —K^4-i). 

Examples LII, Pages 261—62. 

5. !,ry(x 2 --y 2 )=a(a 2 — 6 2 )(x 2 4 - 7 2 - a*). 

8 . x* — 5 x 7 4" 67 s -*-5x— 1 174 - 4=0. 

Rel. Lx. 1. Art. 14 83. Read x' 1 y*=3ax i for x 3 4 - 7 3 = 3 x 7 2 . 
Examples LIII, Pagea 267—68. 

1. Ii) 7 = x 4 - L Above the asymptote in the first quadrant and 
below it in the third quadrant. 

(ii) 7 =—z—,1. Above the asymptote in the second quadrant 

and below it in the fourth. 

(iii) x — 1 =0. The curve lies to the right of the asymptote. 

2 7 — x=0 , Below the asymptote in the first quadrant and above 

the asymptote in the third quadrant. 

3 ( 1 ) x 4 3a =0. The curve lies to the left of the asymptote. 

(u) 7 —x4-3"=0. The curve lies above the asymptote for 

positive values of x and below it for negative values. 
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(Hi) y-fr—3a=0. Below the asymptote for positive values of 
x and above it for negative values of x. 

4. (i) x-fy=0. Above the asymptote for positive values of r 

and below it for negative values of x. 

(■«*»), (iii) y=x±(aly/ 2). Below the asymptote for positive 
values of x and above it for negative values of x. 

5. (i) £=0. The curve lies to the right of the asymptote. 

(ii) y—x— 0. The curve lies on both sides of the asymptote in 
the first quadrant. 

Examples LIV, Page 270. 

1. r sin (0 — J witt) —J a, where in is an integer. 

2. r sin 0 = ±i o ; r cos 0 = ±$a. 

3. r sin 0 —a. 4. a=rsin (0-1). 

5. r sin (0 -mrrln) =(a/n) sec mn, where m is an integer. 

H. r cos 0=±a. # 7. 0=0. 

8. 0 = 111*1 n, where m is an integer. 

9. r sin (0 — mir/n) =b/n, where m is an integer. 

10. a=2r(±cos 0—sin 6). 11. rsin0=a. 12. 0=0. 

13. a =r sin (0— 1). 14. (fe/r)=(« 2 -l) cos 0iv/(e 2 —1) sin 0, «> 1. 

Examples LV, Page 275. 

2. Concave in £ir<x<$*r, convex in O^xClir, |ir<a;^2rr. 

Points of inflexion at and 

3. Concave for x<2 and x>3. Convex for 2<x<3. Points of 
inflexion at x=2 and 3. 

5. (i) For *=0 and ±y/3a. (it) For x=3, * 1 1 f(28± \/3). 

(Hi) (0, 2). (ii>) (0, 0). (v) For x=ay/{(— 5+ v/20)/3}. 

(vi) (1/3, ±4v/3/9). 

9. (0, 0), (±\/3a, ±V3a/4). 

Examples LVI, Page 277. 

1. (\/2 a, ,\). 3. Concave. 

Examples LVK, Pages 283—84. ^o 2 

1. Node at (0,0), 2. Node at (2, 0). 

3. Conjugate point at (0, 0) if a, b are of the same sign, otherwise 

a node. ... . ^ 

4. Cusp at (0. 0). 5. Node at (0, 0). - 6. Node at (0, 0). 

7. Node at (a, 0). 8 . Nodes at (0. — 1). (± 1, 0). 

9. Conjugate point at (0. Oi. 

10. Conjugate point at (0, 3) cusp at (2. 3). 

11. Cusp at (1, —1). 12. Cusp at ((1. -h. 15. Cusp. 

16. y= ±{b/v(a 2 — b z ))x-b. 

Examples LIX, Pages 289—90. 

1. Origin is a single cusp of the first kind. y = 0 is the cuspidal 

tangent. 

2. x = 0 is th^ cuspidal tangent. Origin is a double cusp. 
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3. Single cusp of the first kind. x=0 is the cuspidal tangent. 

4. Single cusp of the first kind. 

5. Single cusp of the first kind. 

6. Single cusp of the second kind. 

7. Point of oscul-inflexion. 

8. Single cusp of the second kind. 

9. Single cusp of the second kind. 

10. x<=0 is a cuspidal tangent. t/=0 is a tangent to the curve at 
the oi igin to a second branch. 

Miscellaneous Examples V, Pages 290—291. 

1. (») t/=x-f-±, -x + f, — (»») x=0, x=2 y, — 2y+6. 

(*»») x=b, y = ±x±±b. (tv) x — l, y=Q, x-f-2. 

[v) y= ±x, x= ±a. (« 7 ») y=x, x = ± 1. 

3. y=x— l. 3x — f, — $x— f ; \06y — 38lx-f- 105=0. 

4. (y-2x)(y ~x) 2 -f 8x=0. 

6. xy[x-\-2y — 6) + 8x-f-y=0 ; x-t/-f3 = 0, x-f y — 1 =0. 

7. (») r sin G =*= 2. 

(n) r sin 0=o ; r cos 0 =a/{(m + £)"}, m being an integer. 

9. (t) (0, 1), (*.**), 

(**) x=0, i a \ / (2/3) give points of inflexion. 

(»»»)(-!. 1). (»«') (il/v/3, 3/4). 

14. No double point. The points of inflexion are (0, $), (— 1, 0) 
and the point at infinity on 8y —x, and these lie on 8y 

16. (•) Node at (2, 1). («) Cusp at (0,0). (m) Conjugate point 

at (0. —a) if 6<o and node if b>a. (it>) Node at (0, 0). 
(i>) Node at (0, 0). 

17. (0, 0) ; cusp if 6=0. Node if a and b are of unlike signs ; other¬ 
wise a conjugate point. 

18. Conjugate point at (1, —1). 
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LXI, Page 313. 




FIGURE OF 


ART. / . , 

17 5 


FIGURE OF 
ART.C \\' AFTER 

INThrfCHANCE 

OF X AND Y. 
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Examples LXII, Page 316. 




Miscellaneous Examples VI, Paj;e 33 


See Fig. Q,. 7 

p. 316. 


" V 

XJI * 


Ex. 7 


O ^ 1 


See Fig. Q.. 4 
p. 313. 
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To 


Tx.d 


hx. 13 


See Fig. of 
Ex. Art. 16-5. 
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' I 


See Ex. 4 p. 302\See Fig. Q.. 13 
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